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a b s t r a c t

Scatter Search is an evolutionary metaheuristic introduced by Glover (1977) as a heuris-
tic for integer programming and was joined with a directional rounding strategy for
0–1 Mixed Integer Programming (MIP) problems based on Star Paths in Glover (1995). In
this paper, we address directional rounding both independently and together with these
other algorithmic components, studying its properties as a mapping from continuous to
discrete (binary) space. We establish several useful properties of directional rounding
and show that it provides an extension of classical rounding and complementing
operators. Moreover, we observe that directional rounding of a line, as embodied in
a Star Path, contains a finite number of distinct 0–1 points. This property, together
with those of the solution space of 0–1 MIP, enables us to organize the search for an
optimal solution of 0–1 MIP problems using Scatter Search in association with both
cutting plane and extreme point solution approaches. Building on this, we provide a
Convergent Scatter Search algorithm for 0–1 Mixed Integer Programs with proof of its
finite convergence, along with two variants of its implementation and examples that
illustrate the running of the approach.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Zero–one (binary) mixed integer programming is used for modeling many combinatorial problems, ranging from logical
esign to scheduling and routing as well as encompassing graph theory models for resource allocation and financial
lanning. A 0–1 mixed integer program (MIP) may be written in the following form:

minimize z = cx
s.t. Ax = d

0 ≤ xj ≤ Uj, j ∈ N = {1, . . . , n}
xj ∈ {0, 1}, j ∈ I ⊆ N

(1)

A is a constant matrix, d is a constant vector, the set N denotes the index set of variables, while the set I contains indices
f binary variables. Each variable xj has an upper bound denoted by Uj (which equals 1 if xj is binary, as in the present case

for the integer variables), and otherwise may be infinite. It is assumed that all continuous variables can be represented
(either directly or by transformation) as slack variables, i.e., the associated columns of the (possibly transformed) matrix
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A constitute an identity matrix. Hence, if the values of binary variables are known, the continuous variables receive their
values automatically. The integer problem defined in this manner will be denoted simply by IP while the relaxation of
P obtained by excluding integrality constraints will be denoted by LP . A feasible solution of IP(LP) will be called IP(LP)
easible.

The Scatter Search evolutionary metaheuristic combines decision rules and problem constraints, and it has its origins
n surrogate constraint strategies. Scatter Search, unlike Genetic Algorithms, operates on a small set of solutions and
akes only limited use of randomization as a proxy for diversification when searching for a globally optimal solution.
ince its introduction in [16,18] as a heuristic for integer programming, Scatter Search has been successfully applied
o a wide range of combinatorial optimization problems (see e.g., [26,32,39,41] for recent applications). The basic scatter
earch design, which can be implemented in varying degrees of sophistication, can be expressed in terms of a five method
emplate [20,21,24,25,33,34,40,42]:

i) A Diversification Generation Method to generate a collection of diverse trial solutions within the search space.

ii) An Improvement Method to transform a trial solution into one or more enhanced trial solutions.

iii) A Reference Set Update Method to build and maintain a reference set consisting of the b best solutions found, where
the value of b is typically small e.g. no more than 20. Solutions gain membership in the reference set according to
their quality or their diversity.

iv) A Subset Generation Method to operate on the reference set, to produce several subsets of its solutions as a basis for
creating combined solutions.

v) A Solution Combination Method to transform a given subset of solutions produced by the Subset Generation Method
into one or more combined solution vectors.

Scatter search and its Path Relinking generalization have been successfully applied in a wide range of discrete and
onlinear optimization settings including neural networks, routing problems, graph drawing, scheduling, linear ordering,
ssignment, p–Median, knapsack, coloring problems, clustering/selection and software testing (see for example [42]).
In the literature, there are more than dozen heuristics for 0–1 Mixed Integer Programs. Some of them are concerned

ith finding a first MIP feasible solution which is NP hard problem by itself. Among the better known heuristics of this type
re the Feasibility Pump heuristics [2,9,14], the Variable Neighborhood Pump approach [28], and the Single and Variable
eighborhood Diving heuristics [37]. The second class consists of improvement procedures for 0–1 MIP that require a
easible MIP solution as input. Heuristics of this type include Local Branching [15], Variable Neighborhood Branching [31],
nd Relaxation Induced Neighborhood Search (RINS) [11]. The last class of heuristics are those that neither require a
easible MIP solution as input nor finish their work after finding the first feasible solution. Prominent members of this
roup include OCTAhedral Neighbourhood Enumeration (OCTANE) [5], Pivot and Complement [1,7], Pivot and Shift [8],
abu Search [38], Pivot-Cut-and-Dive [13] and various Matheuristics [29,30,36,45].
The introduction of Star Paths with directional rounding for 0–1 Mixed Integer Program as a supporting strategy for

catter Search in [19] established basic properties of directional rounding and provided efficient methods for exploiting
hem. The most important of these properties is the existence of a plane (which can be required to be a valid cutting
lane for IP) which contains a point that can be directionally rounded to yield an optimal solution and which, in addition,
ontains a convex subregion all of whose points directionally round to give this optimal solution. Several alternatives are
iven in [19] for creating such a plane as well as a procedure to explore it using principles of Scatter Search. This work
lso shows that the set of all 0–1 solutions obtained by directionally rounding points of a given line (the so-called Star
ath) contains a finite number of different 0–1 solutions and provides a method to generate these solutions efficiently.
lover and Laguna [23] elaborate these ideas and extend them to General Mixed Integer Programs by means of a more
eneral definition of directional rounding.
The main contributions of this paper are:

• We start from the work of Glover (1995) [19] where directional rounding is introduced. In this paper, we prove the
theorems in Glover’s paper, which were stated but not proved, and also provide some corrections and extensions of
that work. We additionally identify new properties (for example, showing that the directional rounding operator
provides an extension of the complement and rounding operators). Finally, we describe connections between
continuous and discrete solution space and introduce a means to project from continuous to discrete space (for
example, by rounding in relation to a cone), and introduce new theorems that underlie these connections.
• The main contribution of our work is to propose new convergent algorithms for 0–1 mixed integer programming

within a framework that joins scatter search with the methodology of star paths and directional rounding. This
marriage allows us to prove finite convergence of scatter search for the first time, and thus to address a gap in the
literature on metaheuristics which to date has chiefly focused on applied methods with little attention to theory.
• To reinforce our theoretical contributions we also propose two implementations of the convergent scatter search
algorithm with an illustrative example.
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We additionally point out that the proposed convergent algorithms use the main components of scatter search since
he directional rounding with star paths uses the methodology of combining solutions by linear combination and the
olyhedron generated can be considered as the set of reference solutions employed in scatter search. Finally, as in scatter
earch we propose a local search (in this case a special form) which is designed to improve the projected solution. Note
hat our proposal can also be used to generate diversity in the population, as advocated in scatter search.

The rest of the paper is organized as follows. Section 2 begins by proving key properties of directional rounding and
rovides an efficient method for directional rounding of a line, and hence for generating Star Paths. In Section 3, we
tate and prove several theorems which enable us to organize search for an optimal solution of 0–1 MIP problems using
catter Search. In Section 4, we propose Convergent Scatter Search Algorithms and we provide the proof of their finite
onvergence. Additionally, we give examples to illustrate the execution of those Convergent Scatter Search Algorithms
ased on directional rounding. Finally, Section 5 concludes the paper.

. Generating star paths with directional rounding

In this section we introduce the notion of directional rounding and present its key features. In addition, we show
ow directional rounding may be efficiently used to project from continuous to discrete (binary) space. In particular, we
emonstrate how directional rounding of a line may be performed in an efficient way. As a foundation for presenting
hese results, we first introduce basic notations that will be used throughout the paper.

.1. Basic notations

Throughout the paper we assume that each point x belongs to Rn, unless stated otherwise. For two arbitrary points
x′ ∈ Rn and x′′ ∈ Rn, we identify:
the ray from x′ through x′′ by

Ray(x′, x′′) = {x′ + λ(x′′ − x′) : λ ≥ 0};

the line joining x′ and x′′ by

Line(x′, x′′) = {x′ + λ(x′′ − x′) : λ ∈ R};

and the segment with extremities x′ and x′′ by

[x′, x′′] = {x′ + λ(x′′ − x′) : 0 ≤ λ ≤ 1}.

Let X(R) denote a chosen set of reference points, indexed by the set R i.e., X(R) = {x(r) : r ∈ R}. Since, the points of X(R)
re linearly independent in the usual case to be considered, we define the hyperplane consisting of all normalized linear
ombinations of these points by:

Plane(X(R)) = {
∑
r∈R

λrx(r) :
∑
r∈R

λr = 1}. (2)

Furthermore, we identify the associated half space as:

Half _space(X(R)) = {
∑
r∈R

λrx(r) :
∑
r∈R

λr ≥ 1}. (3)

If we choose a point x∗ which does not belong to the Plane(X(R)) and which therefore constitutes a set of affinely
independent points together with points from X(R), we will be able to define the polyhedral (half) cone spanned by
the rays from x∗ through the points of X(R):

Cone(x∗, X(R)) = {x∗ +
∑
r∈R

λr (x(r)− x∗) : λr ≥ 0, r ∈ R}. (4)

Finally, the intersection of Cone(x∗, X(R)) with Half _space(X(R)), i.e., the face of the truncated cone that excludes the point
x∗ is defined as:

Face(X(R)) = {
∑
r∈R

λrx(r) :
∑
r∈R

λr = 1, λr ≥ 0, r ∈ R}. (5)

The set in Rn is said to be polyhedral if it is the intersection of a finite number of closed half spaces. A polytope is a
polyhedral set which is bounded. In addition, a polytope is a convex hull of a finite set of points.

The Hamming distance between two solutions, x′ ∈ {0, 1}n and x ∈ [0, 1]n can be represented as:

d(x′, x) =
∑n

j=1 |x
′

j − xj| = x(e− x′)+ x′(e− x), (6)

where e = (1, 1, . . . , 1) is the vector of all 1’s with appropriate dimension.
Rounding and complementing operators are useful in mathematical programming with 0–1 variables. We will show
that the directional rounding introduced by Glover [19] provides an extension of these operators.
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2

Fig. 1. Example of directional rounding in two-dimensional case.

.2. Definition and properties of directional rounding

Directional rounding is a mapping δ from the continuous space [0, 1]n to the discrete space {0, 1}n by the following
rules. The directional rounding δ(x∗, x′), from a base point x∗ ∈ [0, 1]n to an arbitrary focal point x′, is the point in {0, 1}n
given by

δ(x∗, x′) = (δ(x∗j , x
′

j) : j ∈ N)

where δ(x∗j , x
′

j) is defined as

δ(x∗j , x
′

j) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 if x′j < x∗j
1 if x′j > x∗j
x∗j if x′j = x∗j ∈ {0, 1}

0 or 1 if x′j = x∗j /∈ {0, 1}

(7)

It may be noted that directional rounding includes nearest neighbor rounding as a special instance, i.e., [x′j] = δ(0.5, x′j).
The directional rounding in the last case x′j = x∗j /∈ {0, 1} can be performed in several ways. Some of them are:

• use simple rounding, i.e., δ(x∗j , x
∗

j ) = [x
∗

j ] breaking the tie arbitrarily for x∗j = 0.5,
• choose 0 or 1 randomly
• make the choice according to values of x∗j and x′j in the following way. If x′j ≤ 1/3 or 2/3 ≤ x′j ≤ 1 perform simple

rounding, otherwise choose 0 or 1 randomly
• choose at random a segment [y′, y′′] which contains x∗ and after that set δ(x∗j , x

∗

j ) = 1 if y′j < y′′j while otherwise set
δ(x∗j , x

∗

j ) = 0.

Fig. 1 illustrates directional rounding for different focal points labeled A, B, C , and D.
We define the directional rounding δ(x∗, X) from the point x∗ to the set X to be the set of points in {0, 1}n given by

δ(x∗, X) = {δ(x∗, x′) : x′ ∈ X}.

The motivation for directional rounding comes from the fact that if x∗ is an extreme point of the feasible set of LP
relaxation, then every feasible 0–1 solution can be obtained by directional rounding relative to focal points that lie within
the LP cone defined by non-negative values for the current nonbasic variables (as proved in Section 3).

The next two lemmas consider special cases where either the base point or the focal point is a binary vector. More
precisely, Lemma 2.1 states that any vertex of the unit hypercube x′ ∈ {0, 1}n is the fixed point of directional rounding.

Lemma 2.1. For any base point x∗ ∈ [0, 1]n and focal point x′ ∈ {0, 1}n

δ(x∗, x′) = x′.
238
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e

Proof. From the definition of directional rounding, for all j ∈ N we have δ(x∗j , 1) = 1 and δ(x∗j , 0) = 0, hence δ(x∗j , x
′

j) = x′j
for x′j ∈ {0, 1}. Hence, δ(x

∗, x′) = x′ for each point x′ ∈ {0, 1}n. □

Lemma 2.2 states that directional rounding of any point x′ relative to the base point x∗ ∈ {0, 1}n yields point deduced
from x∗ by complementing only those coordinates that have different values in x∗ and x′.

Lemma 2.2. For any base point x∗ ∈ {0, 1}n and focal point x′ ∈ [0, 1]n

δ(x∗j , x
′

j) =

{
1− x∗j if x′j ̸= x∗j
x∗j otherwise

(8)

Proof. If x′j < x∗j then x∗j must equal 1, so δ(x∗j , x
′

j) = 0, which is equal to 1 − x∗j . Similarly, if x′j > x∗j then x∗j must
equal 0 and therefore δ(x∗j , x

′

j) = 1 − x∗j . Finally, in the case x′j = x∗j the definition of directional rounding for the case
x′j = x∗j ∈ {0, 1}

n gives δ(x∗j , x
′

j) = x∗j . □

As a consequence of Lemma 2.2, it follows that directional rounding generalizes the standard complementing operator
as stated in the following corollary.

Corollary 2.3. For any base point x∗ ∈ {0, 1}n and focal point x′ ∈]0, 1[n

δ(x∗, x′) = e− x∗.

The next lemma says that every point on the ray from x∗ through x′ (excluding the point x∗ itself) gives the same
directional rounding as δ(x∗, x′).

Lemma 2.4. For any base point x∗ ∈ [0, 1]n and a focal point x′ ̸= x∗

δ(x∗, x′) = δ(x∗, x′′)

for all x′′ ∈ Ray(x∗, x′) such that x′′ ̸= x∗.

Proof. Since x′′ ∈ Ray(x∗, x′) there exists λ ≥ 0 such that x′′ = λx′ + (1 − λ)x∗. Therefore for each component x′′j , j ∈ N ,
we have three cases:⎧⎪⎨⎪⎩

(i) x′j < x∗j ⇒ x′′j < x∗j ,
(ii) x′j > x∗j ⇒ x′′j > x∗j ,
(iii) x′j = x∗j ⇒ x′′j = x∗j ,

(9)

These observations lead to the conclusion that δ(x∗j , x
′

j) = δ(x∗j , x
′′

j ) for each j ∈ N which further implies δ(x∗, x′) =
δ(x∗, x′′). □

2.3. Efficient procedure for generating a Star Path

A Star Path L(x∗, x′, x′′) is defined as a set of 0–1 vectors obtained by directional rounding using points which belong
to the line connecting x′ and x′′ as focal points and x∗ as a base point. More precisely,

L(x∗, x′, x′′) = δ(x∗, Line(x′, x′′)).

In this section, we provide several properties which lead to an efficient procedure to compute δ(x∗, S) where S is a subset
of Line(x′, x′′).

Lemma 2.5. Given x′ and x′′ as focal points and x∗ as a base point, define λ∗j =
x∗j −x

′
j

x′′j −x
′
j
for j ∈ N ̸= = {j ∈ N : x′′j ̸= x′j}. For

very real value of λ, the elements of the vector δ(x∗, x′ + λ(x′′ − x′)) in L(x∗, x′, x′′) are given by

δ(x∗j , x
′

j + λ(x′′j − x′j)) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
δ(x∗j , x

′

j) if x′′j = x′j
1 if (λ < λ∗j and x′′j < x′j) or (λ > λ∗j and x′′j > x′j)

0 if (λ < λ∗j and x′′j > x′j) or (λ > λ∗j and x′′j < x′j)

δ(x∗j , x
∗

j ) if (x′′j ̸= x′j) and (λ = λ∗j )

(10)

Proof. Let xj = x′j+λ(x′′j −x′j). The case where x′j = x′′j is obvious. For the case where x′′j > x′j , the condition λ∗j < λ implies

λ∗j =
x∗j − x′j
′′ ′

< λ =
xj − x′j
′′ ′

.

xj − xj xj − xj
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Hence x∗j < xj which means that δ(x∗j , xj) = 1, and the condition λ∗j > λ implies x∗j > xj which means that δ(x∗j , xj) = 0.
imilarly, in the case x′′j < x′j , we have δ(x∗j , xj) = 1 if λ∗j > λ and δ(x∗j , xj) = 0 if λ∗j < λ. In the last case where λ = λ∗j

we have xj = x∗j . □

The definition of the element δ(x∗j , x
′

j+λ(x′′j −x′j)) needs a specific ‘‘tie breaking’’ rule to handle the case λ = λ∗j (which
corresponds to δ(x∗j , x

′

j+λ(x′′j −x′j) = δ(x∗j , x
∗

j )), where the original definition of directional rounding requires such a rule to
choose between a value of 0 or 1, in our implementation, we use simple rounding. The proof of the preceding Lemma 2.5
does not depend on the restriction on λ.

Let (π (1), π (2), . . ., π (t)) be a permutation of the indexes of N ̸= = {j ∈ N : x′′j ̸= x′j} so that λ∗π (1) ≤ λ∗π (2) ≤ · · · ≤ λ∗π (t),
where t = |N ̸=|. We will assume that the λ∗π (h) values are all distinct so that λ∗π (h) < λ∗π (h+1) for all h < t .

Theorem 2.6. Given x′ and x′′ as focal points and x∗ as a base point, let λ∗j =
x∗j −x

′
j

x′′j −x
′
j
for j ∈ N ̸= and define l(λ) =

δ(x∗, x′ + λ(x′′ − x′)). Then for each h = 1, 2, . . . , |N ̸=| − 1 and for every λ and λ′ such that λ, λ′ ∈]λ∗π (h), λ
∗

π (h+1)[, we
ave

l(λ) = l(λ′).

oreover, d(l(λ∗π (h+1)), l(λ
∗

π (h))) ≤ 2, and more precisely

lj(λ∗π (h+1)) = lj(λ∗π (h)) for j ∈ N − {π (h), π (h+ 1)}, (11)

lπ (h)(λ∗π (h+1)) =

{
0 if x′′π (h) < x′π (h)

1 if x′′π (h) > x′π (h)
(12)

lπ (h+1)(λ∗π (h+1)) = δ(x∗π (h+1), x
∗

π (h+1)). (13)

Proof. According to Lemma 2.5, the value lj(λ) for j ∈ N= = {j ∈ N : x′′j = x′j} does not depend on λ and is the same for all
points from the line connecting points x′ and x′′. Hence lj(λ) = lj(λ′) for j ∈ N=. From the assumption that λ∗π (h) < λ∗π (h+1)
for all h < |N ̸=|, we can partition the set N ̸= into two sets N ′ = {j ∈ N ̸= : λ∗j ≤ λ∗π (h)} and N ′′ = {j ∈ N ̸= : λ∗j ≥ λ∗π (h+1)}. For
j ∈ N ′ implies λ∗j < λ, and λ∗j < λ′ hence by Lemma 2.5, lj(λ) = lj(λ′). Similarly, j ∈ N ′′ implies λ∗j ≥ λ∗π (h+1) > λ > λ∗π (h),
nd λ′ > λ∗π (h) and hence holds lj(λ) = lj(λ′). Hence, lj(λ) = lj(λ′) for each j ∈ N ̸=. Similarly for j ∈ N ̸= − {π (h), π (h+ 1)}
t follows that

lj(λ∗π (h+1)) = lj(λ∗π (h)).

ndeed, for each j ∈ N ̸=−{π (h), π (h+ 1)} such that λ∗j < λ∗π (h) < λ∗π (h+1) we have lj(λ∗π (h+1)) = lj(λ∗π (h)) = 1 if x′′j > x′j and
j(λ∗π (h+1)) = lj(λ∗π (h)) = 0 otherwise. Likewise for each j ∈ N ̸=−{π (h), π (h+ 1)} such that λ∗j > λ∗π (h+1) > λ∗π (h) we obtain
lj(λ∗π (h+1)) = lj(λ∗π (h)). Finally, the formulas (12) and (13) follow directly the definition of δ (see Eq. (19)). □

The preceding theorem reveals that directional rounding of a line may be performed in a finite number of steps since
directional rounding of any point belonging to the open line segment ]x′ + λ∗π (h)(x

′′
− x′), x′ + λ∗π (h+1)(x

′′
− x′)[ will map

to the same 0–1 point. In addition, it shows that the points lπ (h+1) and lπ (h) differ in at most two coordinates. We show
in the following example that the distance d(l(λ∗π (h+1)), l(λ

∗

π (h))) can be equal to 2.

Example 2.7. Consider the following simple example in two dimensions where the base point x∗ = (0, 1) and the focal
points are given by x′ = (0.1, 0.8) and x′′ = ( 2

30 , 0.6), with the corresponding values λ∗1 = 3 and λ∗2 = −1. It is easy to
ee that l(λ∗1) = (0, 0) and l(λ∗2) = (1, 1). Hence, the Hamming distance between the two vectors l(λ∗1) and l(λ∗2) is equal
o 2.

xample 2.8. In contrast to the preceding example, suppose the base point is x∗ = (0.3, 0.4) and the focal points are
iven by x′ = (0.2, 0.3) and x′′ = (0.4, 0.7). Then, the values of λ∗1 and λ∗2 are λ∗1 = 0.5, λ∗2 = 0.25. Hence it follows that
(λ∗1) = (0, 1) and l(λ∗2) = (1, 1), and in this case the Hamming distance between the two vectors l(λ∗1) and l(λ∗2) is equal
o 1.

In what follows we will show that under stronger assumptions the distance between two consecutive points l(λ∗π (h))
nd l(λ∗π (h+1)) is equal to 1. As a foundation, we prove the following lemma.

emma 2.9. The assumption 0 < λ∗j < 1, j ∈ N is equivalent to the condition that the element x∗j is on the open segment
etween the elements x′j and x′′j , i.e., min{x′j, x

′′

j } < x∗j < max{x′j, x
′′

j }.
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0

Proof. Since λ∗j , j ∈ N is defined only if x′j ̸= x′′j , we consider the following two cases.
Case 1: (x′′j > x′j)⇔ (x′′j − x′j) > 0.

Using the definition of λ∗j and assumption 0 < λ∗j < 1 we obtain the following set of equivalences,

λ∗j < 1⇔
x∗j − x′j
x′′j − x′j

< 1⇔ (x∗j − x′j) < (x′′j − x′j)⇔ x∗j < x′′j

λ∗j > 0⇔
x∗j − x′j
x′′j − x′j

> 0⇔ (x∗j − x′j) > 0⇔ x∗j > x′j

which lead to the conclusion that

(x′′j > x′j) and (0 < λ∗j < 1)⇔ x′j < x∗j < x′′j .

Case 2: (x′′j < x′j)⇔ (x′′j − x′j) < 0.
Using the same facts as in the previous case, we obtain the following relations

λ∗j < 1⇔
x∗j − x′j
x′′j − x′j

< 1⇔ (x∗j − x′j) > (x′′j − x′j)⇔ x∗j > x′′j

λ∗j > 0⇔
x∗j − x′j
x′′j − x′j

> 0⇔ (x∗j − x′j) < 0⇔ x∗j < x′j

which imply

(x′′j < x′j) and (0 < λ∗j < 1)⇔ x′′j < x∗j < x′j
Finally, the conclusions derived in these two cases imply that the condition 0 < λ∗j < 1 is equivalent to the condition
that x∗j is on the segment between the elements x′j and x′′j . □

Corollary 2.10. Given x′ and x′′ as focal points and x∗ as a base point, let λ∗j =
x∗j −x

′
j

x′′j −x
′
j
for j ∈ N ̸=. Assume 0 < λ∗π (1) <

λ∗π (2), . . . , < λ∗π (t) < 1 with t = |N ̸=|, and suppose further that ties in directional rounding δ(x∗j , x
∗

j ) which arises in the case
< x∗j < 1 are broken in the following way

δ(x∗j , x
∗

j ) =

{
0 if x′′j < x′j
1 if x′′j > x′j

(14)

Then the distance between vectors l(λ∗π (h)) and l(λ∗π (h+1)) satisfies

d(l(λ∗π (h)), l(λ
∗

π (h+1))) = 1.

More precisely,

lj(λ∗π (h+1)) = lj(λ∗π (h)) for j ∈ N − {π (h+ 1)}

lπ (h+1)(λ∗π (h+1)) = 1− lπ (h+1)(λ∗π (h)).

Proof. The condition 0 < λ∗π (1) < λ∗π (2), . . . , < λ∗π (t) < 1 implies 0 < x∗π (i) < 1, i = 1, . . . t , because as previously shown
(Lemma 2.9) the condition 0 < λ∗j < 1 compels x∗j to belong to the segment between x′′j and x′j . Hence, lj(λ) may be
rewritten using its definition in Lemma 2.5 and the tie breaking rule (14) as:

lj(λ) =

⎧⎪⎨⎪⎩
δ(x∗j , x

′

j) if x′j = x′′j
0 if (λ ≥ λ∗j and x′′j < x′j) or (λ < λ∗j and x′′j > x′j)
1 if (λ ≥ λ∗j and x′′j > x′j) or (λ < λ∗j and x′′j < x′j)

(15)

Therefore, lπ (h)(λ∗π (h)) equals 0 if x′′π (h) < x′π (h), and equals 1 if x′′π (h) > x′π (h). On the other hand, lπ (h)(λ∗π (h+1)) equals
0 if x′′π (h) < x′π (h), and otherwise, equals 1. Therefore, lπ (h)(λ∗π (h)) = lπ (h)(λ∗π (h+1)). Further, lπ (h+1)(λ∗π (h)) equals 0 if
x′′π (h+1) > x′π (h+1), and otherwise it equals 1, while lπ (h+1)(λ∗π (h+1)) equals 1 if x′′π (h+1) > x′π (h+1) and otherwise, it equals 0.
Hence,

lπ (h+1)(λ∗π (h+1)) = 1− lπ (h+1)(λ∗π (h)).

These conclusions together with Theorem 2.6 demonstrate that lj(λ∗π (h+1)) = lj(λ∗π (h)) for j ∈ N − {π (h+ 1)}. □

We show that the condition λ∗π (1) = min{λ∗j : j ∈ N ̸=} > 0 is necessary in the previous corollary. Consider the following
example.
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Example 2.11. Let x∗ = (1, 0.3), x′ = (1, 0.1) and x′′ = (0.8, 0.9) giving the corresponding values λ∗1 = 0 and λ∗2 = 0.25.
Hence, we have l(λ∗1) = δ(x∗, (1, 0.1)) = (1, 0) and l(λ∗2) = δ(x∗, (0.95, 0.3)) = (0, 1) and hence d(l(λ∗1), l(λ

∗

2)) = 2.

On the other hand λ∗π (t) < 1 may be relaxed as shown in the next corollary.

Corollary 2.12. Corollary 2.10 remains valid in the case

λ∗π (t) = max{λ∗j : j ∈ N ̸=} = 1.

Proof. It suffices to prove that the chosen tie breaking rule (14) may be extended to the case x∗π (t) ∈ [0, 1]. Since the
equation λ∗π (t) = 1 implies x∗π (t) = x′′π (t) then δ(x∗π (t), x

∗

π (t)) may be defined as

δ(x∗π (t), x
∗

π (t)) =

⎧⎪⎨⎪⎩
x′′π (t) if x′′π (t) ∈ {0, 1}
1 if x′′π (t) > x′π (t)

0 if x′′π (t) < x′π (t)

(16)

However, the case x′′π (t) ∈ {0, 1} is already contained in the other two cases (which represent the imposed tie breaking
rule (14)). Indeed, if x′′π (t) is equal to 1, then x′′π (t) > x′π (t) (since x′′π (t) ̸= x′π (t)), which corresponds to the second case, while
if x′′π (t) is equal to 0, then x′′π (t) < x′π (t), which corresponds to the last case. Consequently, the definition of lj(λ) given
in Eq. (15) is valid in the case λ∗π (t) = 1 as well as in the case given by Corollary 2.10. □

Another way to see the necessity of the condition λ∗π (1) = min{λ∗j : j ∈ N ̸=} > 0 is to note that it is not possible to
extend the imposed tie breaking rule (14) to the case x∗π (1) ∈ [0, 1]. Indeed, since λ∗π (1) = 0 compels x∗π (1) = x′π (1) then
δ(x∗π (1), x

∗

π (1)) may be defined as

δ(x∗π (1), x
∗

π (1)) =

⎧⎪⎨⎪⎩
x′π (1) if x′π (1) ∈ {0, 1}
1 if x′′π (1) > x′π (1)

0 if x′′π (1) < x′π (1)

(17)

Now, it is easy to check that the first case in Eq. (17) cannot be omitted while the definition of δ(x∗π (1), x
∗

π (1)) remains
in force, i.e., the first case in Eq. (17) is not contained in the remaining two cases (the proof is similar to the proof of
Corollary 2.12).

However, if we change the imposed tie breaking rule (14) such that

δ(x∗j , x
∗

j ) =

{
1 if x′′j < x′j
0 if x′′j > x′j

(18)

then it can be easily demonstrated that Corollary 2.10 will be true if λ∗π (1) = min{λ∗j : j ∈ N ̸=} = 0, but will not be true if
λ∗π (t) = max{λ∗j : j ∈ N ̸=} = 1. In other words, informally speaking, complementing the tie breaking rule corresponds to
complementing the necessary conditions.

It should be emphasized that if we change the definition of directional rounding so that δ(x∗j , x
′

j) is defined as

δ(x∗j , x
′

j) =

⎧⎨⎩
0 if x′j < x∗j
1 if x′j > x∗j
0 or 1 otherwise

(19)

and if we suppose that we use the tie breaking rule from Corollary 2.10 for the last case, then Corollary 2.10 will hold
when λ∗π (1) = 0 or λ∗π (t) = 1 and even when λ∗π (1) < 0 or λ∗π (t) > 1. The justification for this claim is based on the fact
that in this case the components lj(λ∗π (h)) of any vector l(λ∗π (h)) will be given by Eq. (15).

In the next lemma we consider case where certain λ∗ values are the same and show the relation among the
corresponding l(λ∗) vectors, thereby generalizing the preceding results.

Lemma 2.13. Let x′ and x′′ be focal points and let x∗ be a base point, where λ∗j =
x∗j −x

′
j

x′′j −x
′
j
for j ∈ N ̸=. If λ∗π (1) < λ∗π (2) < · · · <

λ∗π (h−1) < λ∗π (h) = λ∗π (h+1) = · · · = λ∗π (h+k) < · · · < λ∗π (t), k ≥ 1 then

lj(λ∗π (h−1)) = lj(λ∗π (h)) = · · · = lj(λ∗π (h+k)) for j ∈ N − {π (h− 1), π (h), . . . , π (h+ k)}.

Moreover, if λ∗π (1) > 0 and λ∗π (t) < 1 and ties in directional rounding δ(x∗j , x
∗

j ) which arise in the case 0 < x∗j < 1 are broken
by setting

δ(x∗j , x
∗

j ) =

{
1 if x′′j > x′j
0 if x′′ < x′

(20)

j j
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then

lπ (h+p)(λ∗π (h)) = 1− lπ (h+p)(λ∗π (h−1)) for p = 0, 1, . . . , k

Proof. First, note that vectors l(λ∗π (h)), l(λ
∗

π (h+1)), . . . , l(λ
∗

π (h+k)) are the same since λ∗π (h) = λ∗π (h+1) = · · · = λ∗π (h+k). If
x′j = x′′j and j ∈ N − {π (h − 1), π (h), . . . , π (h + k)} the conclusion of the lemma is immediate. On the other hand if
x′j ̸= x′′j and λ∗π (j) < λ∗π (h−1) < · · · < λ∗π (h+k) or λ∗π (j) > λ∗π (h+k) > · · · > λ∗π (h) then the definition of the vectors l(λ)
implies that lj(λ∗π (h−1)) = lj(λ∗π (h)) = · · · = lj(λ∗π (h+1)) = lj(λ∗π (h+k)). However, by Corollary 2.10 which establishes that
lπ (j+1)(λ∗π (j+1)) = 1− lπ (j)(λ∗π (j)) for each pair (π (h+ p), π (h− 1)), for p = 0, 1, . . . , k we obtain

lπ (h+p)(λ∗π (h+p)) = 1− lπ (h+p)(λ∗π (h−1)) for p = 0, 1, . . . , k

which is equivalent to

lπ (h+p)(λ∗π (h)) = 1− lπ (h+p)(λ∗π (h−1)) for p = 0, 1, . . . , k. □

In the same way as in Corollary 2.10 it can be shown that if 0 < λ∗π (1) < λ∗π (2), . . . , λ
∗

π (h−1) < λ∗π (h) = λ∗π (h+1) = · · · =

λ∗π (h+k) < . . . ,< λ∗π (t) ≤ 1 and if ties are broken as proposed in Corollary 2.10 (and Lemma 2.13) then

lj(λ∗π (h+k+1)) = lj(λ∗π (h)) for j ∈ N − {π (h+ k+ 1)}

lπ (h+k+1)(λ∗π (h+k+1)) = 1− lπ (h+k+1)(λ∗π (h)).

In order to produce a larger number of solutions and therefore to increase the chance to reach an optimal solution we
can treat λ∗π (h+p) for p = 0, 1, . . . , k as distinct values and associate to each of them the vectors defined as

lj(λ∗π (h+p)) =

⎧⎨⎩lj(λ∗π (h+p−1)) if j ̸= π (h+ p)

1− lj(λ∗π (h+p−1)) if j = π (h+ p)
(21)

The vector l(λ∗π (h+k)) then corresponds to the vector l(λ∗π (h)) defined in the previous lemma.

2.4. Exploiting the results to generate Star Paths

To generate a Star Path L(x∗, x′, x′′) where Line(x′, x′′) is restricted to the segment [x′, x′′] we propose the following
Algorithm 1 which exploits the previously proven statements. Since we consider just the segment [x′, x′′], we want to
produce a set of vectors obtained by directional rounding using points which belong to the segment as focal points and
x∗ as a base point, i.e., L(x∗, x′, x′′) = {l(λ) = δ(x∗, x) : x = x′ + λ(x′′ − x′), 0 ≤ λ ≤ 1}. According to Lemma 2.5 the Star
Path L(x∗, x′, x′′) can be constructed by rounding directionally only a finite number of points from the segment [x′, x′′],
i.e., L(x∗, x′, x′′) = {l(λ) : λ ∈ {0, 1} or λ = λ∗j , with 0 ≤ λ∗j ≤ 1, j ∈ N ̸=}. Further as shown in the remaining statements
there are benefits caused by sorting λ∗j , so we assume that all λ∗j with values between 0 and 1 are sorted in non-decreasing
order, i.e., 0 ≤ λ∗π (1) ≤ λ∗π (2) ≤ · · · ≤ λ∗π (p) ≤ 1. In the case that λ∗π (1) > 0, we can add an artificial λ∗π (0) with value 0 in
order to cover case λ = 0 (note in this case π (0) does not correspond to any index).

On the other hand if λ∗π (p) < 1 there is no need to extend the array of λ∗j values since according to Lemma 2.5
l(1) = l(λ∗π (p)). Hence, without loss of generality we may suppose that λ∗π (0) = 0. Based on these observations, the
generation of the Star Path L(x∗, x′, x′′) may be constructed in the following way. The first vector to be generated is the
vector l(λ∗π (0)) which is obtained using the definition given in Lemma 2.5 together with the tie breaking rule.

From then on, each vector is derived from the immediately preceding vector using Corollary 2.10, Corollary 2.12 and
Lemma 2.13 in the following manner. Let N ′ = {j ∈ N ̸= : 0 ≤ λ∗j ≤ 1}, n′ = |N ′| and let N0

= {j ∈ N ̸= : λ∗j = 0}, n0
= |N0

|.
Then the vector l(λ∗

π (n0+1)
) may be obtained from the vector l(λ∗π (0)) by adjusting values at the positions π (1), . . . , π (n0)

according to the rules for generating vector l(λ∗
π (n0+1)

). In order to avoid (possible) large distances between vectors l(λ∗π (0))
and l(λ∗

π (n0+1)
) we may generate additional vectors l(λ∗π (i)), i = 1, . . . , n′ obtained from the previous vector by adjusting

entries at the position π (i) according to the rules for generating vector l(λ∗
π (n0+1)

). Then each element l(λ∗π (h)), h > n′

can be derived directly from the vector l(λ∗π (h−1)), by just complementing the value at the position π (h) (Corollary 2.10,
Corollary 2.12 and Lemma 2.13). Note that all λ∗π (h), h > n0, are treated as distinct in order to increase the number of
generated vectors as explained above.
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Algorithm 1 Generating Star Path L(x∗, x′, x′′)
Function Star Path(x∗, x′, x′′)

1: Compute λ∗j =
x∗j −x

′
j

x′′j −x
′
j
for each j ∈ N ̸= = {j ∈ N : x′j ̸= x′′j };

2: Let N ′ = {j ∈ N ̸= : 0 ≤ λ∗j ≤ 1}, and let N0
= {j ∈ N ̸= : λ∗j = 0}, set n′ = |N ′| and n0

= |N0
|;

3: Sort all λ∗j for j ∈ N ′ in nondecreasing order, i.e., so that λ∗π (1) ≤ λ∗π (2) ≤ · · · ≤ λ∗
π (n′);

4: Set λ∗π (0) = 0;
5: Determine x = l(λ∗π (0)) = δ(x∗, x′) using Lemma 2.5;
6: Set L = {x};
7: for j = 1 to n0 do
8: xπ (j) = ℓπ (j)(λ∗π (n0+1)

);
9: L = L ∪ {x};
10: end for
11: for j = n0

+ 1 to n′ do
12: xπ (j) = 1− xπ (j);
13: L = L ∪ {x};
4: end for
5: return L;

In what follows we show that the directional rounding of some sets may be performed in an efficient way, too. We first
show that the directional rounding of a certain cone may be performed by directionally rounding just one line segment
lying within it. This property stems from the following theorem which identifies line segments having a common endpoint,
whose directional roundings produce the same set of 0–1 points.

Theorem 2.14. Given x′ and x′′ as focal points and x∗ as a base point, δ(x∗, [x′, x′′]) = δ(x∗, [y, x′′]) where y ∈ Ray(x∗, x′)−
{x∗}. Furthermore, δ(x∗, [x′, x′′]) = δ(x∗, [x′, z]) where z ∈ Ray(x∗, x′′)− {x∗}.

Proof. Let y be any point on the ray from x∗ through x′ different from x∗. Hence vector y will be represented as
y = x∗ + α(x′ − x∗) with α > 0. According to Lemma 2.4, we have δ(x∗, x′) = δ(x∗, y). Consequently, to show that
δ(x∗, [x′, x′′]) = δ(x∗, [y, x′′]) it suffices to show that the value of λ∗j =

x∗j −x
′
j

x′′j −x
′
j
values sorted in nondecreasing order

retains this order by replacing x′j with yj. Indeed, from Algorithm 1 it follows that each Star Path is uniquely determined

by the starting point of line segment and the order of λ∗j values. Let λ′∗ =
x∗j −yj
x′′j −yj

and suppose we have the order

≤ λ∗1 ≤ λ∗2 ≤ · · · ≤ λ∗n′ ≤ 1. Then, for each j, λ′∗j may be written as λ′∗j =
α(x∗j −x

′
j)

x′′j −x
∗
j +α(x∗j −x

′
j)

or equivalently as

λ′∗j =
α(x∗j −x

′
j)

x′′j −x
′
j+(α−1)(x

∗
j −x
′
j)
. Now, from the definition of the λ∗j values and the last expression of λ′∗j we have λ′∗j =

αλ∗j
1−λ∗j +αλ∗j

.

ext, it is easy to check that λ′∗j ≤ λ′∗k ⇔ λ∗j ≤ λ∗k . Hence,

0 ≤ λ∗1 ≤ λ∗2 ≤ · · · ≤ λ∗n′ ≤ 1⇔ 0 ≤ λ′∗1 ≤ λ′∗2 ≤ · · · ≤ λ′∗n′ ≤ 1

nd therefore δ(x∗, [x′, x′′]) = δ(x∗, [y, x′′]).
In a similar way, if we choose any point z ̸= x∗ on the ray from x∗ through x′, i.e., z = x∗ + α(x′′ − x∗) with α > 0, it

olds δ(x∗, x′′) = δ(x∗, z) (according to Lemma 2.4). Further if λ′′∗ =
x∗j −zj
x′′j −zj

, we obtain, analogously to the previous case,

λ′′∗j =
λj

λj+α
for each j. Then it follows that λ′′∗j ≤ λ′′∗k ⇔ λ∗j ≤ λ∗k and therefore δ(x∗, [x′, x′′]) = δ(x∗, [x′, z]). □

As a consequence of Theorem 2.14, we have the following result.

Corollary 2.15. Given x′ and x′′ as focal points and x∗ as a base point, δ(x∗, [x′, x′′]) = δ(x∗, [y, z]) where y ∈ Ray(x∗, x′)−{x∗}
and z ∈ Ray(x∗, x′′)− {x∗}.

This corollary effectively says that δ(x∗, [x′, x′′]) = δ(x∗, Cone(x∗, {x′, x′′})− {x∗}).
We finish this section by showing that sometimes to directionally round a certain convex set it suffices to directionally

round just one of its extreme points.

Theorem 2.16. Given x∗ as a base point and X as a set of focal points, if δ(x∗, X) = x′ then δ(x∗, conv(X)) = x′.

Proof. If y ∈ conv(X) then there exists a set of points x1, . . . , xp such that y =
∑p

i=1 αixi and
∑p

i=1 αi = 1 with αi ≥ 0 and
xi ∈ X for i = 1, . . . , p. It is easy to see that we have y ≥ x∗, j ∈ N if xi ≥ x∗ for all i = 1, . . . , p and y ≤ x∗ if xi ≤ x∗ for
j j j j j j j j
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all i = 1, . . . , p. Hence, from the definition of directional rounding δ, if we assume that ‘‘tie breaking’’ rule is the same
for all solutions xi (i = 1, . . . , p) when xij = x∗j with 0 < x∗j < 1 for all j ∈ N we have 03 δ(x∗j , yj) = δ(x∗j , x

i
j). □

3. Fundamental analysis of Star Paths with directional rounding

In this section, we review some basic properties of 0–1 Mixed Integer Programs and provide some basic results that
motivate the use of directional rounding in solving 0–1 Mixed Integer Programs. Before this we review the bounded
simplex method, an efficient method to solve the LP relaxation of the MIP problem.

3.1. Standard LP basic solution representation

The bounded simplex method proposed by Dantzig [12] is an efficient method to solve the LP relaxation of the
MIP problem by systematically exploring extreme points of solution space. The search for an optimal extreme point is
performed by pivot operations, each of which moves from one extreme point to an adjacent extreme point by removing
one variable from the current basis and bringing another variable (which is not in the current basis) into the basis. For
our purposes, the procedure can be depicted in the following way. Suppose that the method is currently at some extreme
point x(0) with corresponding basis B. The set of indices of all other variables (nonbasic variables) will be designated with
B = N − B. The extreme points adjacent to x(0) have the form

x(j) = x(0)− θjDj for j ∈ B (22)

here Dj is a vector associated with the nonbasic variable xj, and θj is the change in the value of xj that moves the current
solution from x(0) to x(j) along their connecting edge. The LP basis representation identifies the components Dkj of Dj, as
ollows

Dkj =

⎧⎨⎩
((AB)−1A)kj if k ∈ B
ξ if k = j
0 if k ∈ B− {j}

(23)

here AB represents the matrix obtained from matrix A by selecting columns that correspond to the basic variables and
∈ {−1, 1}. We choose the sign convention for entries of Dj that yields a coefficient for xj of Djj = 1 if xj is currently at

ts lower bound at the vertex x(0), and of Djj = −1 if xj is currently at its upper bound at x(0). We assume throughout
he following that x(0) is feasible for the LP problem, though this assumption can be relaxed. In general, we require that
(0) is a basic solution (feasible or not) — i.e., x(0) is a feasible extreme point for a region that results by discarding some
of the constraints that define the original LP feasible region.

Note that if we consider an extreme point x(0) and its adjacent extreme points x(j) for j ∈ B, we can conclude that the
oints x(j) for j ∈ B are linearly independent and that point x(0) does not belong to the plane spanned by these points.
urthermore, this observation holds even when these θj values are replaced by any positive value.

.2. Justification of Star Paths with directional rounding

We start this section by presenting some properties of the LP polyhedron of a 0–1 MIP (see, for example, Dantzig [12]).

emma 3.1. Let x(0) be a basic extreme point associated with a basis B, and define x(j) for j ∈ B by (22) for any given positive
value θ∗j for θj, i.e.,

x(j) = x(0)− θ∗j Dj, j ∈ B (24)

hen, we obtain:

Cone(x(0), X(B)) = {x(0)−
∑
j∈B

λjDj : λj ≥ 0, j ∈ B}. (25)

roof. The proof follows directly from the definition of the cone. □

emma 3.2. Let x(0) be a basic extreme point with its associated basis denoted by B. Then all feasible solutions of the LP
roblem belong to the Cone(x(0), X(B)).

Proof. Without loss of generality we can assume that B = {1, 2, . . .m}, where m represents the number of rows in the
matrix A and let B = (AB)−1. Therefore, each solution x may be represented as x = [xB, xB]

T . Furthermore, each LP-feasible
solution x can be expressed as xB = Bb − BABxB. This last equality may be rewritten as xB = Bb − [BAm+1, . . .BAn

]xB.
Defining a new set of variables θ = x(0) − x the last equation becomes x = Bb − [BAm+1, . . .BAn

]x(0) +
B B B B B
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[BAm+1, . . .BAn
]θB or equivalently xB = x(0)B + [BAm+1, . . .BAn

]θB. Using the last equation we obtain the following
epresentation of the solution x

x = x(0)−

⎡⎢⎢⎢⎢⎣
BAm+1 BAm+2

· · · BAn

ξ 0 · · · 0
0 ξ · · · 0
...

...
. . .

...

0 0 · · · ξ

⎤⎥⎥⎥⎥⎦ θB (26)

owever adjusting entries of matrix in (26) according to replacing θB with |θB| yields a matrix whose columns are
directional vectors Dj, j ∈ B, and therefore x = x(0) −

∑
j∈B Dj|θj|, i.e., x ∈ Cone(x(0), X(B)). Since x is an arbitrarily

hosen feasible point we conclude that all feasible points belong to the Cone(x(0), X(B)). □

orollary 3.3. All IP feasible solutions belong to the Cone(x(0), X(B)).

Lemma 3.4. Let x(0) be an LP feasible extreme point with associated basis B, then x(0) does not belong to Half _Space(X(B)),
but belongs to the complementary half space.

Proof. By definition, we have Plane(X(B)) = {x(0) −
∑

j∈B λjDj :
∑

j∈B λj = 1}. Hence, its corresponding half space is
alf _Space(X(B)) = {x(0)−

∑
j∈B λjDj :

∑
j∈B λj ≥ 1}. Keeping in mind the linear independence of vectors Dj, j ∈ B it follows

that Half _Space(X(B)) does not contain point x(0). Consequently, x(0) belongs to the complementary half space. □

Lemma 3.5. Let x(0) be an LP feasible extreme point with the associated basis B. Then all optimal IP solutions, excluding x(0),
belong to Half _Space(X(B)).

Proof. The lemma follows directly from the fact that Half _Space(X(B)) may be considered as a valid cutting plane that
xcludes x(0) as feasible. □

orollary 3.6. The previous two lemmas remain true if the set X(B) is replaced by the set {x(0)− θ∗j Dj : j ∈ B, 0 < θ∗j < θj}.

The next two theorems represent the fundamental results that motivate the use of directional rounding to solve 0–1
IP.

heorem 3.7. Let x(0) be an LP feasible extreme solution with associated basis B, and let X(B) = {x(0)−θ∗j Dj : j ∈ B} where θ∗j
s any given positive value. Then for any IP feasible solution x′ there is a convex region X ⊂ Face(X(B)) such that δ(x(0), x) = x′
for all x ∈ X. Moreover, if X is not polyhedral, there is a polyhedral subset of X for which this conclusion is true.

Proof. Given that all IP feasible solutions are in the Cone(x(0), X(B)) = {x(0)−
∑

j∈B λjDj : λj ≥ 0}, it follows that for each IP
easible solution x′ the Ray(x(0), x′) which belongs to that cone intersects the Face(X(B)). Denote this intersection point by
, hence y = Ray(x(0), x′)∩ Face(X(B)). According to the previous lemmas the point y satisfies δ(x(0), y) = δ(x(0), x′) = x′.

The last condition means that for any IP feasible solution x′, there is at least one solution which belongs to the Face(X(B))
nd which produces the solution x′ by directional rounding relative to the base solution x(0). However, if there exists
ore than one solution which may be directionally rounded to the yield x′, then according to Theorem 2.16 the directional

ounding of any solution in the convex hull X of these points, produces the same solution x′. Further, if X is not polyhedral,
ts polyhedral subset can be identified as a set of all convex combinations of a finite number of points from X . □

orollary 3.8. The previous theorem is also valid when the word ‘‘feasible’’ is replaced by ‘‘optimal’’.

The next result is well known [46], but we include it to facilitate the proof of Theorem 3.10.

emma 3.9. An optimal solution for the 0–1 IP problem may be found at an extreme point of the LP feasible set.

roof. Since all continuous variables are slack variables in the IP problem considered in this paper, the IP feasible set
an be viewed as X = {x : Ax ≤ b, 0 ≤ xj ≤ 1, j ∈ I x ∈ R|I|}. In other words, set X is intersection of a convex set
{x : Ax ≤ b, x ∈ R|I|} and a cube {x : 0 ≤ xj ≤ 1, j ∈ I x ∈ R|I|}. Therefore, since all 0–1 solutions are located at the
extreme points of the unit cube, all feasible 0–1 solutions are also located at the extreme points of X . □

Theorem 3.10. Let x(0) be an LP optimal extreme point and let C be a valid cutting plane for problem IP, that excludes x(0)
and is satisfied by all IP feasible solutions. Then, if problem IP has an optimal solution there exists a polyhedral region P ⊂ C
such that each IP feasible solution can be obtained by directional rounding of some point in P. Moreover, at least one optimal
IP solution is obtained by directional rounding of some extreme point of P.
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Fig. 2. Cone C(x(0), X(B̄)) and valid cutting plane C.

roof. Since cutting plane C separates x(0) from all IP feasible solutions, each ray starting at x(0) through some IP feasible
olution, say x, intersects the plane C at some point, say x′, i.e., x′ = Ray(x(0), x) ∩ C . However, Lemma 2.4 demonstrates
that directional rounding of x′ gives the point x. Therefore each IP feasible solution can be obtained by rounding some
point from the region P = conv({Ray(x(0), x) ∩ C : x IP feasible solution}). This set P is a polyhedral region since it is a
convex hull of a finite number of IP feasible solutions. Hence, P may be rewritten by reference to the convex hull of its
extreme points x′1, x′2, . . . , x′p as P = conv({x′i : i = 1, . . . , p}). If X is the IP feasible set, then X ⊆ δ(x(0), P).

Assume that none of the solutions xi = δ(x(0), x′i) for i = 1, . . . , p, is IP optimal. Therefore, using Lemma 3.9, we
can prove that x(0) and an optimal solution for xopt IP are on different sides of plane H = {

∑p
i=1 λixi :

∑p
i=1 λi = 1}

(see Fig. 2). (If we suppose x(0) and xopt are on the same side then xopt is inside the truncated cone, defined by rays
from x(0) through points x′i and H , contradicting the fact that xopt is an extreme point.) Hence, there is a point y ∈ H
such that y = x(0) + λ(xopt − x(0)), 0 < λ < 1. Using the linearity of the objective function and the optimality of the
LP-solution x(0) we conclude that cx(0) ≤ cy ≤ cxopt . On the other hand, since y belongs to H it can be represented
as

∑p
i=1 λixi,

∑p
i=1 λi = 1, so cy =

∑p
i=1 λicxi > cxopt because none of the points xi is IP optimal. This contradicts our

starting assumption that none of the points xi is IP optimal. Hence, at least one solution among solutions xi = δ(x(0), x′i)
for i = 1, . . . , p is an optimal IP solution and consequently can be obtained by directional rounding of some extreme
point of P . □

Corollary 3.11. The previous lemmas and theorems hold when x(0) is any basic solution (feasible or not) with associated
basis B.

4. Convergent Scatter Search with directional rounding

We now build on the fact that Scatter Search consists of a systematic exploration of solution space relative to a set of
reference points. As pointed out, these points typically consist of good solutions obtained by prior problem solving effort,
where the term ‘‘good solution’’ refers not only to solutions with good objective function values, but also to solutions
which increase the diversity of the set of reference points.

4.1. Variant of convergent scatter search

In this section we propose a version of scatter search with directional rounding that converges in a finite number of
iterations to an optimal solution for the 0–1 MIP problem. The resulting Convergent Scatter Search algorithm is justified
by the preceding theorems. Let x(0) be an optimal solution of the LP relaxation with the associated basis B and let πx ≤ π0
be a valid cutting plane for problem IP that excludes x(0) without excluding any IP feasible solutions. Valid cutting planes
are very well studied in the literature. There are several procedures to generate deep cuts including convexity cuts or
intersection cuts (see for example, [3,4,7,17,44,47]). Recently, Balas and Margot [6] introduced a generalization of the
intersection cuts that dominate the original ones. We define the polyhedral region P as the intersection of the hyperplane
πx = π0 with the set of feasible solutions of the LP relaxation X , i.e., P = {x : πx = π0} ∩ X . By the preceding results we
know that an optimal IP solution belongs to the set δ(x(0), P). The Convergent Scatter Search algorithm works as follows.
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At each iteration, we choose an extreme point of the current polyhedron (polyhedral cone) P , say x′ and select a cone C(x′)
originating at x′ such that it is easy to compute the finite set δ(x(0), C(x′)). The process is repeated on the new polyhedron
P = P−C(x′) until the volume of the current polyhedron P is null. Thus, the algorithm successively nibbles away portions
C(x′) starting from the corner x′ each time until nothing is left (see Algorithm 2). In each iteration, the volume of the
polyhedron P may be computed as explained in [35], for example. This value identifies the portion of polyhedron not yet
explored. However, the computation of the volume may be avoided during the execution of the algorithm until P becomes
the empty set.

Algorithm 2 Framework of the Convergent Scatter Search algorithm CSS()
Function CSS()
1: Let x(0) be an optimal solution of LP relaxation;
2: Set P = {x : πx = π0} ∩ X , where πx ≤ π0 is a cutting plane;
3: while Volume(P) > 0 do
4: Choose any extreme point of P , i.e., x′;
5: Construct the cone C(x′) originating at x′;
6: Compute S = δ(x(0), C(x′));
7: Update the best solution x∗ = argmin

x∈S∪x∗
cx;

8: Reduce the current polyhedral P = P − C(x′);
9: end while

10: return x∗;

Now, we explain how we construct at each iteration the cone C(x′) originating at an extreme point x′ of the current
olyhedron P . Let B denote the basis associated with the extreme point x′ relative to the polyhedron P . For each adjacent

point of x′, x′(h), h ∈ B we determine y′(h) belonging to the Ray(x′, x′(h)) such that directional rounding of all points from
pen sub-edge ]x′, y′(h)[ yields the same 0–1 solution. These points y′(h) can be computed using Theorem 2.6 or the first
teration of Algorithm 1. More precisely, y′(h) = x′ + λ∗(x′(h) − x′) with λ∗ = min{λ∗j : 0 < λ∗j =

x(0)j−x′j
x′(h)j−x′j

≤ 1}. The

constructed cone originating at the extreme point x′ is defined as C(x′) = Cone(x′, Y ) ∩ H− where Y = {y′(h) : h ∈ B} and
H− = {

∑
h∈B λhy′(h) :

∑
h∈B λh < 1}.

A Convergent Scatter Search algorithm may be implemented in two different ways according to whether or not we
educe the size of the LP polyhedron at the same time that we reduce the size of Plane(X(B)). These two different
algorithmic approaches are depicted as Algorithms 3 and 4 respectively. Both start by solving the LP relaxation and
creating Plane(X(B)) as a convex hull of all extreme points adjacent to an optimal solution of the LP relaxation. Then
oth methods choose the best extreme point x′ (the point that minimizes the objective function of the initial problem)

which belongs to the set X(B) and determine the cone C(x′) to be directionally rounded. Then the truncated cone C(x′) is
irectionally rounded using Theorem 4.2. The first algorithm (Algorithm 3) then continues to repeat the overall process
n Plane(X(B))− C(x′) and finishes its work when the difference between the objective function values at x′ and the best

encountered integer solution is less than a fixed ϵ. On the other hand, Algorithm 4 repeats the overall process on the
new MIP problem derived from the initial problem by imposing a valid cut which excludes the optimal solution of LP
relaxation and the pseudo cut which eliminates extreme point x′. The pseudo cut is determined as a hyperplane passing
through points from the set Y and the optimal solution of the LP relaxation (which are linearly independent). The second
algorithm stops when the difference between the value of the LP relaxation of the new created problem and the value of
best integer solution found is less than a fixed ϵ. (For a pure IP problem if all the data are integers the value of ϵ can be
set to 1.) The coefficients of the hyperplane containing Plane(X(B)), or the coefficients of the hyperplane passing through
oints from the set Y and x(0), may be easily determined as a feasible non-zero solution of a linear program with a trivial
bjective function subject to πx = π0 for x ∈ B or x ∈ Y ∪ {x(0)}.

Algorithm 3 Convergent Scatter Search algorithm -version 1 CSS1()
Function CSS1()
1: Let x(0) be an optimal solution of LP relaxation;
2: Set P = {x : πx = π0} ∩ X , where πx ≤ π0 is a cutting plane;
3: repeat
4: Let x′ be an optimal solution of min{cx : x ∈ P};
5: Construct the cone C(x′) originating at x′;
6: Compute S = δ(x(0), C(x′));
7: Update the best solution x∗ ← argmin

x∈S∪x∗
cx;

8: Reduce the current polyhedral P = P − C(x′);
9: until cx∗ − cx′ ≥ ϵ

10: return x∗;
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Algorithm 4 Convergent Scatter Search algorithm -version 2 CSS2()
Function CSS2()
1: repeat
2: Let x(0) be an optimal solution of LP relaxation, i.e., min{cx : x ∈ X};
3: Set P = {x : πx = π0} ∩ X , where πx ≤ π0 is a cutting plane;
4: Let x′ be an optimal solution of min{cx : x ∈ P};
5: Construct the cone C(x′) originating at x′;
6: Compute S = δ(x(0), C(x′));
7: Update the best solution x∗ ← argminx∈S∪x∗ cx;
8: Compute hyperplane H = {x : hx = h0} as the one passing through points from the set Y and x(0);
9: Define H+ as the half space bounded with H that does not contain x′;

10: Reduce the current LP polyhedral X = X ∩ P ∩ H+;
11: until cx∗ − cx(0) ≥ ϵ

12: return x∗;

Implementation of the Convergent Scatter Search procedure requires a tool for enumerating all adjacent extreme points
of a given extreme point of a polyhedron. In some cases, if there is no degeneracy, enumeration of adjacent extreme
points can be performed easily using the formula of (22). Unfortunately, even if there is no degeneracy at the starting
polyhedron of the LP relaxation degeneracy will appear during execution of the Convergent Scatter Search procedure since
at each iteration we add some cutting plane to the starting LP problem. In consequence, we are unable to enumerate all
extreme points using just formula (22). Additionally, the Convergent Scatter Search procedure requires a lot of memory for
rounding cone C(x′), making it unsuitable for large scale problems. Because the 0–1 MIP problem is NP hard, we cannot
offer a polynomial bound on the running time of our approach. However, from a practical standpoint we introduce a
collection of fast approximation methods in a sequel paper [43] that illustrate some of the possibilities for exploiting the
theoretical results described here. In particular, we propose several One-Pass (non-iterated) heuristics based on Scatter
Search and directional rounding that may be used for large scale problems. The versions of the methods tested are ‘‘first
stage’’ implementations to establish the power of these methods in a simplified form. The aim of [43] is to demonstrate
the efficiency of these first stage methods, which makes them attractive for use in situations where very high quality
solutions are sought with an efficient investment of computational effort.

4.2. Convergence proof of scatter search

To the best of our knowledge, up to now convergence results have been obtained for only a few metaheuristics
[10,22,27]. In this subsection, we provide background and the convergence proof of the Scatter Search and Star Paths
with Directional Rounding algorithms described in the previous subsection. More precisely, we provide theorems that
demonstrate how to construct the truncated cone C(x′) originating at x′ and how to directionally round it.

Theorem 4.1. Let H be any hyperplane such that H∩C(x′) ̸= ∅ and H∩conv(Y ) = ∅. Then δ(x(0), C(x′)) = δ(x(0),H∩C(x′)).

roof. By the definition of directional rounding, the fact that the directional rounding of multiple points relative to the
ase point x(0) can yield the same 0–1 solution implies that those points belong to the same sub-space bounded by the
yperplanes xj = x(0)j. For example, in two dimensions if the directional rounding of some point A is equal to point (1,1)
i.e., δ(x(0), A) = (1, 1)), then A belongs to the sub-space x1 ≥ x(0)1, x2 ≥ x(0)2. In turn, this observation implies that in
the case of directionally rounding a line (rather than a single point), the points that lie on two consecutive intersections
of the line and a hyperplane xj = x(0)j will be rounded directionally to the same 0–1 point. It is easy to check that the
set {H ∩ C(x′) : H a hyperplane, H ∩ C(x′) ̸= ∅, H ∩ conv(Y ) = ∅} equals C(x′). Hence, to prove the theorem it is enough
to show that each set H ∩ C(x′) is intersected by the same hyperplanes xj = x(0)j. However, no line segment ]x′, y′(h)[
is cut by a hyperplane xj = x(0)j (otherwise, there will be at least two points on some segment ]x′, y′(h)[ which yield
two different 0–1 solutions by directional rounding). If some set H ∩ C(x′) is intersected by some hyperplane xl = x(0)l
then this hyperplane passes through point x′ and therefore hyperplane xl = x(0)l must intersect all sets H ∩ C(x′) such
that H is a hyperplane, H ∩ C(x′) ̸= ∅, H ∩ conv(Y ) = ∅. Hence, for each hyperplane H such that H ∩ C(x′) ̸= ∅ and
H ∩ conv(Y ) = ∅, it follows that δ(x(0), C(x′)) = δ(x(0),H ∩ C(x′)). □

As consequence of the preceding theorem, we conclude that to directionally round the truncated cone C(x′) it suffices
to round the set of points defined by the intersection of the cone C(x′) and any hyperplane H disjoint with conv(Y ). In
other words it is possible to reduce the dimension of the set which is directionally rounded, i.e., instead of rounding C(x′)
it suffices to round the lower dimensional set H ∩ C(x′). Furthermore, the set H ∩ C(x′) may be directionally rounded very
efficiently as we show in the next theorem.

Theorem 4.2. Let H be any hyperplane such that H ∩C(x′) ̸= ∅ and H ∩ conv(Y ) = ∅. Then the set H ∩C(x′) can be rounded
by rounding a finite number of line segments lying inside the hyperplane H.
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Fig. 3. Cone C(x′) and points z(h).

Fig. 4. Cone C(x′) and points from set T ′ .

roof. For two points x′ and x′′, we define ∆(x′, x′′) = {x(λ∗j ) : x(λ
∗

j ) = x′ + λ∗j (x
′′
− x′), 0 ≤ λ∗j =

x(0)j−x′j
x′′j −x

′
j
≤ 1}. Let z(h)

enote the point obtained by the intersection of the hyperplane H with the edge [x′, y′(h)], i.e., z(h) = [x′, y′(h)] ∩ H .
urther, let us denote by Z set of all z(h) points, i.e., Z = {z(h) : h = 1, . . . , |B|} (see Fig. 3), and define the set of
oints T = Z ∪ {∆(z(h), z(h′)) : z(h) and z(h′) are adjacent points}. Index points in set T to yield T = {t(1), . . . , t(p)}
here p = |T |. Then, we determine new points to be added to the set T , by randomly choosing points on each extreme
dge according to the following rule. Let [z(h), z(h′)] be an edge and t ′(1), . . . , t ′(m) points on that edge determined

computing ∆(z(h), z(h′)) such that any open sub-edge ]t ′(k), t ′(k+ 1)[, k = 1, . . .m− 1, does not contain any other t ′(j)
point. Then the points from each edge to be added are chosen as random points wk

∈]t ′(k), t ′(k + 1)[ for k = 0, . . . ,m
where t ′(0) = z(h) and t ′(m + 1) = z(h′). Adding these points to set T produces the new set denoted T ′ (see Fig. 4),
i.e., T ′ = T ∪ {wk

: k = 1, . . . , r} where {wk
: k = 1, . . . , r} represents set of all wk points with respect to all edges.

Therefore, we obtain δ(x(0),H∩C(x′)) = δ(x(0), {[x, y] : x, y ∈ T ′}). Indeed, if [a, b] is any line segment from H∩C(x′) then
there are points x, y ∈ T ′ such that line segments [a, b] and [x, y] are intersected by the same hyperplane and therefore
δ(x(0), [x, y]) = δ(x(0), [a, b]). More precisely, for each hyperplane xj = x(0)j, j = 1, . . . , n, which intersects H ∩C(x′), the
set {wk

: k = 1, . . . , r} includes points which are from different sides. For a given line segment we can easily determine
another, with endpoints from {wk

: k = 1, . . . , r} such that both are intersected by the same hyperplane. If one or both
endpoints of [a, b] are in some hyperplane xj = x(0)j, then whether or not we consider these points as an intersection
of [a, b] and hyperplane xj = x(0)j, we will be still able to find points x, y such that line segments [a, b] and [x, y] are
intersected by the same hyperplane. □

The previous theorems enable us to organize directional rounding of Plane(X(B)) in the following way. Choose any
xtreme point x′ of Plane(X(B)) and identify plane conv(Y ), where Y = {y′(h) : h ∈ B} denotes the set of points y′(h) such
hat directional rounding of all points from open sub-edge ]x′, y′(h)[ yield the same 0–1 point. Then perform directional
ounding of the truncated cone C(x′) using Theorem 4.2 and repeat the overall procedure on Plane(X(B))− C(x′). At each
iteration this procedure reduces the size of a set to be examined in the next iteration, in a fashion that assures the
procedure is convergent.
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Fig. 5. Polyhedron of LP relaxation of (27).

Our convergence proof may be given an alternative interpretation. Instead of viewing it as applicable to an enhanced
version of scatter search we may alternately view it as applicable to a pure IP cutting plane algorithm that uses scatter
search techniques to generate intersection cuts.1

4.3. Illustration of convergence of scatter search

In this subsection, we give two examples to illustrate the execution of the scatter search based on directional rounding.
The first example with n = 3 is provided in order to illustrate graphically the process of the Convergent Scatter Search.
The next example with n = 6 is used to describe the execution of the scatter search algorithm step by step.

Example 4.3. Consider the following 0–1 mixed integer problem

max z = 1200x1 + 2400x2 + 500x3
s.t. 2x2 + 2x3 ≤ 3

2x1 + 2x2 ≤ 3
− 2x1 + 2x2 ≤ 1
2x2 − 2x3 ≤ 1
x1, x2, x3 ∈ {0, 1}.

(27)

The LP relaxation polyhedron of this problem is shown in Fig. 5. The optimal solution of the LP relaxation is the
point x(0) = (0.5, 1, 0.5) while its adjacent extreme points are x(1) = (0, 0.5, 0), x(2) = (1, 0.5, 0), x(3) = (0, 0.5, 1)
and x(4) = (1, 0.5, 1). The remaining extreme points are (0, 0, 0), (1, 0, 0), (1, 1, 0) and (0, 0, 1). The region Plane(X(B))
etermined by the points x(1), x(2), x(3) and x(4) is colored blue in Fig. 5. Now, our procedure works as follows. First we

choose any extreme point x′ of Plane(X(B)), say x′ = x(1). After that on each of edges [x(1), x(2)] and [x(1), x(4)]we identify
points y(1) and y(2) closest to the x(1) such that y(1)j = x(0)j and y(2)k = x(0)k for some j and k. In the present case the
point y(1) is obtained as the intersection of edge [x(1), x(2)] and hyperplane x1 = 0.5, while the point y2 is the intersection
point of edge [x(1), x(3)] and hyperplane x3 = 0.5 (see Fig. 6). The cone C(x′) to be directionally rounded is the triangle
with vertices x′, y(1), y(2). Its directional rounding produces just one 0–1 point (0, 0, 0). In a similar way, we determine
and directionally round cones originating at x(2), x(3), x(4) to obtain points (1, 0, 0), (0, 0, 1), (1, 0, 1). After eliminating
all cones that we directionally rounded, i.e., all parts of Plane(X(B)) that we have explored, we obtain the plane presented
in Fig. 7 with extreme points x(1) = (0, 0.5, 0.5), x(2) = (0.5, 0.5, 0), x(3) = (1, 0.5, 0.5) and x(4) = (0.5, 0.5, 1). Now we
choose the point x(1) as point x′. Its corresponding points y coincide with points x(2) and x(4) and therefore cone C(x′)
is the triangle generated by the vertices x(1), x(2) and x(4). The directional rounding of the cone C(x′) yields two points
(0, 0, 0) and (0, 0, 1). Similarly, the directional rounding of the non-examined cone C(x(3)) produces two points (1, 0, 0)
and (1, 0, 1). This completes our exploration. The procedure reports solution (1, 0, 1) as optimal. Because of the simplicity
of this problem we did not indicate the directional rounding of a cone step by step.

1 This alternative interpretation was suggested by the observant comments of a reviewer.
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Fig. 6. Plane X(B) before starting CSS — dotted line represents cones that will be cut.

Fig. 7. Plane X(B) after cutting 4 cones.

In the next example we show how the second variant of Convergent Scatter Search works.

xample 4.4.
max z = 100x1 + 600x2 + 1200x3 + 2400x4 + 500x5 + 2000x6
Subject To

8x1 + 12x2 + 13x3 + 64x4 + 22x5 + 41x6 ≤ 80
8x1 + 12x2 + 13x3 + 75x4 + 22x5 + 41x6 ≤ 96
3x1 + 6x2 + 4x3 + 18x4 + 6x5 + 4x6 ≤ 20
5x1 + 10x2 + 8x3 + 32x4 + 6x5 + 12x6 ≤ 36
5x1 + 13x2 + 8x3 + 42x4 + 6x5 + 20x6 ≤ 44
5x1 + 13x2 + 8x3 + 48x4 + 6x5 + 20x6 ≤ 48
8x5 ≤ 10
3x1 + 4x3 + 8x5 ≤ 18
3x1 + 2x2 + 4x3 + 8x5 + 4x6 ≤ 22
3x1 + 2x2 + 4x3 + 8x4 + 8x5 + 4x6 ≤ 24
x1, x2, x3, x4, x5, x6 ∈ {0, 1}

(28)

The optimal solution of the LP relaxation is the point x(0) = (0, 0, 1, 0.36, 0.12, 1) with an objective function value
4134.74. The extreme points adjacent to x(0) are the following 6 points:

x(1) = (1, 0, 1, 0.25, 0.10, 1)
x(2) = (0, 0.92, 1, 0, 0.68, 1)
x(3) = (0, 0, 0, 0.54, 0.19, 1)
x(4) = (0, 0, 1, 0.59, 0.65, 0.36)
x(5) = (0, 0, 1, 0.38, 0, 1)
x(6) = (0, 0, 1, 0.06, 1, 1).
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These points are contained in the hyperplane P given by the equation 0.1x1+0.18x2+0.22x3+x4+0.32x5+0.65x6 =
1.26. The optimal vertex in P w.r.t. to the objective function is the point x(5) while remaining extreme points are adjacent
to it. The y(h) points on each edge [x(5), x(h)] for h ∈ {1, 2, 3, 4, 6} are the following 5 points:

y(1) = (0.13, 0, 1, 0.36, 0.01, 1)
y(2) = (0, 0.04, 1, 0.36, 0.03, 1)
y(3) = (0, 0, 0.33, 0.49, 0.12, 1)
y(4) = (0, 0, 1, 0.42, 0.12, 0.88)
y(5) = (0, 0, 1, 0.36, 0.06, 1)

while the best solution obtained by directionally rounding the cone originating at x(5) and bounded by the face which
contains points y(h) is the point (0, 0, 0, 1, 0, 0) with an objective function value of 2400. The hyperplane H containing
points y(h) and x(0) is defined as 0.19x3 + x4 + 0.480x6 = 1.03.

In the second iteration we repeat the overall procedure on the new problem derived from the starting problem by
imposing two cuts, one defined by hyperplane P which excludes the point x(0) and another defined by hyperplane H
which excludes the point x(5). The optimal solution of the new problem is the point x(0) = (0, 0.04, 1, 0.36, 0.03, 1) with
an objective function value 4113.17 and its adjacent extreme points are:

x(1) = (0.14, 0, 1, 0.36, 0.01, 1)
x(2) = (0, 0, 0.33, 0.49, 0.13, 1)
x(3) = (0, 0, 1, 0.42, 0.13, 0.88)
x(4) = (0, 0, 1, 0.36, 0.06, 1)
x(5) = (0, 0.06, 1, 0.36, 0, 1)
x(6) = (0, 0.91, 1, 0, 0.68, 1)

while the hyperplane P that contains them is defined as 0.077x1 + 0.23x2 + 0.21x3 + x4 + 0.24x5 + 0.61x6 = 1.20. The
optimal vertex in P w.r.t. to the objective function is the point x(5) while the remaining extreme points are adjacent to
it. The y(h) points on each edge [x(5), x(h)] for h ∈ {1, 2, 3, 4, 6} are:

y(1) = (0, 0.04, 0.83, 0.39, 0.032, 1)
y(2) = (0, 0.04, 1, 0.38, 0.03, 0.97)
y(3) = (0, 0.04, 1, 0.36, 0.01, 1)
y(4) = (0, 0.10, 1, 0.35, 0.03, 1)
y(5) = (0.03, 0.04, 1, 0.36, 0.00, 1).

The best solution obtained by directionally rounding the cone C(x(5)) is the point (0, 1, 1, 0, 0, 1) with an objective
function value of 3800 which corresponds to the optimal solution of the starting problem. The hyperplane H which
contains the y(h) points is given as 0.31x2 + 0.19x3 + x4 + 0.48x6 = 1.04. The overall procedure is then repeated on
the new problem adding two cuts as in the previous iteration. It should be emphasized that this small example discloses
our convergence method can consume a long time to establish optimality in spite of finding an optimal solution in the
second iteration. Therefore, we do not illustrate all iterations required to prove optimality.

5. Conclusions

In this paper, the Convergent Scatter Search with directional rounding for solving 0–1 MIP problems is introduced for
the first time. The idea for using Scatter search as a method for exploring points on the imposed cutting plane is justified
by proving theorems which show that the cutting plane contains a polyhedral region which produces all feasible 0–1
solutions by directional rounding. We also provide an efficient method to carry out directional rounding relative to a line
segment. To illustrate our main ideas, we demonstrate the operation of Convergent Scatter Search in two small examples.
Additionally, we identify two variants for implementing the method.

Future work will include embedding these variants in a branch and bound framework, taking advantage of the fact
that the proposed methods can be easily parallelized to execute several tasks simultaneously. Another avenue for future
work is to develop heuristic approaches based on the results developed to support the proposed algorithms.
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