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Abstract. The minimum connected dominating set (MCDS) problem consists of selecting a
minimum set of vertices from an undirected graph, such that each vertex not in this set is
adjacent to at least one of the vertices in it, and the subgraph induced by this vertex set is
connected. This paper presents a fast vertex weighting (FVW) algorithm for solving the
MCDS problem, which integrates several distinguishing features, such as a vertex
weighting-based local search with tabu and perturbation strategies to help the search to
jump out of the local optima, as well as a search space reduction strategy to improve the
search efficiency. Computational experiments on four sets of 112 commonly used public
benchmark instances, as well as 15 newly introduced sparse instances, show that FVW is
highly competitive compared with the state-of-the-art algorithms in the literature despite
its simplicity. FVW improves the previous best-known results for 20 large public bench-
mark instances while matching the best-known results for all but 2 of the remaining ones.
Several ingredients of FVW are investigated to demonstrate the importance of the pro-
posed ideas and techniques.
Summary of Contribution: As a challenging classical NP-hard problem, the minimum
connected dominating set (MCDS) problem has been studied for decades in the areas of
both operations research and computer science, although there does not exist an exact
polynomial algorithm for solving it. Thus, the new breakthrough on this classical NP-hard
problem in terms of the computational results on classical benchmark instances is signifi-
cant. This paper presents a new fast vertex weighting local search for solving the MCDS
problem. Computational experiments on four sets of 112 commonly used public bench-
mark instances show that fast vertex weighting (FVW) is able to improve the previous
best-known results for 20 large instances while matching the best-known results for all but
2 of the remaining instances. Several ingredients of FVW are also investigated to demon-
strate the importance of the proposed ideas and techniques.
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1. Introduction
The minimum connected dominating set (MCDS) prob-
lem is a classical combinatorial optimization problem
that consists of selecting a minimum set X of vertices
from an undirected graph G � (V,E) such that each ver-
tex not in X is adjacent to at least one vertex of X and the
subgraph of G induced by Xmust be a connected graph.

The MCDS problem has also been shown to be
equivalent to the maximum leaf spanning tree prob-
lem (MLSTP), another well-known classical problem
(Fujie 2004). The MLSTP aims to find a spanning tree

in an undirected simple graph such that the number
of leaves of the tree is maximized. The vertices in the
tree apart from the leaves provide a connected domi-
nating set of the graph as a result of the connectivity
of the tree. Therefore, maximizing the number of
leaves of the spanning tree is equivalent to minimiz-
ing the size of the connected dominating set. In the
following, we treat these two problems as one.

TheMCDS problem is a variant of theminimumdom-
inating set (MDS) problem arising in ad hoc networks
(Balasundaram and Butenko 2006). It plays an important
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role in broadcast routing (Tseng et al. 2002, Wu and Dai
2003, Cheng et al. 2006), power management (Chen et al.
2002, Deb et al. 2003, Ding et al. 2003), and the regenera-
tor location problem in fiber-optic networks (Chen et al.
2010). As a challenging NP-hard problem, the MCDS
problem has attracted considerable attention from the ac-
ademic community over the past few decades. Solution
methods for the MCDS problem can be mainly catego-
rized into exact algorithms, approximation algorithms,
and heuristic/metaheuristic methods.

Exact algorithms proposed for the MCDS problem
notably include the work of Simonetti et al. (2011),
who presented an integer programming formulation
and new valid inequalities accompanied by a branch-
and-cut algorithm based on a reinforced formulation.
This work was extended by Gendron et al. (2014), who
proposed a decomposition algorithm for the MCDS.
Buchanan et al. (2015) proposed three integer pro-
gramming formulations based on vertex cuts for the
k-connected d-dominating set problem. Their proposed
lazy constraints branch-and-cut (LCBC) algorithm com-
petes favorably with existing exact solution approach-
es for the MCDS problem (the case k � d � 1). In paral-
lel, Ahn and Park (2015) also studied the k-connected
d-dominating set problem, by proposing an integer
programming formulation and an optimal algorithm.
Other exact solution approaches based on MLSTP can
be found in Fujie (2004), Gouveia and Simonetti (2017),
and Reis et al. (2015). In addition, approximation algo-
rithms, which provide a guaranteed approximation fac-
tor, have been introduced in Guha and Khuller (1998),
Wan et al. (2004), Misra and Mandal (2010), and
Khuller and Yang (2019).

Metaheuristics, the domain in which our present
method lies, have been demonstrated to be highly ef-
fective for many hard real-world problems (Burke and
Bykov 2016, Wang et al. 2016, Ghaznavi et al. 2017,
Subramanyam et al. 2020). Various state-of-the-art heu-
ristic and metaheuristic algorithms have also been
proposed for tackling the MCDS. A few of the more
significant entries include a greedy heuristic proposed
by Butenko et al. (2004), which starts from a connect-
ing dominated set (CDS) consisting of all vertices and
gradually reduces the size of the current CDS by ex-
cluding some vertices; a simulated annealing and a
tabu search algorithm proposed by Morgan and Grout
(2007); and a competitive one-step ant colony algo-
rithm proposed by Jovanovic and Tuba (2013). More
recently, Wu et al. (2017) proposed a restricted swap-
based neighborhood structure embedded in a tabu
search framework (RSN-TS) for solving the MCDS
problem, which outperforms the previous algorithms
on the standard benchmark instances. Li et al. (2019)
additionally proposed a multistart local search that
produces results competitive with those obtained by
the RSN-TS. Their algorithm adapts a configuration

checking mechanism to avoid the cycling problem.
Another recent innovation is an ant colony optimiza-
tion algorithm (ACO-RVNS) proposed by Bouamama
et al. (2019), which produces results comparable to
those of RSN-TS on the previously tested instances
while outperforming RSN-TS on some newly generat-
ed large-scale benchmark instances. In parallel with
this paper, Li et al. (2020) presented a newMCDS algo-
rithm specially designed for tackling massive graphs
that outperforms previous algorithms. Their algorithm
takes advantage of a hybrid dynamic connectivity
maintenance method switching alternately between a
novel fast connectivity maintenance method based on
a spanning tree and its previous counterpart, therefore
being very effective on massive graphs. Additional
metaheuristic approaches for the MCDS have been
presented in Li et al. (2017), Chinnasamy et al. (2019),
and Hedar et al. (2019).

This paper presents a local search algorithm based
on fast vertex weighting (FVW) for the MCDS prob-
lem by incorporating a vertex weighting technique
and a search space reduction technique. Similar to the
idea of RNS-TS fromWu et al. (2017), FVW transforms
the MCDS problem into a series of subproblems with
a fixed number of vertices in the dominating set. Spe-
cifically, it checks whether a CDS exists for each size k
in a relevant range. In addition to this problem trans-
formation mechanism, we introduce several new
ideas to solve the MCDS problem. Our contributions
can be summarized as follows:

1. A vertex weighting technique and an incremental
neighborhood evaluation that enable FVW to achieve a
better balance between exploitation and exploration

2. A search space reduction technique that further im-
proves the performance of FVW and a perturbation op-
erator that helps FVW to produce more stable solutions

3. Tests conducted on four sets of 112 most commonly
used instances of the MCDS problem, disclosing that
the FVW algorithm improves the best-known results on
20 instances and matches the best records for all but 2
remaining cases; these tests also show that our computa-
tional time is much shorter than that of the state-of-the-
art algorithms in the literature for most tested instances

4. Tests on 15 newly introduced instances showing
the high performance of the FVW on large sparse
graphs; these instances also provide a benchmark for
future comparison

5. Extensive experiments to analyze the contributions
of the key components of our algorithm, which include
the vertex weighting technique and the search space re-
duction technique

6. Two fundamental propositions that elucidate the
reasons for the efficacy of the proposed neighborhood
structure

The remainder of the paper is organized as fol-
lows. Section 2 describes the MCDS problem and our
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transformation method. Section 3 presents the FVW al-
gorithm and detailed descriptions of its main compo-
nents. Experimental results of the FVW algorithm on
public benchmark instances are reported in Section 4.
Finally, the analysis of several important features of
the FVW algorithm is given in Section 5, followed by
the conclusion in Section 6. In addition, the appendix
presents the two fundamental propositions that eluci-
date the reasons for the efficacy of the proposed neigh-
borhood structure.

2. Problem Description and
Transformation

To formally describe the MCDS problem, we use the fol-
lowing notation: Variable xi ∈ {0, 1}(i ∈ V) identifies
whether vertex i is included in the dominating set, where
xi � 1 for inclusion and xi � 0 otherwise. Variable ye ∈
{0, 1}(e ∈ E) similarly identifies whether edge e is select-
ed to ensure the dominating set is connected. The term
Γi denotes the set of vertices that includes vertex i and all
its neighbors, and D represents any subset of V. The
MCDS problem can then be formally stated as follows:

MCDS : min
∑

i∈V
xi (1)

s:t:
∑

j∈Γi
xj ≥ 1 i ∈ V, (2)

∑

e∈E
ye �

∑

i∈V
xi − 1, (3)

∑

e∈E(D)
ye ≤

∑
i∈D\{j}xi D ⊂ V, j ∈D, (4)

xi,ye ∈ {0, 1} i ∈ V, e ∈ E: (5)

This formulation minimizes the number of vertices
to be included in the dominating set while using vari-
able y to select edges to guarantee that a spanning tree
can be found in the subgraph induced by this set.
Constraints (2) guarantee that each vertex connects at
least one vertex in the selected set (i.e., the selected
vertex set can dominate all the vertices). Constraints
(3) and (4) guarantee that there exists a spanning tree
in the selected dominating set (i.e., the dominating set
is connected). For more details of this formulation, the
reader is referred to Simonetti et al. (2011).

As previously mentioned, the proposed algorithm
in this paper transforms the MCDS problem into a se-
ries of subproblems of finding the connected dominat-
ing set with a fixed size. The formulation of the sub-
problem can be obtained from the original MCDS
model by adding the constraint

∑

i∈V
xi � k (6)

and replacing the objective function by

min g(X) � ∑
i∈Vcixi:

By this means, we can define the k-CDS problem as
ming(X), s:t: : (2)–(6). Here, the form of the objective
function g is inconsequential to make the formulation
standard (i.e., the ci coefficients can be any constants).
The k-CDS problem would be infeasible if no CDS of
size k exists for the graph G and any feasible solution
produces a yes answer (i.e., it is a decision problem).
We then transform the original MCDS problem into a
series of k-CDS problems where k ∈ {1, 2, : : : , | V |}.
The k-CDS problem with a feasible solution with the
minimum value of k is considered the best solution for
the original MCDS problem.

We introduce an auxiliary optimization problem k-
CC where the goal is to find a k-vertex connected com-
ponent dominating as many vertices as possible in
graph G. The solution of k-CC that dominates the
whole set V is a feasible solution of k-CDS. This new
auxiliary problem is obtained from k-CDS by relaxing
Constraints (2) to minimize the number of nondomi-
nated vertices. For this purpose, we introduce another
binary variable, zi, to denote whether vertex i is domi-
nated (zi � 1 if vertex i is dominated) by the selected
vertices (where zi � 1 if vertex i is dominated and 0
otherwise). Thus, the following constraints must be
satisfied:

0 ≤ | Γi | · zi −
∑

j∈Γi
xj ≤ | Γi | − 1 i ∈ V, (7)

zi ∈ {0, 1} i ∈ V: (8)

The number of vertices that do not connect any of
the selected vertices can be calculated as

f (X) � ∑

i∈V
(1 − zi): (9)

By minimizing the objective given by Equation (9),
the original k-CDS problem can be transformed into
the following auxiliary problem:

k-CC : min f (X), s:t:: (3)–(8):
Note that a dominating set of size k exists only if the

best solution for model k-CC produces a solution with
objective value 0. In the following, k-CC is actually
used to solve the k-CDS problem.

3. Fast Vertex Weighting-Based
Local Search

The basic idea of our FVW is to tackle the MCDS
problem based on a reduction to the decision version
of the problem (the k-CDS problem). Specifically, in
order to solve an MCDS instance for network G, our
algorithm tries iteratively to find in G a CDS with size
k (k-CC with objective value 0) for successively smaller
values of k. If a solution with objective value 0 can be
found for the k-CC, the algorithm decreases k to k− 1.
Otherwise, the algorithm stops, and k + 1 is the best

Wu, Lü, and Glover: FVW for Minimum Connected Dominating Sets
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solution for the original MCDS problem. The pseudo-
code of the FVW is given in Algorithm 1.

Algorithm 1 (Main Framework of FVW)
Input: G � (V,E)
Output: A feasible CDS configuration Xbest

1: procedure FVW(G)
2: Xbest ← V
3: repeat
4: X← SHRINK Xbest( )
5: X← LS_KCC(X) � Section 3.2
6: if f(X) � 0 then
7: Xbest ← X
8: else
9: return Xbest

10: end if
11: until The termination condition is met
12: return Xbest

13: end procedure

FVW starts with the set of all vertices V (line 2).
Because V is always a feasible CDS for a connected
graph, this guarantees the algorithm will produce a
feasible solution. In Algorithm 1, Xbest records the
minimum feasible CDS found so far. At each itera-
tion, a nonarticulation vertex is selected and re-
moved from Xbest if removing it is the best choice ac-
cording to the objective function (line 4). Thus, an
initial k-CC configuration X is produced. The local
search procedure LS_KCC starts from the initial con-
figuration X in an attempt to find a feasible CDS
with size k �| Xbest | −1. Then, LS_KCC tries to im-
prove the current configuration, (i.e., minimizing the
number of nondominated vertices) by trying to solve
the model k-CC. If the LS_KCC procedure produces a
feasible CDS with size k, Xbest is replaced by the
newly obtained CDS (line 7), and the process is re-
peated until the LS_KCC procedure fails to produce
a feasible solution (line 9) or a predefined termina-
tion condition is met.

3.1. Vertex Weighting Technique
The vertex weighting technique of FVW helps the
search to escape from the local optima by dynamically
changing the objective function. It can be regarded as
a variant of guided local search (Voudouris et al.
2010) and has been successfully applied to various
challenging optimization problems, such as the uni-
cost set cover problem (Gao et al. 2015), the minimum
vertex cover problem (Cai et al. 2011), and the satisfi-
ability problem (Luo et al. 2012).

In Wu et al. (2017) the objective function for a k-
CDS problem is defined the same as the one in model
k-CC, where the configuration X is considered as a
feasible connected dominating set if f(X) � 0. In this
paper, by contrast, FVW adopts another additional
objective function:

f ∗(X) � ∑

i∈V
wi(1 − zi), (10)

where wi represents the weight for vertex i. Note that
wi varies as the search proceeds. If one vertex keeps
failing to be dominated, we tag it as hard to be domi-
nated and treat it with higher priority. Specifically,
when the local search is trapped in a local optimal trap,
the FVW algorithm increases the weight wv by 1 for
each nondominated vertex v with zv � 0. This process
changes the landscape of the solution space such that
the previous local optimum is no longer the valley bot-
tom, and the algorithm will be able to continue to ex-
plore other search areas. The more frequently a vertex
fails to be dominated during the stagnating status, the
greater its weight will be. On one hand, the vertex
weighting technique is able to prevent vertices from re-
peatedly failing from being dominated and diversifies
the search in an adaptive manner. On the other hand, it
modifies the solution space in a smooth way and
guides the search to more promising regions. Using fre-
quency memory to place higher emphases on variables
that repeatedly fail to achieve a feasible value is simi-
larly proposed in parametric tabu search (Glover 2006).

3.2. Main Framework of LS_KCC for Solving the
k-CC

In this section, we describe the subprocedure
LS_KCC, which solves the k-CC problem formulated
as k-CC with additional modified objective function
f ∗. It follows the common procedure of a local search
algorithm by incorporating tabu and perturbation
strategies. From an initial configuration, it gradually
improves the current configuration X until X be-
comes a CDS for the graph G. Defined by the neigh-
borhood structure, a move is a small alteration to the
current configuration. At each iteration, a best nonta-
bu move is chosen from the neighborhood and ap-
plied to the current configuration to produce a new
neighboring configuration. Algorithm 2 describes the
basic procedure of the subprocedure LS_KCC.

Algorithm 2 (LS_KCC Procedure)
Input: X0

Output: A feasible k-CDS configuration X or NULL
1: procedure LS_KCC(X0)
2: set the initial status to be promising
3: X← X0; f ∗best ← f ∗(X0); X ← {X0}; ι← 0; Υ[u] ←

0, ∀u ∈ V
4: while f ∗(X)≠ 0 and the termination condition is

not met do
5: mv← FINDMOVE(X, ι,Υ) � Section 3.3
6: if the current status is promising but mv does

not improveX then
7: the current status becomes stagnating
8: else if the status is stagnating and f ∗(X� mv)

< f ∗best then

Wu, Lü, and Glover: FVW for Minimum Connected Dominating Sets
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9: the status becomes promising, f ∗best ←
f ∗(X � mv)

10: end if
11: X,Υ← MAKEMOVE(X,mv, ι,Υ) � Section 3.6
12: if the status is stagnating then
13: for all vwith zv � 0 do
14: wv ← wv + 1
15: end for
16: end if
17: X,X ← PERTURBDIV X,X( ) � Section 3.7
18: ι← ι+ 1
19: end while
20: if f ∗(X) � 0 then
21: returnX
22: else
23: returnNULL
24: end if
25: end procedure

In Algorithm 2, the search process operates on the
configuration X while maintaining the best objective
found so far (denoted as f ∗best) and a pool X of best
solutions. Their values are initialized according to
the input configuration X0 (line 3). The procedure
also maintains an iteration counter ι indicating the
number of iterations that have been elapsed and a
tabu table Υ indicating whether it is the tabu state
(tabu or not tabu) of each vertex. At each iteration, a
move mv is chosen from the neighborhood (line 5)
and applied to the current configuration (line 11).
This process is repeated until the current configura-
tion becomes a CDS or a termination condition is
met. In addition, we use status to designate whether
the current search is promising or stagnating, initial-
ized as promising. Then, the status becomes stagnat-
ing once the chosen mv fails to improve the current
configuration for the first time (lines 6 and 7) and re-
turns to be promising again if the chosen mv im-
proves the current configuration sufficiently to be
better than the best configuration found so far (lines
8 and 9). For each iteration in a stagnating status, the
weights for all the nondominated vertices are in-
creased by 1 (lines 12–16). A diversification mecha-
nism is also employed at each iteration to help the
search to jump out of local optima (PERTURBDIV in
line 17), which may possibly update X too.

The following subsections describe in detail how
the subprocedure LS_KCC tackles the k-CC problem
by the neighborhood structure, the fast evaluation
technique, and the diversification mechanism.

3.3. Neighborhood Structure
We use the following notations to describe our neigh-
borhood structure:

S: The search space (set of configurations) explored
by our local search procedure.

X: A configuration X ∈ S is any connected set of k
vertices.

Art(G(X)): The set of articulation vertices of the sub-
graph ofG induced by X.

ΓG(X): Relative to an undirected graph G(V, E) and a
set X ⊆ V of vertices, ΓG(X) � X

⋃ {v ∈ V : u ∈ X, {u,v} ∈
E} denotes the set of vertices that are inX or adjacent to
any vertex in X. If ΓG(X) � V, then X is said to be a domi-
nating set ofG.

X+: For a given configuration X ∈ S, X+ � ΓG(X)\X
denotes the set of vertices that do not belong to X but
are dominated by X.

X–: For a given configuration X ∈ S, X− � V\ΓG(X)
denotes the set of vertices that are not dominated by X;
X− �Ø indicates that X is a connected dominating set of
G.

Our FVW employs a similar restricted swap-based
neighborhood structure used in RSN-TS (Wu et al.
2017) but with more problem-specific restrictions. De-
noted by swap(u, v), a swap move produces a neigh-
boring configuration X � swap(u,v) � X

⋃ {u}\{v} by
adding vertex u to X and removing vertex v from X.
To keep the configuration connected, swap(u, v) must
satisfy the following properties.

Property 1. Vertex u ∈ X+.

Property 2. Vertex v ∈ X\Art(G(X)).
Property 3. There exists s ∈ X\{v}, (u, s) ∈ E.

Property 4. There exists (u, s) ∈ E and s ∈ X−.

According to Property 1, a vertex u to be added to
the configuration is any vertex in V\X that connects
at least one vertex in X. According to Property 2, a
vertex v to be removed from the configuration is any
vertex of X that is not an articulation vertex of the
subgraph of G induced by X. According to Property 3,
v is not the unique vertex in X to which u is con-
nected. Notice that Property 1 requires that X

⋃ {u}
is connected, Property 2 ensures that X\{v} is con-
nected, and Property 3 further guarantees that X �

swap(u,v) � X
⋃ {u}\{v} is also connected. Property 4

is an additional property to require that vertex u
must connect to X–.

The main difference between our proposed move
and the one used by Wu et al. (2017) derives from
Property 4. The move swap(u, v) applies more restric-
tions for the vertex to be added to the current configu-
ration by requiring that u must connect to both X and
X–. This helps to bypass evaluating a lot of nonprom-
ising candidate moves, thereby significantly reducing
the search space.

3.4. Neighborhood Evaluation
The fast incremental evaluation mechanism of FVW
works as follows. At each iteration, the neighborhood
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moves are evaluated, and one of the highest-quality
neighborhood moves is chosen to be applied to the
current configuration. The move quality is evaluated
by two functions, δ and δ∗, defined as

δ(mv) � f (X�mv) − f (X), (11)
δ∗(mv) � f ∗(X�mv) − f ∗(X): (12)

Although both objective functions f and f ∗ are used,
it is time consuming to directly apply the foregoing
equations to evaluate the neighborhood. Our algo-
rithm instead employs an incremental evaluation
method, where δ is calculated for move swap(u, v) as

δ(swap(u,v)) � δ+(u) + δ−u (v), (13)

and δ∗ is calculated as

δ∗(swap(u,v)) � δ∗+(u) + δ∗−u (v), (14)

where δ+(u), δ∗+(u) represent the change values in-
curred by adding vertex u, and δ−u (v), δ∗−u (v) represent
the sequential change values incurred by removing
vertex v after adding vertex u.

The calculation of δ+(u) and δ−u (v) is the same as in
Wu et al. (2017). That is, δ∗+(u) can be calculated as the
negative of the accumulated weights of the neighbors
of u in X–. Formally,

δ∗+(u) � −∑
q∈Q

wq, Q � {q : q ∈ X−,∃(u,q) ∈ E}; (15)

δ∗−u (v) can be calculated as the accumulated weights of
the neighbors of v, which will become nondominated
if v is removed. Formally,

δ∗−u (v) �∑

q∈Q
wq,

Q � {q : L[q] � 1,∃(v,q) ∈ E,@(u,q) ∈ E}:
(16)

Note that the values of δ∗+ are always nonpositive,
whereas the values of δ∗−u are always nonnegative. The
elements L[i](1 ≤ i ≤ n) in list L measure the number
of vertices in X connected to vertex i. The maintenance
of list L is the same as in Wu et al. (2017).

Our neighborhood move selection strategy is based
on the fast incremental neighborhood evaluation meth-
od. Algorithm 3 describes how FVW chooses the best
move at each iteration of the local search with the tabu
strategy. Procedure FINDMOVE first randomly chooses
one nondominated vertex y. Then, the nontabu neigh-
bors of ywith a small δ∗+ value (among the top ζ) in X+

are considered to be candidates for vertices to be added
(lines 4 and 5). If all the neighbors of y are tabu vertices
(Υ[u] > ι), lines 4 and 5 are repeated to try another y
until a nonempty ivs is found. All vertices v in X that
yield feasible swap(u, v) moves are considered as candi-
dates to be removed. A move is considered feasible if it
satisfies all the properties described in Section 3.3. Dur-
ing this process, the best move found so far is stored in

bestMv. If multiple moves with the same best δ∗ value
are found, ties are broken randomly. After all the candi-
date moves are evaluated, the move with the minimum
δ∗ value is selected. However, the evaluation terminates
once an improving negative δ move is found, which
implies that the original objective value f is improved.

Algorithm 3 (Neighborhood Move Selection Procedure
FINDMOVE)

Input: The current configuration X, the iteration
counter ι, and the tabu table Υ

Output: The best move bestMv
1: procedure FINDMOVE(X, ι,Υ)
2: bestMv←NULL
3: δbest ←∞
4: Randomly choose one vertex y ∈ X−
5: ivs← {u : u ∈ X+,Υ[u] < ι,∃(u,y) ∈ E}
6: Calculate δ+(u) and δ∗+(u) for∀ u ∈ ivs.
7: Sort ivs by δ∗+(u) in an increasing order and

the age information in a decreasing order.
8: for all u ∈ {top ζ elements in ivs} do
9: for all v ∈ X do
10: if swap(u, v) is feasible then
11: Calculate δ−u (v) and δ∗−u (v).
12: if δ+(u) + δ−u (v) < 0 then
13: return swap(u, v)
14: end if
15: if δ∗+(u) + δ∗−u (v) < δbest then
16: bestMv← swap(u,v)
17: δbest ← δ∗+(u) + δ∗−u (v)
18: end if
19: end if
20: end for
21: end for
22: return bestMv
23: end procedure

For each vertex, FVW maintains an age value indi-
cating how many iterations have elapsed since the
state of this vertex has been changed either from X to
X– or from X– to X. This age value serves as a second-
ary objective when the first objective is tied, as shown
in line 7 of Algorithm 3. More specifically, if two verti-
ces have the same δ∗+ value, the older one has the
priority to be selected. This preference for selecting el-
ements based on their age is a common approach in
tabu search. In this way, FVW evaluates promising
moves with higher priority. Note that the age infor-
mation is only used in line 7.

It is worth noting that the two objective functions f
and f ∗ are used for different purposes in the FVW al-
gorithm. Function f is used to evaluate the quality of
configurations throughout the whole algorithm (e.g.,
the neighborhood evaluation and the best solutions
pool) (described in Section 3.7). The purpose of func-
tion f ∗ is to differentiate configurations with the same
quality such that promising moves can be selected
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among the equal solutions in terms of the objective
function f. Therefore, function f ∗ is used in the neigh-
borhood evaluation phase (procedure FINDMOVE) and
to judge whether the algorithm is in a stagnating state
(procedure LS_KCC). In the neighborhood evaluation
phase, f ∗ is the main function to evaluate each neigh-
borhood move, whereas f is used to judge only wheth-
er the move improves the current configuration in line
12 of Algorithm 3. We will further explain the reason
why f is also used here.

3.5. Neighborhood Reduction Technique
As described in Algorithm 3, our FVW employs sever-
al important strategies to reduce the neighborhood
size in order to efficiently perform the search without
sacrificing the search quality. These strategies allow
our neighborhood to be quite different from those
used in previous state-of-the-art methods, such as
RNS-TS (Wu et al. 2017), multi-start local search (Li
et al. 2019), and ACO-RVNS (Bouamama et al. 2019).

These FVW strategies are as follows.
1. The neighbors of only one random nondominated

vertex are considered to be candidates for vertices to be
added. Rather than evaluating all vertices in X+, the
FVW algorithm selects only a small number of vertices
as candidates to be added (lines 4 and 5). There is al-
ways at least one swap(u, v) satisfying all the properties
in a non-CDS configuration (this point is discussed fur-
ther in the appendix), and adding a vertex connected to
X– is usually a more promising approach for making a
nondominated vertex dominated. Thus, FVW focuses
only on the vertices connected to X–. At each iteration,
one vertex in X– is randomly chosen, and its neighbors
in X+ are considered to be the candidates to be added.
In this case, it is reasonable to choose only one qualify-
ing vertex rather than to consider all vertices in X–, be-
cause the transformed problem is a decision problem,
which means that the optimal objective value of k-CC is
0. Thus, it does not matter which vertex in X– is first
dominated.

2. Only the first ζ vertices are selected for further
evaluation as candidates to be added. The FVW algo-
rithm reduces the search space by only considering
those candidates that have small δ∗+ values (lines 6–8).
After the candidate-adding vertices are sorted in in-
creasing order of their δ∗+ values, only the top ζ are
considered. The quality of the move largely depends
on the δ∗+ value of an added vertex, because δ∗+ is al-
ways nonpositive, whereas δ∗−u is always nonnegative.
The δ∗+ value must be negative if the move is improv-
ing. The smaller δ∗+ is, the more likely it is an
improving move. By only considering a small number
of candidate vertices with small δ∗+ values, the search
space is significantly reduced. This technique is very ef-
fective, especially for large-scale dense graphs as
shown in Section 5.2.

3. The first improvement strategy is used for the orig-
inal objective function f. The procedure searches the
move with the best δ∗ value. However, the procedure
terminates and returns the current move swap(u, v) if
δ+(u) + δ−u (v) < 0; that is, swap(u, v) improves the origi-
nal objective function f. Our experiments demonstrate
that this first improvement strategy reduces the com-
putational time without sacrificing the quality of the
final solution, compared with the RSN-TS, which em-
ploys the best improvement strategy. We note that little
knowledge is available about what types of problem
and neighborhood structures can be exploited more
effectively with a first improvement strategy or, alter-
natively, with a best improvement strategy. Our inves-
tigation shows that for the present application and our
chosen neighborhood (implemented within a tabu
search framework) that a first improvement strategy
proves superior.

3.6. Applying the swap(u, v) Move
The procedure MAKEMOVE described in Algorithm 4
applies the move selected by the procedure FIND-

MOVE to the current configuration. It also updates the
tabu table Υ accordingly at each iteration. More spe-
cifically, if we remove vertex v from X, its corre-
sponding value in the tabu table Υ[v] is reset to be
the current iteration count plus the tabu tenure tt.
Therefore, v will be excluded for the next tt iterations
from the candidate vertices to be added in the proce-
dure FINDMOVE. We fix the parameter of the tabu ten-
ure to be a random integer value in the range [0, 10)
(i.e., tt ∈ {1, 2, : : : , 9}.
Algorithm 4 (Applying Move Procedure MAKEMOVE)

Input: The current configuration X, the move
swap(u, v), the iteration counter ι, and the tabu table Υ

Output: The updated X and Υ
1: procedureMAKEMOVE((X, swap(u,v), ι,Υ))
2: X← X⋃ {u}
3: X← X\v
4: Υ[v] ← ι+ tt
5: return X,Υ
6: end procedure

3.7. Perturbation Operator
The random perturbation operator has been widely
used in metaheuristics as a diversification technique.
Applying the local search again on the perturbed
configuration offers a possibility that a better local op-
timum may be obtained. Perturbation can be consid-
ered as a jump in the search space, and performing a
perturbation when trapped in a local optimum may
afford a means to jump out of the trap. Inspired by
the breakout local search algorithm (Benlic and Hao
2013a, b, c; Peng et al. 2020), our perturbation consists
of a series of random moves. The strength of the
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perturbation is measured by the number of random
moves to be performed. Algorithm 5 describes how
the perturbation mechanism is performed in the FVW.
Our perturbation operator is controlled by three pa-
rameters, minStr, maxStr, and β, which are fixed dur-
ing the procedure PERTURBDIV. The parameters minStr
and maxStr represent the minimum and maximum
perturbation strength, respectively. The parameter β
represents the number of stagnation iterations al-
lowed before triggering the perturbation operator.
The procedure operates by manipulating two global
quantities, g_str and g_stagIters, initialized to equal
minStr and 0, respectively, at the beginning of FVW.
The quantity g_str records the current perturbation
strength, and g_stagIters records the number of stag-
nation iterations since the last improvement for the
original objective value f.

Algorithm 5 (The Procedure of the Perturbation Opera-
tor PERTURBDIV)

Input: The current configuration X, the best solu-
tion pool X

Output: The updated X and X
1: procedure PERTURBDIV(X, X )
2: if f (X) � fbest and X ∉ X then
3: X ← X

⋃{X}, hX ← 1
4: g_str←minStr
5: else if f (X) < f (X 0) then � X 0 represents the

first element in X
6: X ←{X}
7: g_str←minStr,g_stagIters← 0
8: else if X ∈ X then
9: g_str←min {g_str+ 1,maxStr}
10: hX ← hX + 1
11: end if
12: g_stagIters← g_stagIters+ 1
13: if g_stagIters > β then
14: X← element with the smallest hX in X
15: repeat
16: mv← random swap∗(u,v)
17: X← MakeMove(X,mv)
18: until g_str times
19: g_stagIters← 0
20: end if
21: returnX, fbest, X
22: end procedure

Procedure PERTURBDIV is performed at the end of
each iteration in procedure LS_KCDS (line 17 of Algo-
rithm 2). It maintains a pool of configurations X con-
sisting of all solutions with the same minimum size of
X–. If the current solution X has the same objective
value f as the elements in X but with different config-
urations, it will be added to X (lines 2 and 3). Once so-
lution X is better than the configurations in X , X is ini-
tialized as {X} (lines 5–7). In both cases, g_str is set to
be minStr. However, g_str increases by 1 if X coincides

one of the configurations in X but is bounded by
maxStr (line 9). When the number of stagnation itera-
tions g_stagIters reaches the threshold β, a perturba-
tion is triggered by performing random swap∗(u,v)
moves for g_str times on one of the configurations in
X , where swap∗(u,v) represents the move satisfying
Properties 1, 2, and 3 (lines 13–20). For each configura-
tion X in X , there is an associated value hX indicating
how many times the search procedure visits this con-
figuration. When X is added to X , hX is initialized
with value 1 (line 3) and increases by 1 if X is revisited
in the search (line 10). To make the algorithm as diver-
sifying as possible, the perturbation is performed on
the configuration with the minimum hX value in X
(line 14).

We fix minStr to be | V | =10 and maxStr to be | V |.
For some large dense graphs, where the CDS is only a
small portion of the set of vertices, stronger perturba-
tions may produce better results.

4. Computational Results
In this section, we report the experimental results of
FVW on the widely used benchmark instances in the
literature compared with several state-of-the-art refer-
ence algorithms.

4.1. Problem Instances and
Experimental Protocol

Our experiments are carried out on the following four
sets of public benchmark instances:

• LMS consists of 41 problem instances proposed by
Lucena et al. (2010) whose optima are known.

• BPFTC consists of 6 problem instances whose opti-
ma are known. These graphs belong to the Bus Power
Flow Test Case (BPFTC), which is a subset of the Power
Systems Test Case.1 Each graph represents a portion of
the American Electric Power System. These instances
were used byWu et al. (2017) and Gendron et al. (2014).

• RGG consists of 41 large random geometric graphs
(RGGs) proposed by Jovanovic and Tuba (2013) whose
optima are unknown. A random geometric graph is ob-
tained by randomly placing n vertices in an N × N
square and connecting two vertices with an edge if
their distance is smaller than a given threshold R
(radius).

• BOBL consists of 24 large difficult instances rang-
ing from 1,000 to 5,000 vertices introduced by Bouama-
ma et al. (2019). The optima for this data set are
unknown.

The data set newly introduced in this paper, Sparse,
consists of 15 large random sparse graphs. The optima
for this data set are unknown.

Our FVW algorithm was programmed in Java, and
the experiments were conducted on a PC with an Intel
i7 CPU with 2.9 GHz and 16 GB of RAM. The reference
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algorithm RSN-TS (Wu et al. 2017) was retested along
with the newly introduced instances on the same plat-
form as FVW, whereas ACO-RVNS (Bouamama et al.
2019) was tested on a cluster of computers with an In-
tel Xeon CPU with 2.933 GHz with a time limit of 600
seconds. In order to make fair comparison by consider-
ing the processor difference, the time limit of our algo-
rithm (and RSN-TS) is 600 seconds (the total time from
obtaining the initial k to the final k). Each instance is
independently run 10 times. The exact approach LCBC
(Buchanan et al. 2015) was tested using Gurobi Opti-
mizer, version 5.5, on a Dell Precision WorkStation
T7500 machine with two Intel Xeon E5620 2.40 GHz
quad-core processors and 12 GB RAM. All compared
algorithms are run in single-thread mode, except for
LCBC.

4.2. Calibration
Experiments were conducted to fix the values of the
two key parameters of the FVW algorithm:

• Parameter ζ for the search space reduction
• Parameter β for triggering the perturbation
Several representative instances were chosen as the

testbed. The algorithm was run 10 times on each prob-
lem instance and each parameter setting with a time
limit of 300 seconds for each run. Table 1 reports the
results of this experiment, where the column “Best”
reports the minimum CDS size obtained over the 10
runs, the column “Count” reports the number of times
that the algorithm obtains the best solution, and the
column “Time” reports the average time consumed if
all the 10 runs produce the same results. The best val-
ue is indicated in bold if it is equal to or better than
the others. The time and the count values are also in-
dicated in bold if both its corresponding best objective
value (the “Best” column) and itself are equal to or
better than the others. The “Time” column in the fol-
lowing tables always reports the average time con-
sumed when the algorithm reaches the best objective.
The value is marked with an em dash (—) if the aver-
age objective is not equal to the best one.

Table 1 discloses that the performance differences be-
tween the different settings are negligible for small- and
medium-scale instances. This indicates the stability of
the FVW algorithm to some extent. However, we ob-
serve that the parameter setting {ζ � 10,β � 320, 000}
leads to better objective values for the large difficult in-
stances compared with other settings.

In our experiments, the parameters of the algorithm
are fixed to {ζ � 10,β � 320, 000} for all problem instan-
ces based on the preceding calibration experiment.

4.3. Computational Results on the LMS and
BPFTC Instances

Both LMS and BPFTC are instances with known optima
proven by the exact algorithm introduced by Gendron

et al. (2014) and are widely used in other references (Lu-
cena et al. 2010, Buchanan et al. 2015, Wu et al. 2017,
Bouamama et al. 2019). Although the scale of these
instances is not very large, the instance ieee-bus-300 is
considered one of the most difficult instances and is typi-
cally used to test the effectiveness of MCDS algorithms.
The computational results on these two data sets are pre-
sented in Table 2. For each algorithm except for LCBC,
we report the best and average objective values as well
as the average time (seconds) to reach the best objective
value. For LCBC, we report the objective value obtained
by the algorithm and the time (seconds) to reach this val-
ue. Because there is no obvious difference among differ-
ent algorithms on these small instances, we only present
results for those instances with more than 120 vertices in
LMS and more than 70 vertices in BPFTC. Our FVW is
compared with RSN-TS, ACO-RVNS, and LCBC. All
three heuristic algorithms can stably obtain the optimal
results within less than one second for the instances of
LMS and BPFTC not reported in Table 2 (LCBC takes
about one second or less on these instances).

Table 2 shows that all four algorithms can obtain opti-
mal solutions for all instances in these two data sets, but
ACO-RVNS is not able to obtain the best results every
time for instance v150-d10. In terms of efficiency, FVW
spends much less computational time than does RSN-TS
for all the instances. When compared with ACO-RVNS,
FVW can obtain the best results in less time or nearly the
same computational time as ACO-RVNS for all but two
instances. All three heuristics obtain optimal solutions
faster than does LCBC. However, LCBC is competitive
with RSN-TS on most small-scale instances. From the ta-
ble, we observe that instances in BPFTC seem to be hard-
er for the proposed FVW compared with other instances.
FVW takes 17.9 seconds to obtain an optimal solution
for the instance ieee-300-bus, much slower than other in-
stances. One reason may be that its scale is much larger
(300 vertices) than other instances in these two data sets.
However, the instance rts96 with only 73 vertices still
takes much longer time than instances with more verti-
ces in LMS. From this experiment, we find that the ratios
of the number of edges to vertices for these two instan-
ces are 1.36 and 1.48, whereas the ratios for other larger
instances in LMS data sets are much larger. It indicates,
to some extent, that sparser graphs are more difficult
than denser ones for the proposed FVW algorithm.

4.4. Computational Results on the
RGG Instances

Computational results comparing the FVW algorithm
with RSN-TS and ACO-RVNS for RGG instances are
presented in Table 3. Instances where our FVW algo-
rithm is able to improve the previous best-known re-
sults are indicated with an asterisk (*).

Table 3 shows that FVW outperforms RSN-TS and
ACO-RVNS on this data set in all three categories of
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Table 1. Calibration Experiment for Parameter Settings

ζ,β 1, 80,000 10, 80,000 20, 80,000 10, 320,000

Instance Best Time Count Best Time Count Best Time Count Best Time Count

v200-d5 27 9.3 10 27 0.2 10 27 0.2 10 27 0.2 10
ieee-300-bus 129 243.3 10 129 6.7 10 129 10.3 10 129 11.7 10
n1000-200-r100 38 40.1 10 38 0.6 10 38 0.5 10 38 1.0 10
n1500-250-r130 49 13.0 10 49 0.3 10 49 0.2 10 49 0.2 10
n2000-300-r200 41 21.7 10 41 2.4 10 41 1.2 10 41 2.3 10
n2500-350-r200 60 11.8 10 60 0.4 10 60 0.3 10 60 0.4 10
n2500-350-r230 48 — 8 48 20.0 10 48 19.6 10 48 16.4 10
n3000-400-r210 74 26.9 10 74 1.4 10 74 1.6 10 74 2.1 10
n3000-400-r230 64 — 8 64 6.8 10 64 10.9 10 64 9.6 10
n1000-ep0014 98 — 3 98 72.4 10 98 31.8 10 98 68.6 10
n1000-r0048 273 — 1 271 — 3 271 — 2 271 — 1
n5000-ep0014 170 — 1 164 — 1 165 — 1 163 — 1
n5000-r0070 124 — 2 124 — 1 125 — 7 124 — 3

ζ,β 1, 160,000 10, 160,000 20, 160,000 20, 320,000

v200-d5 27 15.9 10 27 0.1 10 27 0.2 10 27 0.1 10
ieee-300-bus 129 — 9 129 13.1 10 129 17.4 10 129 19.4 10
n1000-200-r100 38 73.1 10 38 0.6 10 38 0.7 10 38 0.7 10
n1500-250-r130 49 37.1 10 49 0.3 10 49 0.2 10 49 0.4 10
n2000-300-r200 41 121.8 10 41 1.2 10 41 1.9 10 41 4.4 10
n2500-350-r200 60 27.6 10 60 0.3 10 60 0.5 10 60 0.3 10
n2500-350-r230 48 — 7 48 22 10 48 16.6 10 48 29.0 10
n3000-400-r210 74 75.7 10 74 1.6 10 74 0.7 10 74 1.4 10
n3000-400-r230 64 128.4 10 64 10.4 10 64 9.9 10 64 10.3 10
n1000-ep0014 99 — 9 98 25.8 10 98 53.7 10 98 46.7 10
n1000-r0048 274 — 1 271 — 5 271 — 1 271 — 3
n5000-ep0014 172 — 2 164 — 5 165 — 5 164 — 2
n5000-r0070 124 — 3 124 — 1 124 — 2 124 — 3

Note. The value is indicated in bold if it is equal to or better than others.

Table 2. Computational Results of FVW and Comparisons with RSN-TS, ACO-RVNS, and LCBC on the LMS and BPFTC
Data Sets

Instance

FVW RSN-TS ACO-RVNS LCBC

Best Average Time Best Average Time Best Average Time Obj. Time

v120-d5 25 25.0 <0.1 25 25.0 0.5 25 25.0 0.2 25 0.3
v120-d10 13 13.0 <0.1 13 13.0 0.5 13 13.0 0.5 13 0.3
v120-d20 8 8.0 <0.1 8 8.0 0.3 8 8.0 0.2 8 1.8
v120-d30 6 6.0 <0.1 6 6.0 0.1 6 6.0 <0.1 6 2.3
v120-d50 4 4.0 <0.1 4 4.0 0.1 4 4.0 <0.1 4 1.6
v120-d70 3 3.0 <0.1 3 3.0 0.1 3 3.0 <0.1 3 2.4
v150-d5 26 26.0 <0.1 26 26.0 1.1 26 26.0 0.1 26 3.4
v150-d10 14 14.0 <0.1 14 14.0 2.6 14 14.5 — 14 4.7
v150-d20 9 9.0 <0.1 9 9.0 1.2 9 9.0 <0.1 9 9.3
v150-d30 6 6.0 <0.1 6 6.0 2.6 6 6.0 <0.1 6 6.5
v150-d50 4 4.0 <0.1 4 4.0 0.9 4 4.0 <0.1 4 2.4
v150-d70 3 3.0 <0.1 3 3.0 2.7 3 3.0 <0.1 3 4.7
v200-d5 27 27.0 <0.1 27 27.0 7.5 27 27.0 7.2 27 32.9
v200-d10 16 16.0 <0.1 16 16.0 1.5 16 16.0 0.2 16 496.4
v200-d20 9 9.0 <0.1 9 9.0 1.5 9 9.0 0.4 9 243.2
v200-d30 7 7.0 <0.1 7 7.0 1.6 7 7.0 <0.1 7 172.5
v200-d50 4 4.0 <0.1 4 4.0 1.3 4 4.0 0.2 4 8.1
v200-d70 3 3.0 <0.1 3 3.0 1.1 3 3.0 <0.1 3 9.45
rts96 32 32.0 2.9 32 32.0 1.4 32 32.0 <0.1 32 0.6
ieee-118-bus 43 43.0 0.1 43 43.0 0.6 43 43.0 <0.1 43 <0.1
ieee-300-bus 129 129.0 17.9 129 129.0 56.5 129 129.0 4.9 129 52.8
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best results, average results, and average computa-
tional time. For FVW and RSN-TS, we also present
the standard deviation (the column “s-dev”) of the
objective values obtained in 10 runs. FVW outper-
forms ACO-RVNS on 6 instances with smaller best
objective values and outperforms RSN-TS on 12 in-
stances. For 9 instances, FVW obtains better average
objective values than does ACO-RVNS even where
their best results are the same, and FVW improves
the previous best-known results for 6 instances in
this data set. FVW shows remarkable robustness in
this data set. It solves all the instances except for only
one to the same best objective values, which indicates
the robustness of the algorithm. For the instance

n2500-350-r200, the average result is not equal to the
best result, where the standard deviation is 0.40.

4.5. Computational Results on the
BOBL Instances

The benchmark BOBL consists of 24 random instances
with vertices numbering from 1,000 to 5,000. These
are considered to be the most difficult instances for
most existing MCDS algorithms. Table 4 presents the
computational results of comparing FVW with RSN-
TS and ACO-RVNS.

Table 4 shows that FVW outperforms RSN-TS in
terms of all the criteria. The performance of RSN-TS
deteriorates dramatically for the instances with 5,000

Table 3. Computational Results of FVW and Comparisons with RSN-TS and ACO-RVNS on the RGG Data Set

Instance

FVW RSN-TS ACO-RVNS

Best Average Time s-dev Best Average Time s-dev Best Average Time

n400-80-r60 18 18.0 <0.1 0.00 18 18.0 0.1 0.00 18 18.0 <0.1
n400-80-r70 14 14.0 <0.1 0.00 14 14.0 0.2 0.00 14 14.0 0.3
n400-80-r80 12 12.0 <0.1 0.00 12 12.0 0.1 0.00 12 12.0 <0.1
n400-80-r90 10 10.0 <0.1 0.00 10 10.0 0.4 0.00 10 10.0 0.2
n400-80-r100 8 8.0 <0.1 0.00 8 8.0 0.2 0.00 8 8.0 0.4
n400-80-r110 7 7.0 0.1 0.00 7 7.0 1.9 0.00 7 7.0 <0.1
n400-80-r120 6 6.0 <0.1 0.00 6 6.0 1.3 0.00 6 6.0 0.4
n600-100-r80 21 21.0 <0.1 0.00 21 21.0 0.2 0.00 21 21.0 <0.1
n600-100-r90 19 19.0 <0.1 0.00 19 19.0 1.3 0.00 19 19.0 <0.1
n600-100-r100 16 16.0 <0.1 0.00 16 16.0 1.4 0.00 16 16.0 0.2
n600-100-r110 14 14.0 0.1 0.00 15 15.0 0.3 0.00 14 14.0 3.5
n600-100-r120 13 13.0 <0.1 0.00 13 13.0 0.3 0.00 13 13.0 0.1
n700-200-r70 38 38.0 0.4 0.00 39 39.0 17.3 0.00 38 38.1 —
n700-200-r80 32 32.0 0.1 0.00 32 32.0 15.2 0.00 32 32.0 28.9
n700-200-r90 26 26.0 0.1 0.00 26 26.0 5.3 0.00 26 26.0 7.9
n700-200-r100 22 22.0 0.2 0.00 22 22.0 61.6 0.00 22 22.0 26.0
n700-200-r110 20 20.0 <0.1 0.00 20 20.0 3.5 0.00 20 20.0 1.3
n700-200-r120 17 17.0 <0.1 0.00 17 17.0 11.7 0.00 17 17.0 3.4
n1000-200-r100 38 38.0 0.6 0.00 38 38.4 — 0.63 38 38.2 —
n1000-200-r110 34 34.0 0.1 0.00 34 34.0 9.2 0.00 34 34.0 2.1
n1000-200-r120 29 29.0 0.3 0.00 29 29.0 86.5 0.00 29 29.0 48.1
n1000-200-r130 26 26.0 <0.1 0.00 26 26.0 12.9 0.00 26 26.0 6.9
n1000-200-r140 23 23.0 <0.1 0.00 23 23.0 5.9 0.00 23 23.0 2.2
n1000-200-r150 21 21.0 0.1 0.00 21 21.0 9.7 0.00 21 21.0 10.0
n1000-200-r160 19 19.0 0.5 0.00 19 19.0 71.5 0.00 19 19.0 27.8
n1500-250-r130 49 49.0 0.5 0.00 49 49.0 111.3 0.00 49 49.1 —
n1500-250-r140 43 43.0 2.7 0.00 44 44.0 19.4 0.00 43 43.9 —
n1500-250-r150 40 40.0 0.5 0.00 40 40.0 91.7 0.00 40 40.7 —
n1500-250-r160 36 36.0 0.1 0.00 36 36.0 31.8 0.00 36 36.0 4.4
n2000-300-r200 *41 41.0 1.7 0.00 42 42.0 135.9 0.00 42 42.1 —
n2000-300-r210 38 38.0 0.2 0.00 38 38.3 — 0.55 38 38.0 39.5
n2000-300-r220 35 35.0 0.2 0.00 35 35.0 134.0 0.00 35 35.1 —
n2000-300-r230 33 33.0 0.6 0.00 33 33.0 284.5 0.00 33 33.0 58.4
n2500-350-r200 *59 59.8 — 0.40 61 61.1 — 0.32 60 60.7 —
n2500-350-r210 *54 54.0 3.6 0.00 56 56.0 119.2 0.00 55 56.1 —
n2500-350-r220 51 51.0 1.7 0.00 52 52.0 123.3 0.00 51 52.7 —
n2500-350-r230 48 48.0 33.4 0.00 50 50.0 133.9 0.00 48 49.5 —
n3000-400-r210 74 74.0 1.1 0.00 75 75.3 — 0.55 74 75.5 —
n3000-400-r220 *69 69.0 51.2 0.00 71 71.0 129.6 0.00 70 70.8 —
n3000-400-r230 *64 64.0 11.9 0.00 65 65.6 — 0.77 65 65.9 —
n3000-400-r240 *60 60.0 3.5 0.00 61 61.5 — 0.71 61 61.7 —

Notes. The asterisk mark indicates that FVW algorithm is able to improve the previous best-known result for the instance. The value is indicated
in bold if it is equal to or better than others.
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vertices, perhaps because of the inefficiency of its neigh-
borhood evaluations. We also observe that except for
three instances (n5000-ep0028, n5000-ep0112, and n5000-
ep0224), FVW obtains results that match or are better
than those of the other algorithms within the time limit.
(The objective value 17 can be obtained for instance
n5000-ep0224 if the time limit is extended to 1,000 sec-
onds.) For all the instances, the standard deviations are
less than 1, demonstrating the robustness of the pro-
posed FVW. For four instances, FVW obtains better av-
erage objective values than ACO-RVNS even where
their best results are the same. For two instances, both
algorithms reach the same best and average results. For
one instance, FVW obtains the same best result but
worse average objective value than ACO-RVNS. In par-
ticular, FVW is able to improve the best-known results
for 14 instances in this data set.

4.6. Computational Results on the
Sparse Instances

From Table 2, we observe that sparse graphs are rela-
tively difficult for our proposed FVW algorithm. We
thus generate 15 large sparse instances to test the per-
formance of FVW as well as providing a benchmark
for future comparison. The Sparse data set can be ob-
tained from the website https://github.com/xavierwoo/
Sparse-MCDS-Benchmark.git (accessed September 29,

2021). The instances in this Sparse data set are generated
in the following way:

1. Generate a vertex set Vwith sizeN.
2. Generate a random spanning tree (V,E′) onV.
3. Select N′ vertices randomly as set V′ such that

V′ ⊂ V.
4. Generate a random spanning tree (V′,E′′) onV′.
5. The graph (V,E′⋃E′′) is the instance.
The instance generated in this way is always sparse

and connected, and the ratio of its edge set size to its
vertex set size is no more than (N +N′ − 2)=N. The in-
stances in this data set are named sparse-nN-npN′.

Table 5 presents the computational results of compar-
ing FVW with RSN-TS. From the table, we observe that
FVW produces much better results on most of the in-
stances than RSN-TS, indicating the effectiveness of
FVW. For two instances with 1,000 vertices, RSN-TS
slightly outperforms FVW in terms of the best results.
However, FVW still obtains better average results than
RSN-TS for these two instances. The reason might lie in
the fact that the neighborhood of RSN-TS is larger than
that of FVW. FVW may drop certain promising moves,
thus producing a worse result. However, for larger or
denser instances, FVW can produce much better results
than RSN-TS. For example, FVW produces better re-
sults than RSN-TS for instance sparse-n1000-np700,
which is denser than the other two with 1,000 vertices.

Table 4. Computational Results of FVW and Comparisons with RSN-TS and ACO-RVNS on the BOBL Data Set

Instance

FVW RSN-TS ACO-RVNS

Best Average Time s-dev Best Average Time s-dev Best Average Time

n1000-ep0007 *179 179.0 21.5 0.00 188 190.7 — 1.35 185 186.6 —
n1000-ep0014 *98 98.0 46.9 0.00 103 104.3 — 0.78 101 103.1 —
n1000-ep0028 *59 59.0 42.1 0.00 62 62.6 — 0.66 61 62.8 —
n1000-ep0056 37 37.0 2.2 0.00 37 37.5 — 0.50 37 37.8 —
n1000-ep0112 22 22.0 1.1 0.00 22 22.0 178.5 0.00 22 22.0 77.5
n1000-ep0224 12 12.0 3.2 0.00 12 12.0 159.9 0.00 12 12.1 —
n1000-r0048 *271 271.9 — 0.70 277 281.4 — 1.74 275 275.8 —
n1000-r0070 *123 123.7 — 0.67 129 134.2 — 2.82 127 128.4 —
n1000-r0100 *60 60.2 — 0.40 63 65.8 — 1.40 64 65.4
n1000-r0140 *31 31.0 340.0 0.00 32 33.7 — 0.90 32 32.9 —
n1000-r0207 15 15.0 27.2 0.00 15 15.5 — 0.50 15 15.7 —
n1000-r0308 7 7.0 27.8 0.00 7 7.3 — 0.90 7 7.0 0.5
n5000-ep0007 *273 273.2 — 0.40 444 578.0 — 52.92 281 283.7 —
n5000-ep0014 *163 164.1 — 0.83 270 293.8 — 16.53 165 166.2 —
n5000-ep0028 96 97.2 — 0.75 147 167.7 — 11.02 95 95.8 —
n5000-ep0056 56 56.9 — 0.54 119 808.5 — 676.59 56 56.1 —
n5000-ep0112 32 32.2 — 0.40 3,418 3,504.2 — 87.30 31 31.7 —
n5000-ep0224a 18 18 188.4 0.00 4,165 4,210.5 — 25.66 17 17.1 —
n5000-r0048 *263 264.2 — 0.60 345 364.0 — 11.38 294 298.5 —
n5000-r0070 *124 124.9 — 0.70 158 163.0 — 3.44 141 143.2 —
n5000-r0100 *62 62.2 — 0.40 77 81.1 — 3.30 72 72.5 —
n5000-r0140 *32 32.6 — 0.49 43 189.2 — 216.31 36 36.9 —
n5000-r0207 16 16.0 287.6 0.00 3,236 3,431.0 — 136.96 16 16.8 —
n5000-r0308 *7 7.9 — 0.70 4,043 4,148.6 — 72.61 8 8.0 28.9

Note. The value is indicated in bold if it is equal to or better than others.
aFVW can obtain an objective value 17 for n5000-ep0224 if the time limit is extended to 1,000 seconds.
*FVW algorithm is able to improve the previous best-known result for the instance.

Wu, Lü, and Glover: FVW for Minimum Connected Dominating Sets
828 INFORMS Journal on Computing, 2022, vol. 34, no. 2, pp. 817–833, © 2021 INFORMS

D
ow

nl
oa

de
d 

fr
om

 in
fo

rm
s.

or
g 

by
 [

20
01

:2
50

:4
00

0:
41

39
:c

7d
4:

ba
d9

:e
f8

:d
7f

7]
 o

n 
15

 M
ar

ch
 2

02
3,

 a
t 0

2:
09

 . 
Fo

r 
pe

rs
on

al
 u

se
 o

nl
y,

 a
ll 

ri
gh

ts
 r

es
er

ve
d.

 

https://github.com/xavierwoo/Sparse-MCDS-Benchmark.git
https://github.com/xavierwoo/Sparse-MCDS-Benchmark.git


5. Discussion and Analysis
Now we turn our attention to evaluating the primary
strategies of the FVW algorithm, which are the vertex
weighting technique and the search space reduction
technique. In this section, the experiments are per-
formed on selected representative instances from Sec-
tion 4.2, but it is to be noted that similar results can be
observed for other instances as well.

5.1. Importance of FVW Ingredients
To evaluate the merits of the primary FVW strategies,
we conducted experiments on the representative in-
stances to compare FVW with its simplified versions
obtained by

• deactivating the vertex weighting technique (FLS)
and

• disabling the perturbation phase (FVW-S).
Table 6 presents the computational results of com-

paring FVW with its two simplified versions. From
Table 6, we can observe that both simplified versions
fail to obtain results as good as the full-featured
FVW algorithm. In particular, FLS can only obtain
the same best results found by FVW on two instan-
ces. This indicates that the vertex weighting tech-
nique, missing in FLS, is a critical ingredient of the
FVW. The perturbation operator is also important
because FVW-S fails to produce the best-known re-
sults every time for instance ieee-300-bus, and it ob-
tains worse results than FVW for the last three large-
scale instances.

5.2. The Importance of the Search
Space Reduction

In Section 3.5, we introduced the search space reduc-
tion technique to boost the performance of our FVW
algorithm. To evaluate how it improves the search ef-
ficiency, we carry out experiments to investigate the

performance of FVW with and without some compo-
nent strategies of this technique. The following six
versions of the algorithm are considered: (1) the full-
featured FVW algorithm, (2) the FVWn1 algorithm
where the first strategy is disabled, (3) the FVWn2 al-
gorithm where the second strategy is disabled, (4) the
FVWn3 algorithm where the third strategy is disabled,
(5) the FVWn12 algorithm where the first and second
strategies are disabled, and (6) the FVWn23 algorithm
where the second and third strategies are disabled.

We conduct experiments on four representative in-
stances: n1000-ep0007, n1000-r0048, n5000-ep0028, and
n5000-r0070. Similar results can be observed for other
instances, especially for large-scale problems. The evo-
lution of the minimum size of the CDS found so far
with the computational time is shown in Figure 1.

Table 5. Computational Results of FVW and Comparisons with RSN-TS on the Sparse Data Set

Instance

FVW RSN-TS

Best Average Time s-dev Best Average Time s-dev

sparse-n1000-np300 429 429.0 1.2 0.00 428 429.4 — 2.29
sparse-n1000-np500 377 377.0 1.0 0.00 376 377.1 — 0.70
sparse-n1000-np700 337 337.0 5.0 0.00 338 340.8 — 1.47
sparse-n1500-np500 628 628.2 — 0.40 632 634.9 — 2.43
sparse-n1500-np700 579 579.0 5.9 0.00 583 593.3 — 5.95
sparse-n1500-np900 534 534.0 43.0 0.00 545 550.8 — 3.16
sparse-n2000-np600 864 864.0 10.6 0.00 865 869.1 — 2.17
sparse-n2000-np800 803 803.0 50.1 0.00 815 820.3 — 3.93
sparse-n2000-np1000 755 755.0 10.7 0.00 762 769.3 — 5.18
sparse-n2500-np800 1,048 1,049.4 — 1.11 1,055 1,061.0 — 3.52
sparse-n2500-np1000 1,003 1,003.0 23.4 0.00 1,009 1,018.6 — 7.94
sparse-n2500-np1200 937 937.0 7.1 0.00 948 954.5 — 5.55
sparse-n3000-np1000 1,239 1,239.0 71.6 0.00 1,247 1,254.9 — 5.72
sparse-n3000-np1300 1,179 1,179.0 73.4 0.00 1,193 1,207.2 — 7.40
sparse-n3000-np1600 1,106 1,106.6 — 0.66 1,128 1,138.9 — 5.75

Note. The value is indicated in bold if it is equal to or better than others.

Table 6. Comparison Among FVW and Its Simplified
Versions

Instance

FVW FLS FVW-S

Best Average Best Average Best Average

v200-d5 27 27.0 27 27.5 27 27.0
ieee-300-bus 129 129.0 133 135.6 129 129.9
n1000-200-r100 38 38.0 40 42.6 38 38.0
n1500-250-r130 49 49.0 52 56.6 49 49.0
n2000-300-r200 41 41.0 43 45.8 41 41.0
n2500-350-r200 60 60.0 65 69.6 60 60.0
n2500-350-r230 48 48.0 50 55.3 48 48.0
n3000-400-r210 74 74.0 79 86.9 74 74.0
n3000-400-r230 64 64.0 70 74.7 64 64.0
n1000-ep0014 98 98.0 99 102.4 98 98.0
n1000-r0048 271 271.9 285 290.4 272 273.7
n5000-ep0014 163 163.9 163 164.5 164 165.1
n5000-r0070 124 125.0 143 149.1 125 125.5

Note. The value is indicated in bold if it is equal to or better than
others.
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One finds that algorithms with the first strategy con-
verge much faster than those without it, although all
the versions show little difference among each other at
the early stage. This indicates that the search space re-
duction strategy (1) helps to improve the efficiency of
the proposed algorithm significantly. FVWn2 performs
slightly worse than the full-featured FVW. When the
third strategy is disabled, the algorithm converges a
little slower than the full-featured FVW for some in-
stances. However, for other instances, disabling the
third strategy may make the algorithm perform slight-
ly better (instance n5000-r0070). When both the second
and third strategies are disabled, the algorithm per-
forms slower than the full-featured FVW, especially
when k becomes close to the optimal. This indicates
that these strategies help to reduce the search space by
tailoring low-quality solutions. In summary, the search
space reduction technique is vital for the proposed
FVW to obtain promising results.

6. Conclusion
The vertex weighting-based local search algorithm
FVW for the minimum connected dominating set
problem operates by decomposing the optimization
problem into a series of decision problems and solv-
ing each of them by incorporating a special vertex
weighting technique in a tabu search process. The
FVW algorithm is demonstrated to be highly effective
in tests on a collection of widely used benchmark in-
stances where FVW is compared with the two best-
performing state-of-the-art algorithms RNS-TS and
ACO-RVNS. Of 112 public instances, FVW improves
the best-known results on 20 problems and matches
the best records in the literature for most of the re-
maining instances (90 problems) while consuming
less computational time. For the newly generated 15
sparse instances, FVW outperforms RNS-TS on 13 in-
stances in terms of the best solution found and on all
the instances in terms of the average objective value.

Figure 1. (Color online) Computational Performance Comparison with andWithout the Search Space Reduction Strategies

(a) (b)

(d)(c)
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These outcomes suggest the relevance of future studies
to investigate the potential merit of combining the
weighting technique and its associated strategies with
the tabu search for solving other optimization problems.
Although the techniques proposed in this paper are
specific to the minimum connected dominating set prob-
lem, most of these ideas can be applied to other combi-
natorial optimization problems. For example, the vertex
weighting technique can be used in local search-based
heuristics for other constraint satisfaction problems
where most of the neighborhoodmoves neither improve
nor worsen the configuration. The neighborhood reduc-
tion technique can be used in problems with large-scale
instances or large neighborhoods. However, the imple-
mentation of this technique should be treated carefully
because it has the potential to impair the completeness
of the neighborhood structure, which may cause the
algorithm to skip promising moves and thus produce
unsatisfying results. Finally, it is interesting to test the
proposed ideas in other metaheuristic frameworks with
other optimization problems.
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Appendix. Characteristics of the swap(u, v) Move
In this section, we discuss two characteristics of the swa-
p(u, v) move that are important to ensure FVW will ex-
plore the whole solution space.

Proposition A.1. If there is no feasible candidate swap(u, v)
operator, the current configuration X is itself a CDS.

Proof. The proposition is equivalent to its contrapositive,
which can be stated as follows: There must exist a swap(u,
v) move satisfying all the four properties if the configuration
X is not a CDS. In the following, we prove this contraposi-
tive to be true. For the purpose of clarity, we repeat the four
properties: Property 1, u ∈ X+; Property 2, v ∈ X\Art(G(X));
Property 3, ∃s ∈ X\{v}, (u, s) ∈ E; and Property 4, ∃(u, s) ∈ E
and s ∈ X−.

The set V of vertices is divided into three subsets X, X+,
and X–, as shown in Figure A.1. We have the following

statements that Properties 1, 4, 2, and 3 can be sequential-
ly satisfied:

1. If the configuration X is not a CDS, X+ must be non-
empty too. Otherwise, X+ �Ø implies that X � V, where the
vertex setV is a CDS. Thus, Property 1 can be satisfied.

2. If the configuration X is not a CDS, X– must be non-
empty. Given the condition X+ ≠Ø and X− ≠Ø, there must
exist u ∈ X+ connecting to some vertices in X– because the
vertex set V is divided into X, X+, and X–, whereas X is not
connected to X–. Thus, Properties 1 and 4 can be satisfied at
the same time.

3. Property 2 is independent of Properties 1 and 4. One can
always find nonarticulation vertices in a connected configura-
tionX. Thus, Property 2 can be satisfied along with Properties
1 and 4.

4. Finally, we prove that Property 3 can be satisfied along
with Properties 1, 2, and 4. Suppose that all pairs of vertices
(u, v) satisfying Properties 1, 2, and 4 cannot satisfy Property
3. Then, for each pair (u, v) satisfying Properties 1, 2, and 4, v
is the only vertex inX connecting to u. Consider a pair (u′,v′),
where v′ is the only vertex in X connecting to u′, which satis-
fies Properties 1, 2, and 4 but not Property 3. Then, to make
the assumption true, it should be impossible to find another
nonarticulation vertex v′′ ∈ X that can replace v′ to form a
pair (u′,v′′) satisfying Properties 1, 2, and 4 while v′′ does not
connect to u′. Because Properties 1 and 4 are unrelated to v′′,
and v′ is the only vertex in X connecting to u′, Property 2 is
the only property to be broken. This indicates that v′ is the
only nonarticulation vertex in X, which is impossible for any
connected graph with more than one vertex, as shown in Fig-
ure A.2. Thus, the assumption is not true; that is, there exists
a swap(u, v) move satisfying all the four properties in a non-
CDS configuration.

Figure A.1. The Set of Vertices Is Divided into X,X+, andX–

X

X + X –

Figure A.2. One Can Always Find Another Nonarticulation
Vertex v′′ to Replace v′

X

X +

X –

u�

v �

v �

Figure A.3. Path Pvy, Performing swap(i, u) Decreases the
Distance Between y and X

X

X + X –j

yi

u

v
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In summary, this establishes that the proposition is
true. w

Proposition A.2. Any vertex y ∈ X− can be dominated by
performing a finite number of swap(u, v) moves on any con-
nected configuration X.

Proof. If ∃z ∈ X+ for which (z,y) ∈ E, it is obvious that the
move swap(z, v) will make y dominated, where v is any
nonarticulation vertex in X.

In the following, we demonstrate that the proposition is
still true if such a z does not exist for the current configu-
ration. Because G is connected, there exists a path Pvy for
any vertex v ∈ X. Suppose that v is the nearest vertex to y
in X. Because v ∈ X and y ∈ X−, there must exist an edge
(i, j) ∈ Pvy such that i ∈ X+ and j ∈ X−, as shown in Figure
A.3. By performing the move swap(i, u) where u is any
nonarticulation vertex apart from v in X, the distance
from vertex y to X must decrease. If we repeatedly per-
form such moves along the path, y must be finally domi-
nated because the length of the path is finite. w

Endnote
1 See http://www.ee.washington.edu/research/pstca/ accessed
September 29, 2021.
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