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strained binary problem plus (QUBO-Plus) model for solving problems with constraints
that are not folded into the objective function of the basic quadratic unconstrained binary
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problems from the literature that compares the general purpose exact solver from Gurobi
with the leading QUBO metaheuristic solver NGQ and a special solver called Q-Card that
belongs to the QUBO-Plus class. Our results highlight the effectiveness of the QUBO and
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that the QUBO-Plus solver Q-Card provides the best performance for finding high-quality
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1. Introduction

The standard vertex coloring problem (SVCP) is to find a proper K-coloring that consists of assigning at most K
different colors to the vertices of a general graph G such that adjacent vertices receive different colors. The classic
graph coloring problem seeks to find a legal coloring with the minimum number of colors (i.e., where K is the
chromatic number). Metaheuristic methods for solving large-scale SVCPs have been proposed by Malaguti et al.
(2008) and Verma et al. (2015). The minimum sum coloring problem (MSCP) at the focus of this paper is a well-
known variation of the SVCP that aims to determine a proper K-coloring while minimizing the sum of the colors
assigned to the vertices (Jin et al. 2017). Here and throughout the rest of the paper, the colors of a K-coloring are
taken from the set {1, 2 ... K}. This problem was introduced by Supowit (1987) and Kubicka and Schwenk (1989),
and it has a wide array of applications in areas such as scheduling, resource allocation, and Very-large-scale inte-
gration design, as observed in Bar-Noy et al. (1998), Kochenberger et al. (2004), and Malafiejski (2004).

In common with the standard vertex coloring problem, MSCP is known to be NP (nondeterministic polyno-
mial time) hard, and because of the inability of exact solvers to deal with these problems effectively (Sager and
Lin 1991), most computational studies of MSCP are carried out using metaheuristic methods (Mehrotra and Trick
1996, Gualandi and Malucelli 2011).
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Kochenberger et al. (2005) (and later, Wang et al. 2012, Silva et al. 2020) reformulated the standard linear model
for MSCP as a quadratic unconstrained binary problem (QUBO) of the form

QUBO: optimize xp = x'Qx,

where x is a vector of binary variables and Q is a symmetric matrix of coefficients. Following the standard QUBO
modeling approach (see Glover et al. 2019), these papers recast the traditional graph coloring formulation, which
is a linear, constrained 0/1 optimization problem, into an equivalent QUBO problem by folding all problem con-
straints, via quadratic penalties, into the Q matrix. This approach has proven to be successful, even as problem
size scales upward.

In this paper, we also consider the QUBO model along with some extensions called QUBO-Plus models. The
unifying nature of the QUBO model for modeling and solving many combinatorial problems, known for many
years, has recently gained additional prominence because of the emergence of quantum computers. Emphasis is
being placed on QUBO models because they are mathematically equivalent to the Ising spin glass problem in
physics. Accordingly, quantum annealers, digital annealers, and other quantum and quantum-inspired compu-
ters have sought to solve QUBO models both for their unifying nature and for their connection to Ising
problems.

We note, however, that applications arise where there is a computational advantage to retain some constraints
separate from those incorporated into Q. We refer to such “constrained” QUBOs as QUBO-Plus models (Glover
et al. 2020, 2022a, b). This class, which we describe more fully in the next section, augments the standard QUBO
representation by introducing important constraints separately from the pure QUBO model, enabling them to be
treated by algorithms designed to explicitly accommodate constraints.

This model separation and specialized algorithm approach makes it possible to solve these problems more effi-
ciently and effectively than by attempting to create a “transformed” QUBO model that folds the constraints into
the Q matrix. Pursuing this theme, we describe several QUBO-Plus models for the minimum sum coloring prob-
lem, demonstrating that QUBO-Plus models have a significant impact on the success of exact and heuristic meth-
ods with computational and conceptual advantages in such settings. We observe that Zheng et al. (2014) use a
semidefinite program approach for quadratic programs with cardinality constraints and that Xia et al. (2019)
solve nonconvex quadratic programs via linear integer programming. However, they do not provide a useful
framework for our present application.

Our study also investigates the use of a QUBO-Plus metaheuristic solver called Q-Card, which efficiently han-
dles the QUBO problem with a cardinality constraint without folding the constraint into the objective function
via a penalty.

To determine the relative advantages of alternative models for the MSCP, our paper is organized as follows. In
Section 2, we illustrate how to transform the MSCP into QUBO and QUBO-Plus models. Section 3 uses a simple
example to illustrate the formulation of the alternative models. The state-of-the-art metaheuristic solver NGQ
and the QUBO-Plus solver Q-Card are introduced in Section 4. Computational results are reported in Section 5,
including comparisons with different models on exact and proposed metaheuristic solvers, demonstrating the
superior performance obtained by using the QUBO-Plus model together with the Q-Card solver. The paper con-
cludes with some observations in Section 6.

The contributions of this paper include the following:

e alternative models for both the traditional and QUBO models for the MSCP with explicit examples of model
construction;

e computational experience highlighting the limitations of exact solvers, like Gurobi, for solving MSCP instances
as problem size grows;

e computational comparisons clearly establishing the QUBO-Plus model with a cardinality constraint in con-
junction with the new metaheuristic solver, Q-Card, as an extremely effective approach for solving large-scale
instances of MSCP;

e empirical demonstration that the quadratic QUBO-Plus model we present for MSCP clearly outperforms the
traditional linear model in terms of both solution quality and time to best as problem size grows; and

e new benchmark solutions for five large-scale MSCP instances: DSJC500-5, DSJC1000.1, flat1000_50,
flat1000_660, and flat1000_76.

2. Problem Statement and Alternative Models
We consider the graph G = (V, E) with n vertices and K possible colors. An assignment of colors to vertices is
called a proper coloring if each vertex is assigned a color and if adjacent vertices have different colors. The
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minimum sum coloring problem seeks to find a proper K-coloring such that the sum of all the colors over all ver-
tices is minimized.

The standard model for MSCP (Sen et al. 1992) is a large 0/1 linear model that takes the following form, where
the binary variable x; =1 if color k is assigned to vertex i:

MSCP:

n K
Minimize f(x) = szx”‘
i=1 k=1
st.
K 1
(@) inkzl Vi e(,...n)
k=1

(b) xx+xp <1 V(i,j)€E, ke(l,...K)
(c) xibinary

The constraints of (a) ensure that each node gets a color, and the constraints of (b) require adjacent nodes to have
different colors. The minimum value of the objective function, denoted by L, is the chromatic sum of the graph.
MSCP is a computationally challenging problem that has been the focus of substantial effort over the past several
decades devoted to developing various approximation models and algorithms (see, e.g., Benlic and Hao 2012,
Wu and Hao 2012, Jin et al. 2014, Jin and Hao 2016, Wu et al. 2018).

As observed in Kochenberger et al. (2004) and as illustrated in Kochenberger et al. (2005), a linear model, like
MSCP, can be recast into an equivalent quadratic model by adding quadratic penalties to the objective function
as an alternative to explicitly enforcing the constraints in the traditional manner. For the constraints of (a), the
penalties take the form

" 2
Pen (a) =P Z(ixik—l) ,

i=1 k=1

where P is a positive scalar penalty. For the constraints of (b), the penalties take the form

K
Pen (b) = P Z inkxjk ,

(i,j)<E k=1

where again, P is a positive scalar penalty. These penalties, to be added to the original objective function to create
a new objective function, will be either zero (corresponding to feasible solutions) or positive (corresponding to
infeasible solutions). Consequently, an optimization process that attempts to minimize the new objective func-
tion will be drawn to feasible solutions to avoid the penalties associated with being infeasible, and any solution
in which all penalties equal zero is a feasible solution to the original problem. It may be noted that QUBO penalty
methods for incorporating constraints into the objective function differ from Lagrangian methods in several
important respects. Lagrangian methods in general only yield a lower bound on the optimum objective function
value for a minimization problem and an upper bound on the optimum objective function value for a maximiza-
tion problem, and the solution to the Lagrangian is not assured to be feasible for the original problem. By con-
trast, with appropriate penalty weights, the penalty function we use to transform the (constrained) QUBO-Plus
problem into the (unconstrained) QUBO problem causes the optimum QUBO-Plus objective function value to
equal the optimum QUBO objective function value, and the optimal solutions for the QUBO problem are also
optimal (and hence, feasible) for the QUBO-Plus problem.

Representing the original constraints by penalties in this fashion creates an alternative equivalent model in the
form of a QUBO model, such as in the study by Wang et al. (2012). Such an approach has proven to be very effec-
tive in a wide variety of problems settings as documented in the survey papers of Kochenberger et al. (2004) and
Glover et al. (2019).

When employing such penalties, the option exists to treat some constraints in the traditional manner (without
the use of penalties). Such a “mixed” procedure produces a partial recasting into a QUBO model, giving rise to
what we term a “QUBO-Plus” model. Both options are considered in the alternative models considered here.

In what follows, we introduce four alternative models for the MSCP, each solved by the exact method of Gur-
obi. In addition, Models 2 and 4 are solved by specially designed heuristic solvers. All four models have the
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same decision variables but differ in the nature of their objective functions (linear versus quadratic) and in the
number of constraints.

e Model 1. The standard linear model from the literature as represented by Equation (1) previously given. This
model can be a large linear 0/1 optimization problem with many constraints depending on the number of nodes
and the edge density.

e Model 2. This alternative formulation results from a full recasting of the traditional model into a QUBO model,
where both sets of constraints, (a) and (b), are represented by penalties, yielding a pure QUBO model of the form

Minimize x'Qx + C, )

where the C, which equals n x P, arises from the transformation process in each problem instance. Model 2 is
exactly the QUBO model tested in the paper by Wang et al. (2012).

e Model 3. This model results from a partial recasting, where the adjacency constraints of (b) are represented by
penalties, but the node assignment constraints of (a) are retained in their original, classical role. With the quadratic
penalties included in the objective function, this problem takes the form

Minimize x!Qx
st.

K
inkzlforallizl, 2, ..., n,
k=1

®)

where Q is a square, symmetric matrix incorporating the original objective function data from (Equation (1)) on
the main diagonal and the adjacency data from constraint (b) in the off-diagonal elements.

Note that the Q matrices for Model 2 and Model 3 have the same size but differ in that all the constraint informa-
tion is incorporated into the Q matrix for Model 2, whereas only the adjacency constraints are represented in the Q
matrix for Model 3.

e Model 4. This model is a cardinality constrained version of the problem taking the form

Minimize x!Qx

n K
> xi=n

i=1 k=1

st.
4)

The Q matrix for Model 4 is the same as the Q matrix for Model 2 except that the penalty P does not appear on
the main diagonal, as illustrated in the next section. This is the only change from Model 2, except for the inclu-
sion of the cardinality constraint (sum of the variables equals the number of nodes in the graph). For Model 4,
the additive constant is zero (as in Model 3). We comment here that the purpose of the cardinality constraint is to
ensure that the required number of the node assignments is made.

Note that Model 2 is a pure QUBO model, whereas Models 3 and 4 are examples of QUBO-Plus models.
Although the four models are equivalent in that they have the same optimal solutions, they differ considerably
in structure. Most notably, Model 1 is a linear model with generally many constraints depending on the number
of edges in the graph. In contrast, Models 2, 3, and 4 are quadratic models with few, if any, constraints. All four
models have the same decision variables.

An explicit example of all four models along with the construction of the Q matrices for Model 2, Model 3, and
Model 4 is provided next in Section 3.

3. Example of All Four Models and Their Q Matrices
For purposes of illustration, we adopt the example used in the paper by Wang et al. (2012). Consider Figure 1,
which is to be colored using two colors, with n =4 and K = 2.

In these examples, we first present the standard linear model for MSCP followed by the three alternative qua-
dratic models. To clearly demonstrate the development of the Q matrices, we present Model 3 immediately after
Model 1 (before presenting Model 2 and Model 4) because of the relationship of the Q matrices for these models.

Model 2, the pure QUBO model, has a Q matrix populated with penalties from both of the constraints of (a)
and (b), whereas the Q matrix for Model 3 has penalties derived solely from the adjacency constraints of (b).
Thus, following Model 1, we first show the construction of the Q matrix for Model 3, and then, we demonstrate
how it is modified to yield the further penalized Q matrix for Model 2. Given this, we demonstrate the construc-
tion of the Q matrix for Model 4, which results from that of Model 2 by simply removing the scalar penalty, P,
from the main diagonal.
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Figure 1. (Color online) An Example

3.1. Model 1
The classical linear MSCP model is

Minimize f(X) =x11 +2x10 + Xy + 22X + X31 + 2X30 + X471 + 2X40
st.
X1 +xpp=1
Xo1 +xp =1
X3 +xp =1
Xq1 +xp =1
X11+x1 <=1 X120+ X <=1
X1+ x4 <=1 X0 + X0 <=1

Xy +x31 <=1 Xy + X3 <=1
X31 +x41 <=1 X3+ X0 <=1
(x binary).

(As noted, Model 2 appears after Model 3.)

3.2. Model 3
Putting the original objective function and the adjacency constraints into the Q matrix, we have an equivalent
constrained QUBO model of the form:
Minimize x'Qx
st.
X1 +xpp =1
Xo1 +xp =1
X31 +xzp =1
Xq1+xp =1
(x binary),

where the symmetric Q matrix is shown in Table 1.
3.3. Remarks

Remark 1. The position of the penalties in the Q matrix follows directly from the definition of Pen (b) given ear-
lier. That is, the conventional constraint x1; +x; < 1 is represented by the penalty Px;1x2;. The division by two
is because of the symmetric nature of Q. Empty cells mean zero in the Q matrix.

Remark 2. Note that the coefficients of the original objective function appear on the main diagonal and that the
nonzero off-diagonal elements represent the adjacency constraints.
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Table 1. Q Matrix for Model 3

X1 X12 X21 X22 X31 X32 X41 X42
X11 1 P/Z P/2
X12 2 P/2 P/2
X21 P/2 1 P/2
X2 P/2 2 P/2
X31 P/2 1 P/2
X32 P/2 2 P/2
X41 P/2 P/2 1
X4 P/2 P/2 2

Remark 3. The scalar penalty P, usually taken to be a positive integer, is problem dependent. Generally, we want
P to be large enough to ensure feasibility but no larger; otherwise, feasibility will dominate the original objective
function. Surprisingly, small values often work just fine. However, feasibility requires that the quadratic terms
be forced to zero, and this is always the ultimate test of whether P is large enough. For the MSCPs considered in
this work, P equals the number of nodes in all models.

3.4. Model 2
Further populating the previous Q matrix with penalties representing the node assignment constraints (accord-
ing to the definition of Pen (a) given earlier), we have the pure QUBO model:

Minimize x'Qx +C
st.
x binary,

where C = n X P and the Q matrix is now given in Table 2.

Because x;j are binary variables, the relationship x?k = x; holds and is exploited. Note that the penalties for the
node assignment constraints modify the elements on the main diagonal and also show up in certain off-diagonal
cells as indicated. The off-diagonal elements corresponding to the adjacency constraints are unchanged. The pat-
terns in the Q matrices make it easy to develop these alternative models for MSCP. More general approaches for
constructing Q matrices, suitable for other combinatorial optimization problems, can be found in the paper by
Glover et al. (2020).

3.5. Model 4
As indicated in the previous section, this model is
Minimize x'Qx
st.
n K

szik =n,

i=1 k=1

with the Q matrix given in Table 3.
Here, the Q matrix is the same as that of Model 2 except that the scalar penalty P does not appear on the main
diagonal. Because we are minimizing and because all elements of the Q matrix are nonnegative, a cardinality

Table 2. Q Matrix for Model 2

X11 X12 X21 X22 X31 X32 X41 Xq2
X11 1-PpP? p? pP/2 P/2
X12 Pa 2 — Pa P/2 P/2
X21 P/2 1-p? pP? P/2
X2 P/2 p? 2 — p? P/2
X31 P/2 1-p? p? P/2
X32 P/Z p? 2 —p? P/2
X41 P/2 P/2 1-p? pP?
X42 P/2 P/2 pP? 2 —p?

“Note that the penalties for the node assignment constraints modify the elements on the main diagonal and also show up in certain off-
diagonal cells as indicated.
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Table 3. Q Matrix for Model 4

X1 X12 X21 X22 X31 X32 X41 X42
X11 1 pP? P/2 P/2
X12 P? 2 P/2 P/2
X21 P/2 1 Pa P/2
X220 P/2 pP? 2 P/2
X31 P/2 1 P P/2
X32 P/2 p? 2 P/2
X41 P/2 P/2 1 P?
X402 P/2 P/2 p? 2

“Note that the penalties for the node assignment constraints modify the elements on the main diagonal and also show up in certain off-
diagonal cells as indicated.

constraint is appended to the model to ensure, given the penalty structure, that color assignments are made to
the n nodes. (Else, the optimization would set all variables to zero.)

4. NGQ and Q-Card Solvers

The computational experience presented in Section 5 first gives a comparison of the performance of the four
models based on the solver Gurobi, a commercial solver capable of optimizing modest-sized instances of all four
models. These results are followed by further testing on Models 2 and 4 carried out using leading metaheuristic
methods. Specifically, these additional results were obtained from Entanglement’s general purpose QUBO com-
mercial solver, NGQ, for Model 2 and a specialized solver developed by the authors, called Q-Card, for the cardi-
nality constrained formulation of Model 4 (Entanglement 2023).

NGQ is a quantum-inspired solver that combines different metaheuristic strategies, such as classical tabu
search, diversification-driven tabu search, adaptive memory programming, scatter search, path relinking, cross-
over, and local search. This metaheuristic combination strategy has proven to be highly competitive in terms of
both solution quality and computational efficiency relative to other approaches for solving the QUBO model.

With appropriate modifications, modern QUBO solvers, such as NGQ, can be customized to produce solutions
that satisfy the explicit “Plus” constraints while optimizing the quadratic objective function. For such cases, we
have produced the Q-Card solver to explicitly accommodate the constraints not represented by penalties while opti-
mizing the quadratic objective function. The Q-Card solver is implemented in C++ using the C++ 17 standard. We
compiled the code using GCC version 9.3.0. An abbreviated pseudocode for this solver is provided next.

Q-Card pseudocode is given in Algorithm 1.

Algorithm 1 (Pseudocode of Q-Card)
Input: Instances
Output: The best solution S,
1: S1, S2, S¢, Sp « Init();
2: Sy, « saveBest(S1, S»);
3: generation < 0;
4: while stop criterion is not satisfied do
5 if S; and S, are similar then
6 51, 55 « CrossoverExternal(S1, S»); //refer to external link in Samorani et al. (2019)
7:  elseif 57, S) « CrossoverInternal(Si, S»); //refer to internal link in Samorani et al. (2019)
8:  endif
9: Sy « TabuSearch(S}); // refer to the TPTS algorithm in Liu et al. (2020)
10: S, « TabuSearch(S});
11: S, < saveBest(Sy, Sz, S¢);
12: S, « saveBest(S., Sp);
13:  if generation%lter = O then
14: S1 85,5, < S
15: S, « Init();
16: end if
17:  generation « generation +1
18: end while
19: return S,
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Note that in line 1, S, S2, S¢, and S, are initialized by selecting out n variables from n X k variables x; randomly.
To elaborate the reason behind the operation of Step 1, note that S, and S, represent the best solution in the current
generation and the previous generation, respectively. We initialize them as done in Step 1 to avoid adding condi-
tions (such as if generation = 0, then xxx endif) in the loop. In fact, the initial values of S; and S, are usually much
worse than the values of S; and S,, (which are optimized by the tabu search procedure). Thus, S, can only affect S
and S, in generation 1. We adopt the procedure indicated in Step 1 because it increases the randomness of the algo-
rithm. Also, in line 5, if there exist more than 0.8 X k variables taking a value of one in both S; and S, then S; and
S, are considered similar as a basis for executing line 5. Iter in line 13 is a parameter to control the evolutionary algo-
rithm, which can be set to five.

Algorithm 2 (Two-Phase Tabu Search (TPTS))
Input: Input solution S;
Output: Output solution S,
1 S S
: Sy «— saveBest(Sy, S»);
: reset — 0;
: while reset < MaxlIter do
S, «Solution-based-TabuSearch(S;)
S; « Attribute-based-TabuSearch(S,)
reset <— reset+ 1
: end while
: return S,

O 0 NI U WN =

For keeping the constraint in Model 4 satisfied, the Q-Card solver uses a constrained swap neighborhood
structure. This swap move consists of exchanging two elements in Z = {x;; | x;; = 0} and O = {x;; | x;; = 1}, respec-
tively. Each element corresponds to a variable in Model 4. Then, the swap move will exchange values of one ele-
ment in Z and one element in O. The elements to be swapped are chosen based on their objective function values

f@)= Z], i i Specifically, the smaller the value f(i) of the element i in O (the greater the value f(i) of element i

in Z) is, the higher the probability of selecting that element. Moreover, to accelerate the search, the Q-Card solver
restricts the neighborhood structure by candidate lists, which estimate the gain of removing or adding an ele-
ment and select promising swap moves. The Q-Card solver additionally combines a solution-based tabu search
and an attribute-based tabu search in a local search procedure to refine the search. Interested readers are referred
to Liu et al. (2020) for details.

Although any QUBO-Plus model can be converted to an equivalent QUBO model by employing additional
penalties, the structure of some constraints gives the Q-Card solver a significant computational advantage over
QUBO solvers that are incapable of handling these constraints separately. This computational advantage is illus-
trated for the test problems considered here as seen in the results given in the following section, which show that
the Q-Card solver is particularly valuable for solving larger problems.

5. Computational Testing

Except as noted otherwise, all results were obtained on a desktop personal computer with an Intel Core i7-7700k
processor at 4.20 GHz and 32 GB of random access memory. Our computational testing of Models 1, 2, 3, and 4
was carried out on the well-known set of Center for Discrete Mathmatics and Theoritical Computer Science pro-
blems used in the study by Wang et al. (2012) as well as some larger problems from Jin et al. (2017). All the imple-
mentations are available in the online appendix from Du et al. (2024).

Table 4 presents the problem characteristics for the problems used by Wang et al. (2012) and Jin et al. (2017).
Columns 1-3 in Table 4 give the instance names along with the vertex number |V| and edge number |E| of the
graphs. Column 4 in Table 4 presents the best upper bounds ub* from the previous literature (Jin et al. 2017,
Donne et al. 2021). We bolded the cases where the best upper bound ub* is equal to the chromatic sum X. Col-
umns 5 and 6 in Table 4 show the number of colors K to be used and the number of variables N in the resulting
models.

5.1. Model Comparisons Using the Gurobi Exact Solver

Exact methods, like Gurobi Optimization, LLC (2022), have improved greatly in recent years, opening the door
for possible application in problem settings typically reserved for metaheuristics methods. In this subsection, we
report on the applicability of using Gurobi version 9.5 on the four alternative model forms for MSCP.
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Table 4. Problem Characteristics

Instances Y [E| ub* K N
myciel3 11 20 21 6 66
myciel4 23 71 45 7 161
myciel5 47 236 93 8 376
myciel6 95 755 189 9 855
myciel7 191 2,360 381 10 1,910
anna 138 493 276 13 1,794
david 87 406 237 13 1,131
games120 120 638 443 10 1,200
huck 74 301 243 13 962
jean 80 254 217 12 960
miles250 128 387 325 10 1,280
miles500 128 1,170 705 22 2,816
queenb.5 25 160 75 7 175
queen6.6 36 290 138 9 324
queen?.7 49 476 196 9 441
queen8.8 64 728 291 10 640
DSJC125.1 125 736 326 8 1,000
DSJC125.5 125 3,891 1,012 22 2,750
DSJC125.9 125 6,961 2,503 50 6,250
DSJC250.1 250 3,218 970 12 3,000
DSJC250.5 250 15,668 3,210 35 8,750
DSJC250.9 250 27,897 8,277 80 20,000
DSJC500.1 500 12,458 2,836 16 8,000
DSJC500.5 500 62,624 10,886 56 28,000
DSJC1000.1 1,000 49,629 8,991 29 29,000
flat1000_50 1,000 245,000 25,500 52 52,000
flat1000_60 1,000 245,830 30,100 64 64,000
flat1000_76 1,000 246,708 37,164 84 84,000

Note. The cases where the best upper bound ub* is equal to the chromatic sum X are in bold.

The results presented in Table 5 were obtained from Gurobi version 9.5 using all default values, except with
the presolve linearization option set to zero. Each problem was given a time limit of two hours (7,200 seconds),
and for each problem instance, we report the “time to best” for each model as well of the percentage gap to ub*
at 7,200 seconds. We reported the best solution we found within the time allowed, representing an upper bound
in cases where we did not allow enough time to prove optimality. A solution is noted in Table 5 if it is the best in
its row (i.e., compared with the other models in the table). For few of the problems, Gurobi failed to give a solu-
tion within the time limit, and hence, these are marked by —.

Table 5 gives a comparison of the performance of Gurobi on the linear model (Model 1) and its performance
on the three alternative quadratic formulations for the 28 test problems considered. (Gurobi uses a different pro-
prietary solver for the quadratic models than it uses for the linear model.) The first 19 problems (myciel3 to
DSJC125.9) in Table 5 produce small instances of all models, and for these small problems, Model 1 dominates
the quadratic models in terms of both solution quality and time to best. For these 19 problems, Model 3 was a
close second in terms of solution quality, but it generally lagged behind the application of Model 1 in terms of
time to best and gap performance.

For these same problems, the performance of Model 3 was followed by that of Model 4 and then, by Model 2,
which turned in the worst results. All told, the numbers of times the four models were able to produce best
results among others in the time limit of two hours were 19, 5, 17, and 8, respectively, for the 19 small instances.
In terms of matching best-known solutions, the results were 17, 5, 13, and 8, respectively.

On the nine larger problems (DSJC250.1 to flat1000_76) in Table 5, Gurobi was unable to perform well using
any of the models, and the relative gap in its performance between Model 1 and the quadratic models narrowed
considerably. For these problems, both Model 1 and Model 3 using Gurobi were able to produce solutions for
only three of the nine problems within the two-hour time limit. In a head-to-head comparison, Model 3 showed
a slight edge over Model 1. Models 4 and 2, in that order, rounded out the comparisons.

We note that this performance pattern, where a linear model outperforms the equivalent quadratic alternative
model on small- to medium-sized problems but lags behind in performance on larger problems, has been
reported for other classes of problems as well. For instance, see the recent paper by Du et al. (2022).
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In Section 5.2, we see results illustrating improved performance derived from Models 2 and 4, models that did
not perform well in Table 5, obtained by applying leading metaheuristics rather than Gurobi.

5.2. Performance of Metaheuristic Methods

The results in Table 5 showcase the limited applicability that exact solvers, like Gurobi, have on MSCP instances
as the problem size scales upward. The last five problem instances in our test bed have 28,000-84,000 binary vari-
ables, creating models that challenge the success of exact methods given reasonable run time limits. For such
large-scale instances, modern metaheuristic methods, like NGQ and Q-Card, are better suited to deliver high-
quality solutions within reasonable time restrictions. Such improved performance can be seen in Table 6.

For ease of comparison, we include the Gurobi exact solver results for Models 2 and 4 along with the meta-
heuristic results for these two models in Table 6. The earlier results for the standard linear model are also
included to facilitate further comparisons. Because of the large size of the last five problems instances, a run time
limit of 20 hours for each model/solver combination was imposed. As with Table 5, a time limit of two hours
was imposed on the first 23 problems. Because NGQ and Q-Card are metaheuristic approaches, we report best
solution, mean results plus standard deviations, and average time to the best in Table 6. We run 10 times for
small instances and 5 times for the last large instance.

Again, we see that all the models and solvers did well on the first 19 problems. These problems are small and
relatively easy to solve. The performance edge of the metaheuristic solvers is seen on the larger instances.

Looking at the two sets of results obtained from Model 4, Table 6 shows that the Q-Card results dominate the
Gurobi results by a wide margin. To a lesser extent but still convincingly, the results shown for Model 2 using
NGQ also dominate those for Model 2 using Gurobi. Both the Model 4 results using Q-Card and the Model 2
results using NGQ dominate the Model 1 results.

Looking across all columns, Table 6 reveals that Model 4 using Q-Card quickly found best solutions for 26 of
the 28 problems, narrowly missing on the other 2 problems. Model 2 using NGQ also provided high-quality solu-
tions for many problems but failed to match the Model 4 results using Q-Card on 12 instances, coming up con-
siderably short on several problems. With one exception, Model 1 using Gurobi, even with the expanded run
time limit of 20 hours, was unable to produce solutions for the larger instances.

Note that we recall that the best upper bound ub* is reported in the literature on MSCPs. The best upper
bounds are found by Breakout Local Search (Benlic and Hao 2012), Memetic Algorithm for Sum Coloring (Jin
et al. 2014), MDS(5) +LS (Helmar and Chiarandini 2011), MA-MSCP (Memetic Algorithm for Mininum Sum
Coloring Problem) (Moukrim et al. 2013), and hybrid evolutionary search algorithm (Jin and Hao 2016). Some
results by using Model 4 with Q-Card deviate slightly from the best upper bounds reported in the literature.
However, the Q-Card method is a general method for the QUBO-Plus model with a cardinality constraint,
whereas the approaches that give the best solutions known are specialized methods for solving the MSCP.

Overall, we see that the quadratic models, particularly the QUBO-Plus model in this case, with suitable meta-
heuristic solvers can be successfully employed to solve large instances of MSCPs, greatly extending the size of
problem instances capable of being solved in a reasonable amount of time.

6. Conclusions and Future Work

In this paper, we analyzed four different models for the NP-hard minimum sum coloring problem. All four models
are equivalent, and the transformations among those models do not change the underlying computational complexity.
In this analysis, we examine the application of three different solvers, an exact method and two metaheuristic methods,
and we show how their performance varies depending on the model employed and the problem size.

Our study constitutes the first investigation of solving MSCP via QUBO-Plus models using the metaheuristic
solver Q-Card, demonstrating how the MSCP can be recast into the QUBO and QUBO-Plus models and explain-
ing how these models can, respectively, be solved with the NGQ and Q-Card algorithms without any tuning or
adaptation to handle the special structure of MSCP. Our experimental evaluations on a set of 28 benchmark
instances show that the Q-Card approach for the general QUBO-Plus model is able to reach solutions that are
unmatched for larger problem instances by using the other methods and models.

This study also provides optimal solutions for 17 instances of smaller size via the Gurobi Mixed Integer Pro-
gramming solver applied to an Linear programming model. Although Gurobi runs very rapidly on these test
problems and it succeeds in solving to optimality, we find that it fails to obtain solutions that match the quality
of those obtained by Q-Card in 11 of the 28 instances.

This demonstration that a QUBO-Plus model, with its special handling of special constraints, can offer signifi-
cant advantages for solving larger problems motivates a future study devoted to developing and testing new
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methods for additional QUBO-Plus models that involve alternative sets of constraints and embrace an expanded
range of applications.
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