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ABSTRACT 
A number of articles on managerial decision making have addressed the issue 

of whether or not to round a fractional solution to obtain a solution for a problem 
involving discrete alternatives. (An example is the problem in which the decision 
maker must select exactly one of several investment alternatives, but attaches no 
meaning to selecting two-thirds of one alternative and one-third of another.) Those 
articles which suggest that rounding can lead to undesirable answers are seemingly 
supported by the numerous “textbook examples” that purport to illustrate the dan- 
gers of rounding. However, the standard examples in which rounding fails to give a 
workable solution involve only a few rounding possibilities (usually two or four) and 
do not come from real world applications. Hence, it is questionable whether they 
provide any insight about what is likely to occur in a practical setting. This note fffls 
a gap in previous discussions of rounding by providing two easily understood ex- 
amples that dramatically portray the difficulties that rounding can encounter. The 
first example belongs to an important class of practical problems. We illustrate that 
rounding fails not only for this example, but also fails for a l l  problems in its class. 
The second example is a unique “showcase” problem which can be summarized by a 
5 x 5 cost matrix. This problem contains more than a million rounding alternatives, 
all of them infeasible! Following these examples, we present a “rounding paradox” 
and we show that its resolution gives analytical support to the conclusion that round- 
ing will produce grave difficulties in a wide variety of practical situations. 

Discrete Alternative Problems 

An issue of vital concern to management is the question of how to deal with 
problems involving discrete decision alternatives, problems in which meaningful an- 
swers occur only by assigning whole number (integer) values to the decision variables. 
The practical significance of such “integer programming” problems is well known to 
the planner who is confronted with indivisible assets, fixed outlays, or mutually ex- 
clusive policy choices. 

In particular, over the past several years a wide variety of problems in the areas 
of investment, plant location, production scheduling and resource allocation have been 
given integer programming formulations [ 11 [2] [ 3 ]  [4] [ S ]  [8] . Quite recently, a num- 
ber of problems in the elusive domain of “probabilistic” or “chance constrained” 
optimization have been successfully translated into equivalent integer programs 

There is, nevertheless, an interesting paradox to the managerial approach to such 
problems in the real world. Although dramatic opportunities to decrease costs or 

[61[71. 
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increase profits can often be realized by obtaining optimal or “near optimal” solutions 
to integer programs, the extreme difficulty of accomplishing this in many practical 
settings has frequently led management to take a fatalistic view that has resulted in 
avoiding any attempt to come to grips with such problems. 

This view is not without justification. A sizable number of firms have suffered 
painful disillusionment after sinking substantial sums of money into internal studies, 
commercial computer codes, and technical consultants, none of which have succeeded 
in making appreciable inroads into solving the firms’ problems. It is true that part of 
the difficulty is due to the existence of problems that are basically intractable with 
today’s knowledge. Many times, however, the difficulty can be traced to one of two 
other sources. First, until recently, many firms have not been aware of the importance 
of calling upon someone sufficiently versed in integer programming to tailor general 
theoretical approaches to the special structures that arise in individualized, concrete 
settings. Second, and equally important, all too often the solution methods proposed 
for discrete decision problems have failed to be adaptive and manipulable enough to 
permit interaction between the decision maker and the solution model (e.g., by means 
of an on-line computer facility), which would permit a continual process of testing 
alternative assumptions and data. 

Rounding: A Compromise Approach 

A tempting compromise between avoiding the intricacies of discrete decision 
problems and meeting them head on is to resort to solution methods designed for 
continuous (non-disciete) problems. Such methods, particularly those of linear pro- 
gramming, are well known for their ability to accommodate large and intricate prob- 
lems. Since these methods do  not assure (and rarely yield) integer solutions, the 
plausible remedy is to round the continuous solution values to whole numbers, relying 
on (or at least hoping for) the result to be both workable and valid. 

Arguments can be made against the rounding approach on theoretical grounds, 
and there is a folklore in the applied literature of “horrible experiences” that can 
attend a one-shot (nearest neighbor) rounding process. There is actually little in the 
way of concrete documentation of the potential hazards of an approach which sys- 
tematically explores alternative rounding possibilities. In particular, there exist no 
examples of small, easily stated problems that exhibit numerous rounding alternatives, 
all of which lead to meaningless or unworkable solutions. 

This is not to say that the literature provides n o  examples of situations in which 
rounding can fail. On the contrary, nearly every textbook that alludes to integer 
programming provides an illustration of a simple problem for which rounding is un- 
questionably a poor policy. However, these problems typically involve only two to 
four rounding alternatives and do not pretend to represent the type of problem that 
commonly arises in a practical setting. (As remarked in [4] one is reminded of the 
“textbook examples” that purport to illustrate the dangers of degeneracy in linear 
programming, but which bear no relation to practical linear programming problems for 
which degeneracy is almost never a bothersome problem.) 

The following sections of this paper are devoted to filling some gaps in the 
literature on rounding in four ways. First, we describe an important class of practical 
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integer programming problems called “conditional transportation problems” which, by 
their resemblance to ordinary transportation problems, would seem to offer no obsta- 
cle to rounding. Nevertheless, we present an easily understood example that contains 
no feasible solution among 32 rounding possibilities, although the optimal solution can 
be determined by inspection. Second, we show that the example problem is not 
“exceptional” by demonstrating the somewhat surprising result that feasible rounding 
possibilities are virtually nonexistent for this class of problems. Third, we provide a 
unique “showcase” problem, called the “Prima Donna” problem, which can be sum- 
marized by a 5 x 5 cost matrix and which contains more than a million rounding 
alternatives, all of them infeasible! Finally, we give an argument which “proves” that it 
is impossible to round any linear programming solution to feasibility, and we show 
that the resolution of this paradox provides an analytical basis for concluding that 
rounding will produce grave difficulties in a wide variety of practical situations. 

Dangers of Rounding Illustrated 

One of the most widely applied optimization models in business is that of the 
transportation (or distribution) problem. A variant of this problem, called the “condi- 
tional transportation problem,” dispenses with one of the limiting assumptions of the 
ordinary transportation problem to allow a potentially wide range of application. 
Moreover, this latter problem is an integer program, and therefore provides a particu- 
larly suitable basis for studying the effects of rounding. 

In its classical form, the transportation problem is described as a problem of 
routing goods from m sources to n destinations in a way that minimizes total shipping 
cost. (Alternatively, the transportation problem may be put in the context of “rout- 
ing” or “assigning” jobs to machines, projects to subcontractors, plants to locations, 
inventory to sales outlets, etc.) A supply of Si units is to be shipped from the ith 
source, and a demand of D .  units is to be received at the jth destination. Denoting the 
cost of shipping a single unit from source i to destination j by cij, and denoting the 
number of units to be shipped from source i to destination j by xij, the transportation 
problem is standardly formulated 

m n  

I 

subject to 
n 
E ”ij < Si j= 1 

i = 1, . . . , m (supply constraints) 

m 
C 5 . = D .  j = l ,  ... 

i=l J J 
, n (demand constraints) 

xij 2 0 i = l ,  ..., m j = 1 ,  ..., n. 

In addition, the xij variables are required to be integer-valued. (This requirement is 
unnecessary for the standard transportation problem since it is automatically satisfied 
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in an optimal continuous solution obtained by usual procedures even when it is not 
enforced.) 

The conditional transportation problem generalizes the transportation problem 
by making it possible to select an optimal set of sources to meet the required demands. 
(For example, consumers at  the destinations are permitted to select the set of sources 
that will be their suppliers.) This problem can be formulated. by introducing a 0-1 
variable yi that is defined to equal 1 if the ith source is selected as a supplier and which 
is defined to equal 0 otherwise. Then, the conditional transportation problem arises by 
replacing the supply constraints of the ordinary transportation problem with 

n 
Z x.. = S.y. i = 1, . . . , m (conditional supply constraints) 

j=1 11 1 1 

and 
l > y i > O  and yiinteger i = l ,  ..., m. 

The constants Sj are called “conditional supplies” for this modified problem since they 
are available to be distributed only from those sources that are selected to be suppliers. 

A variation of this problem replaces the “=” of the conditional supply con- 
straints with “>”, thereby stipulating that the ith potential supplier insists on supply- 
ing at least (instead of exactly) Si units if he is actually to serve as one of the supply 
sources. This represents a common type of practical situation. For example, if a 
distributor is to open up a particular outlet, he wants to be assured of a certain 
minimum amount of business. 

The illustration which follows can be applied either to the “=” case or the “2” 
case, though we focus on the former in order to simplify the discussion. Optimal 
continuous and integer solutions are the same for both variants in this illustration, 
although the ‘a’’ case has eight additional feasible integer solutions. The data for this 
example are summarized in Table 1. 

TABLE 1 

Costs and Stipulations 

Destinations 
Conditional 

Sumlies 
Sources 1 2 3 4 

1 93 70 48 68 81 2 
2 45 89 97 85 96 3 
3 92 93 58 3 1  99 2 
4 55 103 55 57 38 3 
5 74 60 78 54 52 2 

Demands 1 1 1 1 1 
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The costs c. .  are entered in the center portion of the table, the demands D .  at 
the bottom, and the conditional supplies Si at the right. 

The problem represented by Table 1 may be solved by noting that since the total 
of the demands is 5, the only possible supply combinations are those totalling 5. There 
are just six possible combinations of sources--the pairs (1,2), (1,4), (2,3), ( 2 3 ,  (3,4), 
and (43). The solutions corresponding to these alternative supply combinations have 
been solved by an LP code. Also, the LP problem in which the integer restriction on yi 
is ignored was solved to provide the "continuous solution" in Table 2 below. 

'I I 

TABLE 2 

Conditional Transportation Problem Solutions 

Conditional 

Variables* 
Supply Shipment Variables* Total Cost 

Continuous 
Solution: Y 1'Y3=Y5'1/2, ~ 1 3 = ~ 2 1 = ~ 3 4 = ~ 4 5 = ~ 5 2 = 1  228 

Y2'Yq=l/3 

Integer 
Soh tions: Yl'Y2'1 xl2=x13=x21=x24=x25=l 343 

Y 174'1 ~ 1 2 = ~ 1 3 = ~ 4 1 = ~ 4 4 = ~ 4 5 = 1  26 8 
~ 2 7 3 ' 1  x2,=x22=x25=x33=x34=1 325 
Y374'1 x32=x34=x41=x43=x45=1 278 

Y4'Y 5= 1 x41=x43=x45=x52=x54=1 262** 
Y 2=Y 5'1 x21=x22=x23=x54=x55=1 337 

* All variables not explicitly listed have value 0. 
** This is the minimum-cost integer solution. 

Now it easily can be seen that the continuous solution cannot be rounded to 
produce any one of the integer solutions since three of the yi would have to be 
rounded down to 0. But then the constraints 

for those yi rounded to 0 force the corresponding xij's to all be 0. This result is not 
possible within the rules of rounding since all x.. are already integer in the continuous 
solution, and a characteristic of this particular problem is that for each i ,  there is one 
x . .  = 1 in the continuous solution. 

4 

9 
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Rounding in Other Conditional Transportation Problems 

The impossibility of rounding illustrated in this particular conditional transpor- 
tation problem is not at all a “special case” which depends on the particular numbers 
used. Almost any conditional transportation problem with integer supply and demand 
amounts can be expected to show this same behavior. Observe that solving the contin- 
uous problem (where the yi are not required to be integer) is equivalent to solving an 
ordinary transportation problem. The values of the yi are then simply the fraction of 
the total supply Sj actually used, that is, 

Then, unless all the yi turn out to be integer (0 or l), rounding will be impossible, 
since all the x.. would take on integer values (being solutions to an ordinary trans- 
portation probim). Therefore, it will be impossible to round down to 0 any fractional 
y j .  But, rounding all fractional yi up to 1 yields an “oversupply.” Hence, no feasible 
solution is available through rounding. In summary, the continuous solution of a 
conditional transportation problem with integer supply and demand amounts can 
never be rounded to a feasible integer solution unless it was already integer. 

A Dramatic Rounding Example 

A slight modification of the conditional transportation problem yields examples 
with large numbers of rounding possibilities. This modification will be called a “con- 
ditional assignment problem with prima-donnas.” There are a variety of interpretations 
for this problem which may involve purchase options and investments, flight plans and 
destinations, conference schedules and meeting places, characterized by the existence 
of “special” investments, destinations or meeting places which must be selected under 
certain options. The interpretation we shall give here is the following. Instead of the 
customers of the ordinary conditional assignment problem, we have workers; instead 
of supplies, we have jobs. The jobs are grouped into “contracts”--the workers must 
either do all the jobs in a contract, or none of them. Because of different worker 
efficiencies, relocation costs, etc., there are costs associated with each possible 
worker-job assignment. The cost table is shown in Table 3. 

Notice that the table is partitioned into three regions labeled R, S, and T. These 
represent the physical locations where the job in question would be performed by a 
particular worker. For example, if worker 2 works on contract 3, he will do the work 
in region S. 

Three of the workers are “prima-donnas.” They have special preferences with 
respect to particular regions. For example, worker 1 says, “If I work in region R, I will 
only work on contract 2. Furthermore, if myone works in region R, I’m going to be 
one.” Outside each prima-donna’s special region, he can be treated just like anyone 
else. The prima-donnas, their regions, and their job-claims within their regions are 
indicated by asterisks in certain cells. 

In addition to the constraints already imposed, all this can be handled by impos- 
ing the constraints, x*-x > 0, where x* is a starred xii, and x is any other x.. within 

11 
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TABLE 3 

The Prima-Donna Problem 

Demands I 1 1 1 1 1 

the same region. (No further regional constraints are required.) In a more general form 
of this problem, which we do  not bother with here, there may be several starred 
variables in a region, only one of which may be selected. The x* in the foregoing 
inequality represents the sum of these starred variables, which must also satisfy 
x*  < 1. (The general formulation is particularly applicable to alternative interpreta- 
tions of the problem indicated previously.) 

Solution of the Prima-Donna Problem 

The following table shows the continuous solution and each possible integer 
solution. The continuous solution was found using an LP code. The integer solutions, 
of which there are precisely eight, are easily found by inspection using the following 
observations: 

1. Only six possible combinations of the yi are possible, namely those for 
which the supply amounts total to five. 

2. If any cell in a region is used, then the starred cell in that region must be 
used. 

3. Column sums must be 1; row sums must be equal to the supply amounts in 
rows for which yi = 1, and zero in other rows. 

For convenience, the integer solutions are named according to the yi = 1.  Thus, 
solution 23 has y2=y3=l. If more than one integer solution is possible with given y j ,  a 
suffix is provided. Thus, 12.1 and 12.2 are the two possible solutions withyl=y2=1. 

Impossibility of Rounding 

It is now easy to see that none of the integer solutions can be achieved by 
rounding from the continuous solution. To see this, we construct a matrix representing 
the non-zero xji of the continuous solution. Each non-zero is marked by an X. 
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TABLE 4 

Prima-Donna Problem Solutions 

Contract Assignment Total Cost 
Variables Variables 

Continuous 
Solution: 

Integer 
Solutions : 

12.1 
12.2 
14 

23.1 
23.2 
23.3 
25.1 
25.2 
34 

45 

x 1 2=x 14=X 1 5=x2 1 =X23 = 1 

x13=x14=x15=x21=x22=1 

x2 1 =x24=x3*=x33=x35= 1 
x21=x25=x32=x33=x34=1 
x21=x22=x33=x34=x35=1 
x21=x22=x53=x54=x55=1 
x21=x23=x52=x54=x55=1 
x33=x34=x35=x41=x42=1 

Not feasible, since no  
starred cell can be used. 

Not feasible, since must 
have ~54'1 (because 
starred). Then x ~ = 0 .  But 

133 
148 

124* 
132 
138 
132 
133 
154 

also ~4 1=~42=~43=0 
(because y3=0 implies ~33'0). 
We have x4 l=x42=x43=x44=0, 
which makes a row sum of two 
in row four impossible. 

*best feasible solution 



19751 PITFALLS OF ROUNDING 219 

1 2 3 4 5  

1 

2 

3 

4 

5 

In any attempted rounding, only the cells marked with X can be set to 1. But it 
can be quickly verified that each of the integer solutions has at least one x . .  which is 
not included among the X’d cells. For example, solution 12.1 has xi4 and x15, which 
are not X’d cells. 

To summarize, this problem has eight inte er solutions. The continuous solution 

11 

has 20 variables at fractional levels; therefore, 2 50 = 1,048,576 rounding possibilities. 
But, none of the rounding possibilities are valid integer solutions. 

A Paradox: Proof that Rounding is Never Possible 

Suppose the continuous solution to an integer programming problem with M 
nonredundant constraints has some fractional values (otherwise rounding would be 
unnecessary). The only variables available for rounding are (at most) those in the basis 
of the continuous solution, which contains exactly M variables. Consequently, it  suf- 
fices to restrict consideration to the reduced system involving only the M basic varia- 
bles. However, there can be only one solution to  this reduced system--that of the 
continuous solution. Hence, no rounding is possible ! 

Clearly, something is wrong with this argument since rounding is sometimes 
possible. The key to the paradox is that whenever rounding is done, there are certain 
non-basic variables which are allowed to become non-zero, though this is often not 
explicitly recognized. These variables are the slacks. 

The result of this observation is that whenever an integer programming problem 
has no  slacks, rounding is impossible. Moreover, problems in which a number of key 
constraints contain no  slacks, as occurs in many practical settings, will tend to pose 
severe difficulties to rounding. The example “Prima-Donna” problem is a prime illus- 
tration. Here the number of constraints with slacks substantially surpassed the number 
without slacks. Nevertheless, the latter were sufficiently critical from a structural point 
of view to exclude the possibility of feasible rounding alternatives. 
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