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Abstract:

We extend our previous work applying first-level Tabu Search
mechanisms to 0/1 MIP problems, introducing probabilistic measures
for move selection. These are especially applicable when the move
evaluation function is contaminated by noise or contains elements not
directly related to the objective function value. We also look at the
possibility of replacing tabu memory completely by associated
probabilistic guidance. Our approach is designed with the ability to
solve general 0/1 MIP problems, and thus contains no problem domain
specific knowledge. The outcome improves significantly on the
solutions obtained by the first-level Tabu Search mechanisms
previously employed. The probabilistic measures are extremely simple
~ to implement, and can be readily incorporated in standard Tabu Search
designs.
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1. Introduction

A variety of zero-one mixed integer programming (MIP) problems with
special structures have been successfully treated by tabu search (TS),
For an overview of TS and its application areas, see for example the
application survey in Glover and Laguna (1993) and Glover et al
(1993). Tabu search has also been applied to solving general zero-one
MEP problems by superimposing the TS framework on the "Pivot and
Complement" heuristic by Balas and Martin (1980) (see Aboudi and
Jomsten (1994)), and by embedding TS within the "Pivot and
Complement” heuristic (see, Lekkketangen, Jomsten and Storoy
(1994)).

A more direct approach is used in Glover and Lekketangen (1995a),
using a standard bounded variable simplex method as a subroutine, to
exploit the fact that an optimal solution to the zero-one MIP problem
may be found at an extreme point of the LP feasible set.

Building on the direct approach, this paper explores the use of
probabilistic measures instead of the usual deterministic ones for move
selection. We also explore the notion of abandoning almost completely
tabu tenure in its deterministic sense (apart from a one-step move
reversal), relying on probabilistic move selection mechanisms to guide
our search. OQur implementations are based on ideas first put forth in
Glover (1989). An extension of this paper, which also treats
probabilistic tabu tenure and a linkage to strategic oscillation is
reported in Glover and Lekketangen (1995b).

The general outline of the paper is as follows. Section 2 gives the
necessary background, while in Section 3 we describe probabilistic tabu
search in general. In Section 4 we describe our approach to
probabilistic move acceptance. Computational results are given in
Section 5 followed by the conclusions in Section 6. The references are
in Section 7.

2. Background and Fundamentals ‘ .
The necessary background for the methods described later in the paper
is outlined here, using the notation and definitions of earlier studies of

the direct zero-one tabu search approach.
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2.1 MIP Problem Formulation.
We represent the MIP problem formulation in the form

Maximize D (¢x;:j €N)

Subject to
2Ax:j eN)=b
1 2 x> 0 and x; integer jelchN
Uzx20 jeCcN-I

The maximizing form is chosen because it provides a natural
representation for our multiconstraint knapsack test cases. The first-
level TS heuristic for this problem, TS - MIP, may then be outlined as
follows.

TS - MIP. Let x* denote the best MIP feasible solution, and let z*
denote its objective function value.

Step 0: Solve the LP relaxation (i.e. ignoring integer constraints) to
obtain an optimal LP basic (extreme point) solution.

Step 1: Consider the feasible pivot moves that lead to adjacent basic
LP feasible solutions.
If a candidate move would lead to an MIP feasible solution x
whose associated z value yields z > z*, record x as the new x*
and update z*

Step 2: Select the pivot move with the highest move evaluation,
applying tabu restrictions and aspiration criteria.

Step 3: Execute the selected pivot, updating the associated tabu
search memory and guidance structures. Return to Step 1.

Note that the method may not necessarily visit a best MIP feasible
neighbor of the current solution, since the move evaluation of Step 2
(which is not yet fully specified) depends on factors in addition to the
objective function value.

2.2 Neighborhood Structure,
Let x(0) denote a current extreme point solution, let

{x).: je NB} denote the current set of non basic variables and let
{xj: J eB} denote the set of basic variables (B =N - NB). The

extreme points adjacent to x(0) have the form
x(h) = x(0) - Dy6y for h ¢ NB

o o e e e
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where Dy is a vector associated with the non basic variable x;, and 9, is

the change in the value of x, that moves the current solution from x(0)
to x(h) along their connecting edge.

One useful view of the solution space is shown in Figure 1, where the
axes denote the total amount of infeger infeasibility (see the following
discussion of Move Evaluation), and the associated objective function
value. We thus start the search integer infeasible, and may also spend
large parts of the search visiting integer infeasible solution states. The
usefulness of moving in infeasible space is a common theme of tabu
search (particularly its strategic oscillation component), and has been
demonstrated in a variety of studies; e.g., Glover and McMillan (1986),
Kelly, Golden and Assad (1993) and Gendreau, Hertz and Laporte
(1994). An example of encountering difficulties when trying to stay
feasible all the time is shown by Connolly (1992), where movements in
“the solution space are severely restricted for tightly constrained
problem.

Objsctive A

Fanction
Vvalue LP OPT
©
MIP OPT @
®(0)
&
X* @
-
Increasing Integer
Infeagibility

Fig 1. One view of the solution space.
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1.3 Candidate List Strategy

Due to the moderate size of our test problems, we explore the full
neighborhood, NB, evaluating all the neighboring extreme points,
without making use of a more sophisticated design to extract a subset
of the neighborhood for consideration. Candidate list strategies are
described in Glover, Taillard and de Werra (1993) and Glover (1994).

2.4 Move Evaluation

Following the design that led to the successful outcome of our previous
study, we employ a composite move evaluation function, based on two
independent measures. The first measure is the change in objective
function value when going from x(0) to x(h), and the second measure
is the associated change in infeger infeasibility. Let near(x,(h)) denote
the integer nearest to the value x;(h). Then we define u(h) to be the
amount of integer infeasibility for the solution x(h), where

u(h) = | x;(h) - near(x(h)) | j eI
Restricting consideration to 2 € NB, we define

Az(h) = z() - 2(0)
Au(h) = u(0) - u(h)

Note that it is not necessary to execute a pivot to identify x(h) or the
values u(h) and z(h), since only the vector Dy, the scalar 6, and the
current solution x(0) are required to make this determination.

2.5 Move Types :
Likewise drawing on the foundations of our previous study, we classify
our moves into four distinct move types, according to the values of
Az(h) and Au(h):

Move Type I: Az(h) < 0, Au(h) > 0
Move Type II: Az(h) >0, Au(h) <0
Move Type III: Az(h) 20, Au(h) 20
Move Type IV: Az(h) <0, Au(h) <0, or

Az(h) =0, Au(h) <0, or
Az(h) <0, du(h) =0
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Figure 2 shows how this move classification relates to the view of the
solution space depicted in Figure 1.

Objective Function
Change

A AZ

Au : Integer
B e B Infeasibility
' Change

Fig 2. Classification of move types

2.6 Choice Rules

The classification of move types is made according to the degree to
which they may be considered to be favorable. Moves of type III are
generally the most favorable, improving in both measures, while moves
of type IV are the least favorable, worsening in both measures. Moves
of types I and II are improving in one of the measures, and worsening
in the other.

The ranking of moves within each move group is as follows, with
the best move in the group being indicated by the formula:

Move Type I Max(Az(h)/Au(h))
Move Type II. Max(Au(h)/Az(h))
Move Type III: Max(Au(h)*Az(h))

Move Type IV: Min(du(h)*Az(h))
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When move evaluations tie within a group, we choose the move
with the largest value of the positive component for moves of type I
and II. For moves of type III and IV we choose the move which is
most balanced in its components, i.e. where the Au and Az components

are most equal.

Motivated by our earlier findings, the ranking of different move type
groups is done by always considering type Il moves first, and type IV
moves last, with move types I and II grouped together in the middle.
To be able to properly rank move types I and II, their values need to be

normalized.

We first define the ratio R by

R 2 |Az(B)
wy.|Au(h)|

where the summations are taken over the currently available moves of
type I and II, and where w, the skew factor, can be used to change the
emphasis between the two measures making up the move evaluation
function. The normalized move values are

Move Type 1. R1(4h)=(Az(h)/Au(h))/R
Move Type II: R2(4h)=(Au(h)/Az(h)) *R

b
AA
™ p 1
av e
o T R
2
| Vg

Fig 3. Ranking of move types
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The preferred move selection from group I and 11 is then
Move Type I and II: Max(Rl(),R2(h))

With reference to Figure 3, this means that we are comparing the
angles o and f3, choosing the smallest. Values of w other than 1 can be
viewed as a skewing of the axis, causing these angles to shift, as
indicated in Figure 4.

2.7 Aspiration Criteria

We have found it valuable for these 0-1 MIP problems to use two
aspiration criteria; by objective function levels, and by detecting a new
current best solution. In aspiration by objective function levels, we
divide the range of possible LP feasible objective function values into L
| slots, and whenever a move would lead to an integer infeasibility value
% better (lower) than the best encountered so far for this slot, this new
| value is registered in the slot, and the move is selected. There is no
need to aspire for objective function values smaller than that of the
incumbent.

Fig 4. Skewing of axis.

As mentioned in Section 1, a new best integer feasible solution may
be encountered during a move evaluation without subsequently
selecting the move leading to it. This is due to the process for
evaluating and ranking the moves. Such a solution is picked by the
new best solution criterion, but with a threshold value, so that moves
leading to poor integer feasible solutions are not selected.

i
s
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2.8 Rejection of Degenerate Moves.

By degenerate moves, we mean type III moves where both Az(h) and
Au(h) are zero. These moves often occur in bunches, and our
experience is that they should be accepted only rarely. The rejection of
(most) degenerate moves does not in general lead to better solutions,
but the number of iterations required is reduced, and the tabu list is not
clotted up with ineffectual moves.

3. Probabilistic Tabu Search

As sometimes noted in the TS literature, "controlled randomization”
(which uses the biases of probability) may be viewed as a substitute for
memory-when we are ignorant of how memory should advantageously
be used. But just as there are multiple kinds of memory that can
supplement each other, probabilities may find their best uses in various
supplementary roles. The ideas that are tested in this paper originate in
part from Glover (1989), and are adapted to our specific problem area.

For clarification, since more than one interpretation is possible, what
is generally regarded as Probabilistic TS is usually applied to the move
acceptance function, and is intended here to have the following design:

A. Create move evaluations (for a current candidate list of moves
examined) that include reference to tabu status and other relevant
biases from TS strategies-using penalties and inducements to
modify an ordinary objective function evaluation.

B. Map these evaluations into positive weights, to obtain
probabilities by dividing by the sum of weights. The highest
evaluations receive weights that disproportionately favor their
selection.

Among conjectures for why these probabilistic measures may work
better than the deterministic analog, one may guess that move
evaluations have a certain "noise level” that causes them to be
imperfect—so that a "best evaluation" may not correspond to a "best
move". Yet the imperfection is not complete, or else there would be no
need to consider evaluations at all (except perhaps from a thoroughly
local standpoint - noting the use of memory takes the evaluations
beyond such a local context). The issue then is to find a way to assign
probabilities that somehow compensates for the noise level.

R T e e e
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The application of Probabilistic TS as outlined above can be
guaranteed to yield an optimal solution under certain easily controlled
conditions, if allowed to run for an infinite number of iterations (see
Glover (1989)). This means that one may use Probabilistic TS as an
escape hatch to hedge against persistent wrong moves in the absence of
reliable knowledge to guide the search.

One may also view controlled randomization as a means for
obtaining diversity without reliance on memory. In this respect it
represents a gain in efficiency by avoiding the overhead otherwise
incurred in the use of long term memory. However, it also implies a
loss of efficiency as potentially unproductive wanderings and
duplications may occur, that a more systematic approach would seek to
eliminate.

- There are also some similarities between Probabilistic TS and
Simulated Annealing (SA), as both use probabilistic measures for move
acceptance. One major difference is that SA samples the neighborhood
(either randomly or systematically), and accepts any improving move
encountered, and non-improving moves are accepted with a decreasing
probability as the search progresses. In contrast, PTS collects the
evaluated moves in a candidate list whose members receive
probabilities of selection as a monotonic function of their
attractiveness, strongly biased in favor of more attractive candidates,
whether improving or not. Furthermore, the measure of attractiveness
is generated to take account of penalties and inducements based on
tabu restrictions and aspiration criteria. PTS is thus much more
aggressive, and gives more guidance to the search process. For a
description of SA that clarifies such differences, see Dowsland (1993),
and see Connolly (1994) for a description of using SA as a general
search tool component for pure ILP problems.

Hart and Shogan (1987) describe the use of probabilistic measures
for move selection in greedy heuristics. Here the move is selected with
uniform probability either among the n best moves, or among the
moves better than some threshold (compared to the best move), but
only considering improving moves. We tried the ideas of Hart and
Shogan in our PTS framework (generalizing them to accept non-
improving moves in order to go beyond then limitation of terminating
at local optima). These tests were conducted both with and without
the use of TS memory, but produced inferior results compared to the
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methods reported in Section 5, which give a probabilistic bias toward
selecting the presumably best moves.

4. Probabilistic Move Acceptance

To be able to apply the general probabilistic move acceptance approach
as outlined in the previous section, we seek a move evaluation function
that appropriately reflects the merit of the moves in the candidate list.

However, in the present setting we do not have a comparable
measure for all the different move types identified in Section 1. Also,
the move evaluation within each move type is quite noisy with respect
to the overall goal of maximizing the objective function value, as it also
contains a component designed to reduce the amount of integer
infeasibility, and the two move evaluation components are combined
rather dramatically by multiplication or division. It is therefore difficult
to assign a good comparable numerical measure which reflects the true
merit of all the moves. However, as shown in Glover and Lekketangen
(1995a), there is good reason to believe that the relative ranking of the
moves in the candidate list is quite good, as is the relative ranking of
the move type groups, and that a move should be selected among the
first few in the candidate list, if possible.

We therefore propose to introduce controlled randomization in the
move selection process by exponentially decreasing the move
acceptance probability when traversing the candidate list, thus relying
solely on the individual move rankings.

4.1 Exponentially Decreasing Move Acceptance

The general outline of the method is as follows. Let p be the
probability threshold for acceptance of a move, and let r be a randomly
generated number (both in the range 0 -1). Only the basic move
selection core of the method is shown.

Step 1. Generate the candidate list in the usual way.
Step 2. Take the first (potentially best) move from the
candidate list.
Step 3. Subject the move to the following sequence of tests:
- Accept if the aspiration criterion is satisfied.
- Reject if Tabu, and place the move at the end
of the candidate list, removing its tabu status
for the current iteration.
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- Apply degenerate move rejection.
- Generate . If r > p,reject. Go to Step4.
If r < p, accept move, exit.
Step 4. Select the next move on the candidate list. Go to
Step 3.

If all acceptable moves are rejected, select the last (or first) nontaby
move.

The method is intriguing because of its simplicity, and can easily be
implemented in most deterministic TS frameworks. The value of p
should not be too small, as we would usually like to usually select one
of the top few moves. Testing will show good values for p, but as an
example, consider p = 1/3. The probability of selecting each of the first
d moves is then (disregarding aspiration criteria, tabu status, etc.):

173, 2/9, 4/27, 8/81, ..., 241134 .

The probability of not choosing one of the first d moves is 2%/3%, So
p = 1/3 gives a very high probability of picking one of the top moves:
about .87 for picking one of the top S, and about .98 for picking one of
the top 10.

The effective value of p can also be viewed as a function of the
quality of the move evaluation function. The better the move
evaluation function, the higher the expected value of p for which the
best solutions are obtained.

5. Computational Results

To test our heuristics, we employ the same set of test problems as used
in Glover and Lokketangen (1995a), but restrict our reporting to the
cases where the first-level tabu search mechanisms of this previous
study (described in Section 1) failed to find the optimum. (We also
verified that the other problem cases were easy for our new approach
as well.) The test problems are of the multiconstraint knapsack type,
collected from the literature by Drexl (1988), and employed extensively
in the literature as a standard test case portfolio.

The heuristics in this paper were implemented in FORTRAN,
incorporating subroutines provided by ZOOM/XMP whenever
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possible. The ZOOM/XMP software package was also used to solve
the initial LP relaxation. See Marsten (1989a, 1989b),

5.1 First-level Tabu Search Parameters

The following test parameters were used, except when explicitly stated
otherwise. All tests where done with a dynamic tabu list length size
starting at 5 or | SORT(N) | whichever is larger, where N is the number
of integer variables. The list size is then varied randomly between this
number and its double. Aspiration is by Objective Function Levels, and
new best solution (see Section 1), with a threshold at 0.9 LP*
Degenerate moves are accepted with a probability of 0.1. The axis
skew factor, w, was set to 1. The value of w was halved and the
method was restarted if a long run of at least 2*¥ integer infeasible
iterations occurred. Up to 10*¥ iterations were allowed per problem.

Table 1. Probabilistic TS for PB4

p 10*N | 20*N
1.0 | 90909 | 91935
0.9 |90909 |91935
0.8 | 90615 | 90909
0.7 |91935 |91935
0.6 |90909 [90909
0.5 |89659 | 90909
0.4 |90858 |93118
0.35 | 92506 | 92506
0.3 | 90008 | 94965
025 | 90909 | 90909
02 | 87937 | 88724
0.1 | 90615 | 90615

5.2 Probabilistic Move Acceptance

The first objective was to find a good value or range of values for p,
the probability threshold for accepting a move, as outlined in Section
3.1. The results for varying p over the range from 0 to 1 in 0.1
intervals are shown in Table 1. The chosen test case is PB4, for which
the first~level TS fails to find the optimum. (The first-level test is
represented in the table by p = 1). We show the best achieved values
for 10*N iterations and 20*N iterations, since the probabilistic TS
should need more time than the first-level TS, being less focused. The
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values for p of 0.25 and 0.35 were added to give extra resolution
around the best area. |

As can be seen from the table, good values for p for this problem lie
in the range 0.3 to 0.4. Larger values for p lead to inferior solutions
when compared to the deterministic variant. This is probably because
too many potentially good moves are thrown away, while at the same
time the choices do not create enough diversification. At the other end
of the scale, with values of p from 0.2 and down, too few good moves
are chosen to focus the search properly. Figure 5 compares the search
progress for the best (p = 0.3) probabilistic case for PB4 vs. the
deterministic case. The plot shows the best feasible solutions visited in

each implementation.
95000 0
o e -0

£ 90000 { gf"f‘_’.,—n-"ﬁ
> m@o - e
g ssow "': “'0"p’$:0~3
i :
& 80000 {4
© o

75000 : ; ; ; :

0 100 200 300 400 500 600

Hteration

Fig 5. Search progress for PB4 with p=0.3 and p=1

Similar tests for other problems showed the same pattern, with good
values for p being between 0.3 and 0.5, so an overall value of p =0.4
was chosen for further testing.

One important finding from our preliminary testing was that .lox'fv
values of p make it more difficult to obtain integer feasibility. Tl_ns is
due to the fact that good moves are too often rejected that contribute
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to the reduction of integer infeasibility. Searches that experience this
problem could either use a larger value for p, or a lower value for w.

It is also more important in a probabilistic TS approach based on
ranking to have good aspiration criteria, since good solutions in the
neighborhood are even less likely to be visited than in the deterministic
case, and should be actively pulled out.

5.3  Probabilistic Move Acceptance with no Tabu Memory

We also investigated the conjecture that the probabilistic move
acceptance scheme should work without any tabu memory, solely
relying on biased randomization as guidance. Table II shows the
results for PB4 for various values of p with a tabu list length of 1
(chosen to avoid direct move reversals). As can be seen, for values of
p in the range 0.4 to 0.6, this scheme obtains the same results as the
first-level tabu search approach, though inferior to the probabilistic
tabu search approaches with memory. It is also evident that the best

relative results are obtained for few iterations, as the extra search effort
expended when going from 10*N fo 20*N iterations only yields
marginally better outcomes.

Table II. No tabu tenure for PB4

» 10*N | 20*N
0.9 | 84730 | 84730
0.8 | 84730 | 84730
0.7 |89659 | 89659
0.6 | 90909 | 90909
0.5 | 90909 | 90909
0.4 | 90909 | 90909
0.3 | 90615 | 90615
0.2 |90909 | 90909
0.1 | 88030 | 90615

This method is extremely simple and efficient to implement, and can
be used in settings where the goal is to obtain good solution in a small
number of iterations, or where the tabu attributes might be difficult to
identify or separate.
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We note that the tabu tenure of 1 for the "almost memoryless" cage
may be a stronger restriction in the present setting than in many others,
since preventing the reversal of a single pivot step may cause the only
paths for reaching the preceding solution to consist of multiple pivots,
depending on the polyhedral structure of the problem. Consequently, a
larger tenure may be appropriate to obtain similar results with
probabilistic tabu search in other applications.

5.4 General Test Results

We ran two series of tests for each test case, one running for JO*N
iterations, to compare the results with those obtained in Glover and
Lokketangen (1995a), and the other for 20*N iterations to check the
assumption that probabilistic measures need more search time, as the
search tends to be less focused. The results are reported in Table III.




Table III. General test results

Problem M*N | LP IP First- PMA - | PMAO- | PMA - | PMAO-
level TS | 10*N | 10*N 20N 20*N
PETS 10*28 | 12462.1 | 12400 | 12370 12380 | 12390 |12400 | 12390
PET7 5*50 | 16612 16537 | 16507 16468 116494 | 16508 | 16524
PB4** 2*29 1996227 95168 | 909509 93118 1950909 |93118 | 90909
PB6** 30*40 | 843.3 776 723 765 729 765 729
PB7** 30%37 | 1086.2 1035 1033 1035 1011 1035 1011
WEISHO7* | 5*%40 |5601.9 |5567 |5525 5542 5541 5567 5541
WEISHO08 5*40 | 5631.6 | 5605 | 5603 5603 5605 5603 5605

WEISH16 5*60 |7314.02 | 7289 | 7287 7287 7288 7287 7288
WEISH18 5¥70 19603.7 19580 | 9565 9565 9565 9580 9565
WEISH19 S*¥70 | 7756.9 | 7698 |7674 7698 7674 7698 7674
WEISH22 5*80 19004.2 18947 | 8851 8947 8908 8947 8908
WEISH25 5*80 199647 19939 9923 9923 9923 9928 9923
WEISH26 S5*90 19641.6 9584 | 9532 9584 9584 9584 9584
WEISH27 5*90 19849.7 9819 | 9811 9819 9811 9819 9811
WEISH29 5%90 19429.03 | 9410 9410 9354 9378 9354 9410
WEISH30 5%90 1111945 11191 | 11160 11191 111191 [ 11191 111191
SENTO1* 30%60 | 78393 | 7772 | 7772 7719 7728 7719 7772
SENTO2 30%60 | 8773.2 | 8722 |8711 8701 8722 8701 8722

€8y




484

The tests for probabilistic move acceptance use p = 0.4, and are
reported under the columns PMA - 10*N and PMA - 20*N. The
columns PMAO - 10*N and PMA - 20*N report the probabilistic move
acceptance without tabu memory, also with p = 0.4. The symbo] *'
indicates that w = 0.5, while the symbol "**' indicates w = 0.25. Optimal
values are indicated in bold. (The slight discrepancy between the results
obtained here and those reported in Glover and Lekketangen (1995a)
are due to a change in the random number generator used.)

As can be seen from the tables, the use of probabilistic measures for
the move selection function improves the general solution quality.

The tables also disclose the outcome (to be expected) that solution
quality is clearly correlated with the number of iterations. The tables
do not reflect the observation, however, that the probabilistic move
acceptance methods find good solutions very quickly compared to the
first-level TS approach. This is especially true when no tabu memory is
employed, but the method without memory has difficulty in improving
on those early good solutions.

Since the "no memory" method actually employs a tabu tenure of 1,
these outcomes suggest the relevance of progressively varying the
tenure for probabilistic tabu search, starting with a very small tenure to
find high quality solutions rapidly, and then gradually enlarging the
tenure. A periodic return to very small tenures, particularly at the
conclusion of diversification steps, likewise would appear useful based
on our findings.

We also checked our heuristics against some of the presumably
easier cases solved by the first-level TS approach, and found results
similar to those reported above.

6. Conclusions

We have shown how simple probabilistic measures can be used to
improve a first-level TS significantly, enhancing diversifying aspects of
the search. The use of probabilistic move acceptance is especially
important if the move evaluation function is contaminated by noise or
contains elements not directly related to the objective function value.
We have also shown how a simple ranking scheme can give superior
results when the move evaluation function is difficult to compare
numerically for different parts of the search neighborhood. Our
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approach, which does not depend on any "deep formula,” is appealing
in its simplicity, and is easily incorporated into other Tabu Search

designs.

It is also noteworthy that we obtained relatively good results from
the "degenerate” version of the probabilistic move acceptance method,
where we abandoned tabu memory except for the single iteration
memory that prohibits an immediate move reversal. This approach
appears useful when it is imperative to find good solutions quickly, or
when tabu attributes might be difficult to identify or separate. These
outcomes further suggest the value of combining the probabilistic
design with a variable tabu tenure that periodically receives much
smaller values than customarily envisioned to be relevant. Our findings
indicate that an additional stipulation deserves to be added to the
hypothesis that probability, appropriately used, may partly substitute
for the role of memory. Apparently, the right use of probability can
also enhance the effectiveness of memory.
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