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he bandwidth packing (BWP) problem is a cornbinatorially difficult problem arising in the

area of telecommunications. The problem consists of assigning calls to paths in a capacitated
graph, such that capacities are not violated and the total profit is maximized. In this paper we
discuss the development of a tabu search (TS) method for the BWP problem. The method
makes use of an efficient implemeintation of the k-shortest path algorithm, that allows the
identification of a controlled set of feasible paths for each call. A tabu search is then performed
to find the best path assignment for each call. The TS method developed here incorporates a
number of features that have proved useful for obtaining optimal and near optimal solutions
to difficult combinatorial problems. We establish the effectiveness of our approach by comparing
its performance in speed and solution quality to other specialized heuristics and to a standard
optimization package applied to a 0-1 integer programming formulation of the problem.

(Tabu Search; k-shortest Paths; Call Fouting)

1. Introduction

A recurrent problem in today’s service and manufac-
turing industries arises where demand requirements
exceed the capacities of assodiated installations for stor-
age and distribution. If the capadity is considered fixed
(i.e., no expansion is scheduled in the short terrn), the
problem is then to select jobs or activities that should
be performed in order to maximize some measure of
effectiveness (e.g., profitor customer satisfacticn). In
the area of telecommunications, the demand require-
ments of calls to be routed through a given telecom-
munication network may exceed the network’s installed
capacity. The problem is then to select a subset ¢f calls
and assign them to feasible paths, usually with the ob-
jective of maximizing profit. This problem is referred to
as the bandwidth packing (BWP) problem (Cox et al.
1990). In this paper we address the static version of the
BWP problem, where demand (over the current time
horizon) is given by a table of calls, and bandwidth
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requirements are fixed and known with certainty. This
version differs from the dynamic one that treats demand
as a stochastic process.

The BWP problem is defined by reference to a graph
with capaditated arcs. Each call has a known revenue
and a nonnegative bandwidth requirement, and can be
assigned only to a node-simple path in the graph. As-
sociated with each link in the graph is a capadity (given
in bandwidth) and a unit cost. Since the demand of the
calls exceeds the total capacity of the network, regardless
of how calls are routed, the problem is to find an optimal
assignment of a feasible subset of calls to paths. We use
the following notation:

General. n: number of nodes, p: number of links, 4:
numbper of calls.

For each link j. b;: capacity, ¢;: unit cost, f;: flow.

For each call i. r;: capacity requirements, v;: revenue,
s;: source node, t;: terminal node.

The source and terminal nodes for each call are
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attributes assodated. with good solutions and driving
the search into regiofis-not yet visited. To achieve this
balance, intermediate and long term memory functions
are used in combination with the short term memory.
A recent trend in the tabu search field is the use of
dynamic tabu lists, which in their most commcn form
use variable list sizes, as a way of managing short term
memory. In the method developed here, we have in-
corporated both a long term memory function and a
strategy to change the tabu list size during the course
of the search.

3.1. General Description

The method starts by generating k; profitable paths for
eachcalli(i =1, ..., q) up to a maximum of &_max
paths. The total cost of routing a call through any of its
profitable paths is known (since these costs are calcu-
lated when the paths are generated ). An initial solution
is found by assigning one call at a time to the most
profitable path whose current capacity is sufficient to
carry the call. The calls are chosen to be assigned to
paths in the sequence given by their revenue-to-re-
quirement ratio p (i.e., the call with the largest v; /r;
value is selected first). If no profitable path currently
exists for the call under consideration, then the call is
assigned to the null path. The starting procedure finishes
when all calls have been considered. Figure 1 shows a
C-like pseudo code for this starting procedure. Note
that the calls are assumed to be ordered in decreasing
p-ratio, i.e., 1 < jimplies thatv, /1, 2 v;/7;.

Our search approach transforms a given solution into
another, starting from the initial solution, as follows.
We define a move (i, h), fori=1,...,qand h = 0,
..., ki, to be an operation that changes the assignment
of call i from its current path g to path h. After a move
(i, h) is performed, the short term memory component

Figure 1 Starting Solution Generator
A—~J
profit « 0
for(i=1,.... q){
cost = select__path(A, /. path)
if (path # NULL) {
A < (i, path)
profit -~ profit + v; ~ cost
}
}
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introduces a tabu restriction that forbids call i to be as-
signed to path g for tabu_size iterations (where
tabu_size is the current size of the tabu list). (When A
= ( the move assigns call 7 to a null path, or in other
words, the call is not in the set A.) At each iteration the
method performs the best move available and the tabu
information is then updated. The definition of “best
move” is a function of the search state and the infor-
mation contained in the different memory structures.
In the next subsection we discuss the criteria that de-
termine the selecton of a best move as a function of
short term and long term memory.

3.2. Frequency vs. Recency

The short term memory function is designed to avoid
moves that will cancel the effect of those recently per-
formed. In general, short term memory serves to prevent
the duplication of conditions encountered in the recent
past. In many situations however, short term memory
alone is not sufficient to drive the search to regions
where improved solutions can be found. A comple-
mentary use of longer term memory is required in which
the notion of frequency plays an important role. The
idea behind using frequency information is to redirect
local choices (i.e., those that relate to a given neigh-
borhood) by exploiting the knowledge of how often the
same choices have been made in the past. The use of
frequency counts has proved effective in other settings
(Laguna and Glover 1991) when activated during
search states where no improving move is available from
the set of nontabu moves. .

The long term memory function embedded in our
method consists of ¢ lists of the form freq(i, h) for i
=1,...,9andh=0,..., k. The (i, h) element iden-
tifies the number of times that call i has been moved to
path h during the search. The best move at any iteration
is the nontabu move with the largest penalized move
value (pmv). If call i is currently assigned to path g,
then the penalized move value fora move (i, h) is given

by

pmv(i, h) = move_value(i, h) — asfreq(i, h) where
_ {0 if move_value (i, h) >0,

“ 7110 otherwise;

move_value (i, k) = r; ( G- 2 Ci)'
€Ly JELA
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5. Initial Computational
Experiments

Our first set of experiments undertakes to determine
the merit of the long term memory function design and
the dynamic list structure. A small example problem is
used for this purpose, consisting of a network with 10
nodes and 12 capaditated arcs (see Figure 2). The call
table consists of 20 calls with individual bandwiclth re-
quirements (demand) and revenue given in Table 1.
This example can be formulated as a 0-1 integer pro-
gramming problem with 96 variables and 32 constraints.
The optimal solution yields a profit of $4,991 and was
found in 10 CPU minutes on a VAX machine using
LINDO (Cox et al. 1990). The largest number of prof-
itable paths for any call is 6 (generated for cal. 18),
while the smallest number of such paths is 1 (for call
20). It is possible for some problems to contain calls for
which no profitable (or even feasible) paths exist.

We investigated the joint effect of three factors on
the quality of the solution: tabu lists, long term memory
function, and maximum number of profitable paths.
Solution trials of 15,000 iterations each were performed
for four tabu size settings (fixed S, M, L, and dyr.amic
- D size), with the long term memory function bota en-
abled and disabled, and for five values of k_max (2 to
6). The results of these 40 solution trials are summarized
in Table 2. The columns indicate the tabu size employed,
while the rows show whether or not the long term
memory function (LTMF) was employed. Each cell
contains the number of times, NOS, that the optimal
solution was found out of the five attempts for each of
the k_max values. (An optimal solution to the exainple

Figure 2 Telecommuaicatians Netwark {or Example Problem

[ link(capacity, con)J

6 (10, 8)

problem can be obtained by setting k._max to a value
as low as 2.) In addition, each cell shows the average
perceatage deviation from optimality (PDO) and the
average iteration number where the best solution was
found (ITB). The average time to complete each solution
attempt, shown in Table 3, depends on the k_max value
and whether LTMF is used. All experiments were per-
formed on a DecStation 5000 /200, running a C code,
which was generated using the optimizing (—O) option.

Table 2 shows the overwhelming superiority of the
results obtained by using the long term memory function
introduced in §3.2. The TS method with long term
memory was able to optimally solve the example prob-
lem on every solution trial for each value of k_max,
with the exception of a single trial (when tabu size

Table 1 Cail Table for Exampie Probiem
Call From To Demand Revenue Call From To Demand Revenue
1 1 3 10 42) 1" 4 6 6 850
2 1 8 7 38) 12 ) 3 3 200
3 1 6 8 400 13 7 10 5 370
4 1 5 6 390 14 8 2 6 500
5 2 7 5 501) 15 8 10 5 340
6 2 6 5 490 16 8 5 2 120
7 2 5 7 400 17 9 2 6 460
8 3 10 2 150) 18 9 3 8 450
9 3 4 4 45() 19 10 6 5 360
10 3 5 8 500 20 10 2 5 170
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make reference to the Bbjective function provide only
limited information in the local search of a given neigh-
borhood. Consider the move of call i from path g to a
feasible path h. Then the value of this riove,
move_value(i, h), is equal to

v; ifg=0and0<h<k,
—0; 1f0<gsk,andh=0,

Therefore, evaluating a neighborhood in this way will
result in a large percentage of moves having a zero
value. Once more we make use of the slack concept to
modify our previous definition of a penalized rnove
value (pmv). In this case, we are interested in rewarding
moves that increase the total available capacity while
keeping the same (or almost the same) total revenue.
The penalized move value is then given by the following
expression:

pmv(i, h) = move_value(i, h)
+ris(lLg| — [Lal) — asfreq(i, k)

where | X | is the cardinality of the set X, and a = 10

_if move_value(i, h) < 0, otherwise a = 0. The best
move is the candidate move with the largest penalized
move value. As before, this rule is only used when im-
proving nontabu moves are not available, otherwise the
most improving move is selected.

7. Final Computational

Experiments
Our final experimentation consists of comparing the so-
lutions obtained by our methods with other existing
optimal and heuristic preeedures. The instances used
in our experiments were generated to simulate demands
in telecommunication networks that resemble those
found in practice. (The problem generator belongs to
U S WEST Advanced Technologies and the protlem
instances were obtained by courtesy of Yuping Qiu ( Qiu
1991).) The first set consists of ten instances of the EWP
problem without link costs. Table 4 shows the protlem
numbers, their size (number of nodes and calls), the
best solution found by running LINDO for extended
time periods (several days for some of the larger prob-
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lems), the best solution obtained by different search
methods developed in U S WEST (Qiu 1991), the so-
lutions found by a permutation based TS method de-
veloped in (Anderson et al. 1990), and the results ob-
tained by our TS procedure. (A permutation-based ap-
proach to the BWP problem considers a trial solution
to be an ordering of the calls. An ordering is mapped
into an assignment by routing each call through the
best available path subject to the resources remaining
in the network after all previous calls have been routed.)

The results reported in Table 4 for our method were
obtained by setting k_max to a value of n/2 for all
solution trials (except for problem 2) and by using dy-
namic list sizes in combination with the long term
memory functon. All instances were run a maximum
of 10,000 iterations resulting in an average CPU time
of 19.9 seconds. The best solutions were found on an
average of 1,909 iterations, corresponding to 4.4 CPU
seconds. Problem 2 is optimally solved in 0.11-CPU
seconds by our starting solution procedure, when k_max
is set to a value of n. This problem consists of 20 calls
from node 1 to 2 with capadty requirements ranging
from 10 to 200 (in increments of 10), and the network
is structured so that there are only 20 unique paths be-
tween these two nodes with the same capacities as the
calls. The revenue for the call with capacity require-
ments of 10 is 200, for the one with demand of 20 is
190, and so on. This type of problems is espedially hard
for search procedures that are only directed by the rev-
enue differences, since calls with large revenue (and

Table 4 Resuits of Experiments for Networks Without Link Costs
Best U S WEST  Permutation  Glover &
Number Size LINDO* Heuristic Based TS Laguna
1 (10,20) 7,540 7,540 7.540 7.540
2 (21,200 2,100 2.100 2,100 2,100
3 (31,50) 13.280 13,380 13,270 13,550
4 (10,20) 2955 2,955 2.885 2,955
5 (16,20) 2,315 2.345 2,345 2,345
6 (17,30) 8850 9,010 9,010 9,010
7 (20, 40) 11,000 11,160 11,160 11,000
8 (12, 36) 12810 12,810 12,810 12,810
9 (12,24) 5780 5,780 5,780 5,780
10 (14, 28) 940 970 970 970

* The P tormulation consisted of @ maximum of six paths per cail.
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pool of best candidate-paths cannot be generated ap-
propriately in advances ‘but must be redetermined ac-
cording to the current solution state.!

! This research was supported in part by the Joint Air Force Office of
Scientific Research and Office of Naval Research Contract No. 749620~
90-C-0033 at the University of Colorado.
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