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We present a new and highly efficient algorithm for the integer
knapsack problem based on a special strategy for aggregating
integer-valued equations. Employing a new theorem for creat-
ing a single equation with the same nonnegative integer solu-
tion set as a system of original equations, we transform the
integer knapsack problem into an equivalent problem of deter-
mining the consistency of an aggregated equation for a param-
eterized right hand side. This last problem is solved by a newly
developed algorithm with complexity O(min(na,, n + o?)),
where n is the number of variables and a, is the smailest
coefficient in the aggregated equation. Empirical outcomes
show our procedure is significantly superior to advanced
branch-and-bound methods (previously established to be the
most efficient knapsack solution procedures), obtaining solu-
tions several orders of magnitude faster for hard problems.

C onsider The Integer Knapsack Problem (KNP):

maximize 2 cx, (1)
JEN

subject to E ax,<b, (2)
JEN

x;20, integer,jEN={1,2,...,n} (3)
where a, b > 0, ¢, = 0, integer, j € N.

Inequality constraint (2) can be reduced to an equivalent
equality by introducing a nonnegative integer slack variable
X,+1 Witha, , = 1and ¢,,, = 0 making the problem KNP
equivalent to the following Maximum Consistency Problem
(MCP).

Determine
max ¢ = ¢c* (4)

for which the system of two equations

2 cx, = c, (5)
JEN
> ax,=b, (6)
JEN

is consistent under nonnegativity and integrality require-
ments
x

=0, integer, j € N. (3)

7
In Egs. 5 and 6, and from now on everywhere in this article,
for simplicity it is accepted N = {1,2,...,n + 1}.

The system (5)~(6) can be reduced to one equivalent equa-
tion by using Integer Equivalent Aggregation,™" ® the princi-
pal result of which is formulated as

Proposition. For an arbitrary system of linear algebraic equations
with integer coefficients and right hand sides, and a bounded set of
integer nonnegative solutions, an infinite number of pairs of
integer weights exist, so that any equation, created as a linear
combination of the original equations with these weights, has the
same set of nonnegative integer solutions as the original system.

We will make use of a particularly effective theorem for
generating weights with the indicated properties. By this
means, we will change the MCP into an equivalent problem
that involves a single equation:

Determine
max ¢ = ¢* (4)
for which equation
2 ax,=p 7)
JEN

is consistent in nonnegative integer solutions, where a, and
B are nonnegative integers, and 8 depends on c.

We seek to exploit this formulation by designing an effi-
cient algorithm for the consistency problem, i.e., determin-
ing the consistency of Eq. 7. With this combination of aggre-
gation and consistency-determination strategies, we will
then be able to solve the maximum consistency problem
MCP by the following straightforward approach.

Subject classifications: Programmuing. integer, algorithms, theory. Mathematics: combinatorics
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Maximum Consistency Algorithm.

Step 1. (Initialization). Determine ¢-an upper bound for c*
t=c%

Step2. c:=¢

Step 3. Compute B and test consistency of Eq. 7;

Step 4. If Eq. 7 is inconsistent, then set ¢ := ¢ — 1 and return
to Step 3.

Step 5. If Eq. 7 is consistent, then ¢* = ¢ and the correspond-
ing solution of Eq. 7 is a solution to the original
knapsack problem (1)}-(3). End.

Obviously, the efficiency of the foregoing approach will rely
on identifying an effective procedure for aggregating the
integer equations and on characterizing an efficient algo-
rithm for determining integer nonnegative consistency of a
given linear equation with integer coefficients. Our Consis-
tency Approach for solving the integer knapsack problem is
a realization of the indicated conceptual framework.

The remainder of the article is organized as follows. In
Section 1 we address the issue of generating effective
weights for integer equivalent aggregation, with the goal of
providing a “good” aggregated equation (by criteria to be
specified). The outcome yields a reduction of the integer
knapsack problem to the problem of determining the integer
nonnegative consistency of one equation. Section 2 presents
an algorithm for solving the consistency problem for a single
equation, which is based on a specialization of integer pro-
gramming feasibility results derived from the structure of
integral monoids. This section contains also the complexity
estimates of the algorithms. The results of a comparative
experimental study of the computational efficiency of the
method versus a branch-and-bound based approach are
given in Section 3. We demonstrate that our approach
proves superior to the method generally regarded to be best,
applied to a class of difficult knapsack problems, and is
competitive with this method on other problems. Section 4
provides concluding remarks.

1. Reduction of the Knapsack Problem to the Maximum
Consistency Problem for a Single Equation

Defining Multipliers for Integer Equivalent Aggregation
The first step of the method applies integer equivalent ag-
gregation of the system (5)-(6) to reduce it to one equivalent
equation.

According to the Proposition two integer multipliers are
required to aggregate the system of Egs. 5 and 6 into one
equivalent equation. We shall denote them by v (value) for
Eq. 5 and w (weight) for Eq. 6. The Maximum Consistency
Algorithm presented earlier requires the consistency problem
to be solved for various values of ¢, starting from ¢, an upper
bound for ¢*. Computationally it is highly desirable to de-
termine the multipliers v and w only once, so that they can
be valid for all values of ¢ to be tested. Moreover, it is
important to generate these multipliers to yield coefficients
of the aggregated equation that are positive and whose size
is restricted in a manner subsequently specified. Both of
these goals are made possible by determining the multipliers

by Theorem 2 of [8]. This theorem is formulated by reference
to a set Q—a set of the nonnegative n-dimensional vectors
(as possibly constrained by additional inequalities and
equalities of interest) and a collection of eight inequality
conditions:

Cly —-v> U,—b; Ci: v> U,—b;
Cix v> —(L,—b); C%: —v> —(L,—b);
Cl: w> U —c¢ Ci: —w> U-—c¢
Cly —w> —(L;—¢); C%,: w> —(L;—c);
(8)
where

u, = max( max Z CXy c), L= min(

xEQ JEN

min 2 cx, c) ,

x€Q JEN

u,= max( max 2 ax, b), L,= min( min Z ax, b) .

x€Q JEN x€EQ JEN
%)

Each of the inequalities (8) is strict, with nonnegative right
hand side, thus providing the lower bounds for the absolute
values of the multipliers v and w.

Theorem 1 (Theorem 2 in [8]). Equation

> ax, =B, (10)
JEN
where
a=vc,+wa, jEN, B=vc+wb, (11)

possesses the same set of nonnegative integer solutions as system
(5)(6), if v and w are relatively prime integers and satisfy any
pair of conditions (Cy, C,), where

ik or p#r.

Ifi = k = 1 in the selected pair (C, C,), then the multiplier w
(or, if i = k = 2, then the multiplier v) can be assigned an arbitrary
integer value of any sign, relatively prime with v (w).

In our approach we determine the multipliers v and w by
selecting the pair of conditions (C},, C3,). This yields two
different positive bounds for the multiplier w, and the mul-
tiplier v can be assigned an arbitrary integer value, relatively
prime with w. In general, as previously suggested, we seek
to produce smaller values for the coefficients a,. Toward this
goal, we adopt an approach of assigning a negative value to
the multiplier v, subject to satisfying the condition

a,>0, jEN. (12)
This condition is required in the algorithm for the consis-
tency problem, which follows in the next section.

To define values U, and L, in C}; and C3, from Eq. 9, the
set Q must be specified. It is chosen as the set of nonnegative
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integer solutions of Eq. 10,
Q={x|x, =0, integer, ). ax,=B}.
JEN
Consider the condition C5,. Observe (¢ is nonnegative)

= ¢ = ¢ — min(0, ¢)

ol

=c— min( min 2 cX, c) =—(L;~o¢).

XEQ JEN
So the inequality given by
w>c (13)

satisfies the condition C3,.

To analyze the condition C}, consider the ratio T = ¢/ (w +
vt). The observation dT/dt = w/(w + vt) reveals that if w >
0, then dT/dt > 0 and T is an increasing function of t.
Consequently,

LTI iEN
w+wvc,/a,  w+vR ] ’

where R = max o6/ a).
Then, for x € Q,

E,EN clwa, + ve)x, E,eN (c,/a)(wa, + vc)x,

Z c]x] = . =

e wa, + v, w + v,/ a,
_ (R e a,x,) _ R(wb + ve)
" w+ovR  w+ovR

From Eq 9

U; < max(R (wb + v¢)/(w + vR), ¢).
Then the condition C;, yields
w > max(R(wb + vc)/(w + vR) — ¢, 0). (14)
In turn, this gives
w > R(wb + ve)/(w + vR) — c.

Condition (12) implies w + vR > 0 and the last inequality
gives

w? + woR > Rwb + Rvec — we — Roe.

Condition (13) dominates and provides the second require-
ment of (14), w > 0. Then the last inequality is reduced to

w+ vR>Rb—c.

Summarizing, we infer that the multipliers v and w must
satisfy overall the following conditions

i ov<O

() w>¢

(iii) v and w are relatively prime integers,

(iv) w+vR>Rb-g

v) o >0j€EN.

Consider
w=-vk+1, (15)

where k is a positive integer. For any negative integer v, Eq.
15 satisfies (i) and (iii). From (ii) we obtain —vk + 1 > T or

-v>(c-1)/k. (16)
From (iv)
—-vk+1+9R>Rb-c,
or
—(k~-R)v>bR~-c—1.
To provide the last inequality we need
—(k—-Ru>bR~¢—-1,

where ¢ is a lower bound for ¢, which can be defined by the
greedy algorithm.
Then assuming k > R leads to

0> ((bR-¢c—-1)/(k—R). (17)
Note, that
a, = wa, + vc,
=a(w + ve,/a)
=a(w + vR)
=a(-vk+ 1+ vR)
=a(~v(k—R)+1)

and if k > R, then a, >0 jEN.
From

a, = (—vk + 1)a, + v,

it follows that the coefficients «, increase with k and to
provide the smaller values of a;, parameter k should be
assigned the smallest possible value. For this reason k is
defined as

[R], if R<[R],
={ (18)

R+1, if R=[R]"

Thus, in sum the multipliers v and w are defined by the
following

Procedure M1.

Select v as the negative integer of the smallest absolute value
satisfying Eqs. 16 and 17, with k given by Eq. 18 and w
obtained from Eq. 15.

The values of the multipliers v and w defined by Proce-
dure M1 do not depend on the specific value of ¢ and are
valid for all ¢ < ¢ < ¢. Having the multipliers v and w
defined, the maximum consistency problem (4)-(6), (3)—is
reduced to the following Maximum Consistency Problem
for a single equation:

Determine

max ¢ = c*,
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for which the equation (10) is consistent in nonnegative
integer solutions.

To provide an efficient method for solving this latter prob-
lem, which follows further in the next section, smaller values
of coefficients «, are crucial. To further increase the effec-
tiveness of our approach relative to this goal, we present
Procedure M2, as an alternative to Procedure M1, for defin-
ing multipliers from (i)-(v).

As implied by Eq. 11, if multiplier w is assigned a value,
then to get smaller values of @, the multiplier v should be
given the maximum absolute value, under conditions (i)~(v).

From (iv)
—v<(w~ (Rb—¢))/R=V.
and consequently, we can choose
Lvl,  if Lvlzv,
v { V -1, otherwise

If this value does not satisfy (iii), then one of the multipliers
v or w, or both, may be given a small increment to obtain
gcd(v,w) = 1. This approach yields the following procedure.

Procedure M2.

Step 1. =¢C¢ + 1.
Step 2. —p {ij, it Lvl=V,
SEP £ " V-1, otherwise

Step 3. If gcd(v, w) = 1, then stop.
Step4'. Set v:= v + 1, go to Step 3 (version 1 of Step 4).
Step 4”. Set w:= w + 1, go to Step 2 (version 2 of Step 4).

As in the case of Procedure M1, the resulting values of
multipliers are valid for all ¢ = ¢. Our computational exper-
iments reveal that, in general, if R is closer to [R1than to ERJ,
then the multiplier values defined by Procedure M1 lead to
smaller coefficients «, than by Procedure M2, whereas Pro-
cedure M2 produces smaller coefficients in the reverse case.

The Upper Bound for Knapsack Problem
The upper bound ¢ is determined following [10]. First three
largest ratios c,/a, are defined

Ci_ € ¢ ¢

1223500 1 e N\, 2, 3).

a, a, a; a,

Then
¢ = max(¢y, ¢,),

where
&, =t + Lb%s/ asl,
- @+ T @ =) /alaye,
27 ‘_ a =1 (4, — b/ a; e, _]
& =Lb/ade, + b/ azle,,
b'=b mod a,,
b? = b! mod a,.

Example. As an example consider a KNP:

maximize 29x;+ 14x, + 36x; + 8x, + 18x5
subject to 10x; + 5x, + 13x5 + 3x, + 7x5 < 39,
vj.

First we determine a lower and an upper bound for the
objective function. ¢ = 109 and ¢, = 112, ¢, = 111 leads to
¢ = max (¢;, ;) = 112. Defining multipliers by Procedure
Ml gives: R = 2.9, k = 3, (v, w) = (—38, 115). After intro-

ducing the integer valued slack variable xg = 0, the maxi-
mum consistency problem (4)-(6), (3) is reduced to

x, =0,

. integer,

maximize ¢
subject to  48x; + 43x, + 127x, + 41x, + 121x; + 115x,

= 4485 — 38¢,

x,=0, integer, Vj,

c¢=<112, integer. (19)

2. Solving the Consistency Problem

At this point The Integer Knapsack Problem has been re-
duced to the problem MCP(B) for a single equation, which
can be solved by The Maximum Consistency Algorithm.
This last algorithm includes solution of the following Con-
sistency Problem CP(B):

Given a, > 0, j € N determine: do there exist nonnegative
integers x, j € N, satisfying equation (10) for a given B?
Without loss of generality we can assume that the greatest
common divisor 4 of oy, ey, . . ., @, is equal to 1. (If not, we
divide each o, and B8 by d and if B/d is not integer, then Eq.
10 is not consistent, otherwise we proceed with new values
of o, and B, for which d = 1). Define &; = min ¢y «, and
introduce a Boolean function defined for integer nonnega-
tive values of the argument r,

1, if CP(r) is feasible,

0, otherwise.

f(r) ={

Prior to describing our approach to CP(B), for purposes of
subsequent comparison, note that this problem can be
solved by the following adaptation of the standard dynamic
programming recursion!*]

1, if r=0,

flr) = 0, if 1sr<aeq,
max f(r — a), otherwise.
JEN

To solve the consistency problem CP(B), using this recursion
O(np) operations are required, n comparisons for each step
of the recursion. The space complexity is O(B). Instead of
resorting to this dynamic programming recursion, we make
use of an approach!® '?! that allows us to exploit the struc-
ture of the monoid {r € Z,|f(r) = 1}, where Z_ denotes the
set of nonnegative integers. For all i, 0 < i < «, — 1, define
r,=min{(r =imod ay) and (f(r) =1)}, 0<i<a; -1,
r€Z+
i.e., 7, is the minimal value of the right hand side of Eq. 10,
which satisfies the condition B = imoda, and for which Eq.
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10 is consistent in nonnegative integers. Since we have as-
sumed that the coefficients «, are relatively prime (d = 1).
dr, Vi. Note that r, = 0. The role of r, in the considered
problem is defined by the following result (see also a related
result, Lemma 3 in [2]).

Theorem 2.1 CP(B) is consistent if and only if B =

rB mod aq*

Proof. By the definition of 7,, if B < 74 04 o, then CP(B) is
not consistent. Conversely, suppose 8 = 75,4 «- Note that
B = 73 mod «, Mod ;. Then there exists some nonnegative
integer k such that 8 = a;k + 74 104 o,- By the definition of 7,,
it is known that rg .4 «, Can be represented as a linear
nonnegative integer combination of a;, «,, . . ., a,,. Therefore
this is valid also for B, which completes the proof. ®

After each 7, i = 1,2,..., a; — 1 has been computed and
stored Theorem 2 enables us to check the consistency of Eq.
10 for an arbitrary right hand side 8 simply by comparing
the magnitude of Bwith 7, .4 o, With complexity O(1). Note
that we can easily get the corresponding variables x too, if
the variables x for 74 0q o, are saved.
One can note, that for each i, 1 < i < o, — 1, 7, is the
optimal value of the following group problem GP(i):
minimize

X, + Q3X3 teee X,

subjectto  axx, + asx3+ -+ a,x, =i mod a;. (20)

Consequently, to compute r, problem GP(i) must be solved
foralli,1 <i<a; — 1.Itis not necessary to include «; and
x; in the formulation of GP(i), because by congruence mod
a;, the minimization ensures that x, will always be 0 at the
optimal solution.

We considered two approaches to solving group problem
(20).

Approach 1 to Solving Group Problem GP(i)

To solve problems GP(i) we set up a graph and solve the
problem of finding the shortest paths from one specific
vertex to all other vertices of this graph. To this end define

j. = arg min{a,|a, =i mod a,},

JEN

i=1,2,...,a —-1.

If there is no j with @, = i mod a,, then j, = ». Let § =
{a,]i, < «}. Note that S can be formed in O(n) operations.
Create a graph G with vertex set V and arc set A as follows:

v={0,1,2,...,a,— 1}
and
A={v @), v, 0 € V|dq € S, with v + @, = w mod a}.

If (v, w) € A with &, € S satisfying v + @, = w mod «,, then
the length of arc (v, 0) is a,.

The arc set A of graph G has a property which can be
exploited to decrease the effort to create this graph. Consider
arcs emanating from vertex 0. Denote the set of the end
vertexes of these arcs as W,,. By definition of the arcs of G for
all vertices w € W,

Jdo, € S with 0+ a,=q,=wmod ey, (21)

which implies: for any vertex v, 1 < v < @ — 1

v+o=((r+towmoda, w € W,

where a, € § is the same as in Eq. 21 for each w € W,,. This
implies that there are exactly [W,| arcs (v, w,) connecting
vertex v with vertices

w+ v,
W, =
w+v— o,

and arc has the same cost «, as the corresponding arc (0, w),
w € W,. This means that to create graph G we need to
determine only arcs (0, w) emanating from vertex 0, in other
words, the set W, All other arcs (v, »,) are determined by
1svsa —1and Eq. 22.

Using this property G can be created in O(n + o3) oper-
ations. The paths from vertex 0 to vertex i in G are in
one-to-one correspondence with the nonnegative integer
combinations of a,, as, . . ., «,, that are congruent to i mode;.
Thus 7, is equal to the length of the shortest path from vertex
0 to vertex i in G. These lengths can be computed simulta-
neously by the algorithm of Dijkstral® in O(a?) operations.
The space required to compute and store the r;s is O(a;).
Thus if group problem GP(i), is solved by Approach 1, then
the overall complexity of the presented method for solving
the knapsack consistency problem is O(n + o?).

if o+tv<a, w € W,

wew, P

if w+v=a,

Approach 2 to Solving Group Problem GP()).

The quantities 7, can be determined directly by solving the
group problem (20) by the method developed in Glover!”
(see also [5]). This approach has the worst-case complexity
O(nay) and for small values of #, is computationally more
efficient than determining 7, through the graph G. The latter
(Approach 1) has complexity O(n + &2) and if # is small,
then na, < n + o3. Because we can select the approach for
solving group problem GP(i) that yields the smaller bound,
the overall complexity of the method for solving the Con-
sistency Problem is O(min(na,, n + o?)).

Example (continued). For the example problem o, =
min,c; o, = 41. The values of r, foralli, 1 S i< o, — 1 = 40
are computed by solving the group problem (20), or by
solving the shortest path problem on graph G,

i 0 1
r. 0 206

21 22 23 24
144 268 187 311

40
163

Now according to Step 2 of the Maximum Consistency Al-
gorithm ¢ := ¢ = 112. This gives B = 4485 — 38 * 112 = 229.
Further B mod a; = 229 mod 41 = 24 and B = 229 < T8 mod oy
= rp4 = 311. In accordance with Theorem 2 this means that
for ¢ = 112 Eq. 19 has no nonnegative integer solution. Then
by Step 4 of the Maximum Consistency Algorithm ¢ := ¢ —
1 = 111, which implies 8 = 4485 — 38 « 111 = 267, 8 mod a
= 267 mod 41 = 21 and B = 267 > 4 04 o = T21 = 144.
From Theorem 2 it follows that Eq. 19 is consistent and its
solution x; = x, = 3, ¢ = 111 is the optimal solution of the
original problem.
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Table I. Problems with Randomly Generated Correlated Coefficients

B-B
% of problems

% of problems

B-B
T(B-B)

not solved in with¢ = ¢ for n = 10,000 T(CA)
10 min CPU time for n = 10,000 average among average among
Run n M M/ M % M,/M % problems with ¢ = ¢. all problems
1 1,000 9 0 — 6.14 63.76
2 5,000 18 38.89 — 17.52 31.75
3 10,000 18 27.78 72.22 51.99 41.61
4 50,000 18 55.56 44.44 167.41 77.27
5 100,000 18 44.44 55.56 117.75 103.79
6 150,000 18 38.89 61.11 137.96 115.43
7 200,000 18 44.44 55.56 198.82 172.79
8 250,000 18 22.22 77.78 184.02 200.82
Total — 135 36.30 72.33 — —

Abbreviations used: B-B, the branch-and-bound approach algorithm of reference [10]; CA, the consistency approach, developed
in this article; n, the number of variables; M, the number of problems solved; M, the number of problems (out of M), that the
B-B approach failed to solve within 10 min of CPU time (every problem was solved by the CA approach in less than 5 minutes
CPU time); M,, the number of problems, for which the greedy heuristic solution appeared to be optimal, i.e, ¢ = ¢ T(B-B), the
average CPU time (sec) per problem over M, problems solved by the B-B approach; T(CA), the average CPU time (sec) per
problem over all M problems when solving by the CA approach.

3. Comparative Experimental Study of Computational

Efficiency
Branch-and-bound methods have proved to give the most
efficient optimization approaches for a variety of integer
programming problems, and specialized branch-and-bound
methods have become established as the most efficient al-
gorithms for the integer knapsack problem in particular. To
evaluate the efficiency of our method, we therefore con-
ducted computational experiments to compare the perfor-
mance of our method to that of a method generally acknowl-
edged to be one of the most advanced for the integer
knapsack problem, developed in [10]. Our method was
coded in FORTRAN 77 and compared directly against the
FORTRAN 77 code, developed in [10].

The branch-and-bound approach, as well as our consis-
tency approach makes use of the lower bound ¢ and again
we employed the procedure used in [10] to obtain this
bound. Specifically, a reduced knapsack problem is identi-
fied that consists of min(n, max(100, n/100)) variables with
the highest value of the ratio ¢,/ 4, is solved optimally to give
a lower bound for the original problem. Of course, we
solved the reduced problem using our method in place of
the branch-and-bound approach used in [10]. The quantities
r, were determined by solving the group problem (20) by
Approach 2, i.e., using the method developed in Glover.!"]
As mentioned in Section 2 this approach has the worst-case
complexity O(na;) and for small values of #, as in the case of
the reduced problem, it is computationally more efficient
than determining r, through the graph G. The latter has
complexity O(n + af) and if n is small, then na; <n + o3
Note that using the reduced problem to determine ¢ does not
change the overall complexity of our method. Three groups
of experiments were carried out:

1. Problems with randomly generated correlated coeffi-
cients.

2. Problems with randomly generated uncorrelated coeffi-
cients.

3. Hard knapsack problems.

The first two groups of computational experiments were
carried out on VAX 8800 computer.

The First Group of Experiments—Problems with
Correlated Random Coefficients
Coefficients a, were generated as pseudo-random integers
uniformly distributed in the interval [1, 1000]. Coefficients c,
were determined as ¢, = a, + 8, where §, were generated as
pseudo-random integers uniformly distributed in the inter-
val [—l_O.lu]_I, LO.la]J]. The results are presented in Table L
The computational experiments disclosed that several
problems could not be solved by the branch-and-bound
(B-B) approach after 24 hours of CPU time. To avoid includ-
ing problems with long running computer times in the com-
puted average time for the B-B approach, given that every
problem was solved in less than 5 minutes by the consis-
tency adoration (CA) approach, we established a threshold
time for the B-B approach, equal to 10 min of CPU time. If a
problem was not solved within the threshold time, then the
solution process was stopped without subsequent continu-
ation. As can be seen from Table I, 49 out of the total number
of 135 problems, or 36.3%, could not be solved by the B-B
approach within 10 min of CPU time. The analysis of the
computational data revealed a striking result about the
problems the B-B approach was able to solve, when the
problem size became moderately large. For values of n =
10,000 or more all problems that were solved by the B-B
approach in less than 10 min were solved by solving the

C wicrht [T o ) . oo
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Table II. Hard Knapsack Problems

Problem T(B-B) T(B-B) T(CA)
number n a z b IBM 370 158 VAX 8800* VAX 8800*

1 7 100 100 9999 346.87 2272.00 1.53

2 20 100 3 9999 558.59 1429.36 4.52

3 100 100 100 6060 378.03 834.96 1.39

4 100 60 100 3599 364.14 838.84 5.09

5 20 82 —4 9700 >600 1781.30 0.34

“T(B-B) VAX 8800 and T(CA) VAX 8800 represent the results of our experiments on VAX 8800 computer (performance measure

14.69 SPECint92s and 16.3 SPECfp92s or 11 MIPs).

reduced problem; that is the solution to the reduced problem
was immediately verified to be optimal by the equality ¢ =
¢, and the branch-and-bound procedure was not applied to
solve the original problem as a whole. Thus, in effect, only
the “easy” instances of large problems could be solved by
the branch and bound (B-B) procedure, and in these cases
the solution was achieved by solving the reduced problem
that was isolated heuristically. The CA approach, by con-
trast, did not exhibit this limitation in approaching large
problems. In fact among all 135 problems only one problem
with n = 200,000 required more than 260 sec (291.45) of CPU
time to solve by the CA approach. Thus, this group of
computational experiments demonstrated that the consis-
tency approach easily solves the integer knapsack problems
with large number of variables, which represent a practically
insuperable barrier for algorithms based on branch-and-
bound methodology.

To give an idea of sizes of parameters and coefficients in
our computational experiments it is appropriate to mention,
that for 4, € [1, 1000] the highest value of a, encountered
among all problems for all values of n = 5,000 to 250,000 was
equal only to 2,295 with an average value of 1,233.96. At the
same time the average values of b for these problems ranged
from 238,950 to 6,647,413 with max b = 9,854,811.

The Second Group of Experiments: Problems with
Uncorrelated Random Coefficients

In this group of problems the coefficients ¢, as well as coef-
ficients 4, were generated as pseudo-random integers uni-
formly distributed in the interval [1, 1000]. In total 108 prob-
lems were solved: 18 problems for each value of n = 5,000,
10,000, 50,000, 100,000, 150,000 and 9 problems for each
value of n = 200,000 and 250,000. For all problems the lower
bound ¢ of the objective function for the solution found by
greedy algorithm equaled the value of the upper bound .
Thus, the greedy solution was determined to be optimal and
the solution process was terminated. Consequently, prob-
lems with randomly generated uncorrelated coefficients and
a fairly large number of variables (n = 5,000 in our experi-
ments), appear generally easy to solve.

The Third Group of Experiments: Hard Knapsack
Problems

In [4] a class of integer knapsack problems was developed
whose members are inherently hard for B-B algorithms. The

coefficients of this KNP are determined as

a,=a+j-1, ¢, =a,+z, i=1,2,...,n.

7 J

Here a and z as well as the right hand side b of the constraint
(2) are integer parameters. According to [4] the number of
alternate optimal solutions for these problems grows expo-
nentially as a function of the problem parameters. In addi-
tion the LP bound is ineffective for reducing the branch-and-
bound computation. Computational tests indicate that these
problems are difficult even for very small dimensions.

Table II contains the comparative results of solving five of
the most difficult of these problems, where CPU time T(B-B)
is taken from [4], on an IBM 370/158 computer (performance
measure equal to 59.8 SPECint92s and 118.2 SPECfp92s!®).
In the case of Problem N5 the solution process was stopped
after 600 sec of CPU time without obtaining the optimal
solution.

The comparison shows that when solving these hard
knapsack problems the consistency approach is several or-
ders of magnitude more efficient than the specialized
branch-and-bound method.

We tried to solve these five problems also by several
general purpose mixed integer programming codes. Com-
putations were carried out on a SUN SPARC2 workstation
(performance measure 21.86 SPECint92s and 22.8 SPECfp92s
or 28.5 MIPs). None of these problems was solved to opti-
mality by the CPLEX package during 22 hours of CPU time.
Similarly the MINTO package was allowed to generate
1,000,000 branch-and-bound nodes spending between 5,732
and 11,963 CPU seconds for each problem, without identi-
fying an optimal solution to any of the problems.

4. Concluding Remarks

We have developed a Consistency Approach, for solving inte-
ger knapsack problem based on Integer Equivalent Aggrega-
tion, which reduces a system of linear equations with integer
coefficients to a single equation with the same set of non-
negative integer solutions. Thus the integer knapsack prob-
lem is essentially reduced to testing the solvability of a
single linear Diophantine equation.

We have developed a procedure for knapsack problems
that integrates the aggregation theorems of [8] with the
group theory solution approach of [9]. Computational ex-
periments show our approach to be highly efficient and
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dramatically superior to the most advanced methods based
on branch-and-bound methodology, which until now has
enjoyed the reputation of being the most efficient way to
solve such integer knapsack problems.
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