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In their critique of our recent article introducing a linear programming (LP)
formulation for the discriminant problem [1], Glorfeld and Gaither [3] raise a
number of points that merit constructive response. Feeling there is much to be
gained from a spirited exchange of ideas, we here offer a brief reply. To preserve
the basic outline of the Glorfeld and Gaither paper, our focus is on four principal
areas of criticism:

1. the relative simplicity of alternative discriminant methods;
2. the appropriate role of an effective discriminant procedure;
3. the adaptability of the LP form to extend beyond the simple two-group, two-
variable problem; and
4. the practical capacity of the LP model to compete with existing approaches.

Glorfeld and Gaither suggest that the relative simplicity of these competing
methods is wholly subjective and seem to argue that classical statistical proce-
dures are really quite basic and straightforward. While we concede the fact that
multivariate statistical methods and the attendant inferential logic are indeed
transparent to some, we nevertheless-submit that a substantial proportion of po-
tential users of such techniques—from corporate executives to college sopho-
mores—abandon in confusion or avoid altogether problem-solving approaches
based on conventional statistical methodology. To contend that the typical busi-
ness student is not overmatched when confronted with an array of eigenvalues, a
test of Wilks’s lambda, or even an occasional F statistic would seem to be less
than fully realistic. Identifying effective alternative procedures independent of
classical theory would surely promote an increased enthusiasm for multivariate
problem-solving techniques.

The issue is whether the LP approach could fairly be judged a simple alterna-
tive to classical methods. While the ultimate judgment is not ours to make, it is
nevertheless apparent that the LP method (1) requires little in the way of formal
inferential theory, (2) is virtually free of qualifying assumptions, (3) establishes a
clear objective that is pursued in a most direct manner, and (4) follows a strategy
that can be concisely communicated.

Glorfeld and Gaither argue that the LP solution procedure offers only the
capacity to classify elements in the original data set and that the method fails to
serve the other salient functions of classical discriminant analysis. In response, we
feel it most appropriate to advance the classification function as preeminent in
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the solution of practical discriminant problems. Should a discriminant procedure
fail to identify effectively proper group membership, statistical significance, stan-
dard errors, and the like do little to induce confidence in the method’s viability.
Our inferential foundation admittedly relies on the results-oriented proposition
that the model that best establishes proper group membership for a representative
data set shows the greatest potential to differentiate elements of the larger groups
represented. Stability of discriminant weights can be satisfactorily determined
with limited experimentation rather than through rigorous classical theory.

Moreover, the use of linear programming introduces a significant feature in
the determination of relevant discriminating variables that is absent from stan-
dard statistical methods. Suppose, for example, a cost of misclassification is iden-
tified, expressed in terms of the extent to which an observation falls outside the
boundary of the group to which it properly belongs. The LP formulation in this
case would seek boundaries that minimize the total cost of misclassification. Use-
fully, the shadow prices associated with the discriminating variables provide, by
LP sensitivity, the marginal costs of incorporating (or not incorporating) any par-
ticular discriminating variable into the model. These shadow prices, validated by
LP duality theory, provide neighborhood estimates of costs incurred by such op-
tions and give bounds on costs when specified boundary restrictions are violated.

In addition, should an alternative discriminant procedure (e.g., a classical
discriminant routine) implicitly prescribe a different set of boundaries using more
conventional statistical criteria, it is possible to show how much the cost-
minimizing objective suffers by comparison to the LP solution. Indeed, where no
comparable boundaries can be inferred from a statistical procedure, it is still
possible to analyze the effect of shifting any single boundary of the LP solution
from its optimal position, identifying the marginal deterioration in the value of
the cost-minimizing objective.

It should be acknowledged that, here, the comparative references to stan-
dard statistical approaches constitute an ‘‘apples-to-oranges”’ type of compari-
son. Different formulations and alternative objectives should not be expected to
achieve identical ends. But this is precisely the point of [1]—that the LP approach
can accommodate a variety of objectives with considerable common-sense appeal
and can therefore be considered an attractive supplement to more customary sta-
tistical techniques.

In view of the foregoing remarks, the comments of ‘Glorfeld and Gaither,
that the classification weights of the LP formulation are arbitrary and of limited
interpretive value, are misplaced.

Several of the reservations expressed by Glorfeld and Gaither apparently
stem from their impression that our LP approach is inherently quite limited in
scope and incapable of extension, although we make explicit reference to more
complex alternatives. It was our stated purpose to restrict initial discussion of the
model to its simplest form [1, p. 73]. In fact, a comprehensive discussion of more
robust model versions capable of addressing multigroup, multivariable problems
has now been published in [2], providing a series of LP models of the goal-
programming type for generating optimal hyperplane boundaries to demark
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classification regions. These variations build on the extended form suggested in
Equation (7) of [1], refining the essential strategy by combining in a compound
objective the full set of interrelated tasks involved in promoting group separa-
tion. (More specifically, positive and negative components of the unrestricted dis-
tance variable d in Equation (7) are broken out and dealt with in turn. By care-
fully assigning appropnate objective function coefficients to each of these dis-
tance components, it is possible to simultaneously pursue a primary goal of maxi-
mum group separation/minimum group overlap and a secondary goal which
would tend to force individual scores as far back from the designated boundary
as possible—while avoiding the possibility of an unbounded solution.)

Remaining criticisms of the LP approach appear based on a serious miscon-
ception concerning the pervasiveness and flexibility of modern LP codes. (This
misconception is, unfortunately, shared by most LP textbook writers.) Not only
are LP codes widely used in diverse practical applications, but also they are gen-
erally employed in conjunction with special matrix generators that set up input
data in convenient formats. Certainly any LP-based discriminant package would
operate in the same fashion.

More to the point, Glorfeld and Gaither underscore their impression of the
limited usefulness of the LP discriminant formulations with the comment that
“‘many conventional linear programming codes do not accommodate variables
that are unrestricted in sign’’ [2, p. 169]. Aside from the fact that one can always
formulate unrestricted variables in terms of nonnegative equivalents, virtually all
LP packages of any merit handle unrestricted variables directly, as well as a
variety of classes of bounded variables. All of the most recent LP packages pro-
vided by IBM, Control Data, Univac, Scicon, Boeing, Honeywell, Harwell Labs,
and SEMA have these capabilities.

A Point of Agreement. Glorfeld and Gaither make one point with which we
wholeheartedly agree. In their conclusion, they stress that before deciding on the
practical merits of the LP approach, its performance should be compared to that
of alternative methods. Although the ability to handle more varied objectives and
to accommodate side restrictions beyond the scope of traditional discriminant
procedures would seem by themselves to argue for the usefulness of the LP ap-
proach, the ultimate test in any particular setting is direct comparison. We are
currently-undertaking such comparisons with the goal of identifying the contexts
in which LP-based discrimination makes it most valuable contribution. [Re-
ceived: August 17, 1981. Accepted: August 26, 1981.
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