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Abstract

The bipartite boolean quadratic programming problem with partitioned variables
(BQP-PV) is an NP-hard combinatorial optimization problem and accommodates a
number of real-life applications. We propose an adaptive tabu search with strategic
oscillation (ATS-SO) approach for BQP-PV, which employs a multi-pass search
framework where each pass consists of an initial constructive phase, an adaptive
tabu search phase and a frequency-driven strategic oscillation phase. In particular,
the adaptive tabu search phase combines different move operators to collectively
conduct neighborhood exploration and an adaptive tabu tenure management mechanism
that obviates the task of determining a proper tabu tenure. The frequency-driven
strategic oscillation phase diversifies the search when the search reaches a critical
solution, drawing on a destructive procedure to unassign some variables by reference
to frequency memory and a constructive procedure to re-assign these variables
utilizing both frequency memory and problem specific knowledge. Computational
experiments on five classes of problem instances indicate that the proposed ATS-SO
algorithm is able to find improved solutions for 13 instances and match the best
known solutions for all remaining instances, whereas no previous method has succeeded
in finding the previous best solutions for all instances. Statistical tests indicate that
ATS-SO significantly outperforms the state-of-the-art algorithms in the literature.
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1 Introduction

Let S1, S2, . . . , Sp be a partition of a set I = {1, 2, . . . ,m} and let T1, T2, . . . , Tk

be a partition of a set J = {1, 2, . . . , n}. A profit qij is associated with each
(i, j) ∈ I×J . Further, profits ci and dj are associated with each i ∈ I and each
j ∈ J and we let c0 denote a constant. Then the bipartite boolean quadratic
programming problem with partitioned variables (BQP-PV) [22] is to

Maximize
m∑
i=1

n∑
j=1

qijxiyj +
m∑
i=1

cixi +
n∑

j=1

djyj + c0 (1)

Subject to ∑
i∈Sr

xi = 1, for r = 1, 2, . . . , p (2)∑
j∈Tu

yj = 1, for u = 1, 2, . . . , k (3)

xi, yj ∈ {0, 1}, for i ∈ I, j ∈ J. (4)

A graph theoretic interpretation of BQP-PV can be given by letting G =
(I, J, E) be a bipartite graph and S1, S2, . . . , Sp, and T1, T2, . . . , Tk be partitions
of the node sets I and J respectively. A subgraph G′ = (I ′, J ′, E ′) is said to
be a representative subgraph of G if I ′ contains exactly one node from each Sr,
r = 1, 2, . . . , p and J ′ contains exactly one node from each Tu, u = 1, 2 . . . , k.
Given costs ci and dj for each i ∈ I and j ∈ J , and a weight qij for each
edge (i, j) ∈ E, the BQP-PV problem is equivalent to the maximum weight
representative subgraph problem on G, which finds a representative subgraph
of G to maximize the sum of the edge and node weights.

BQP-PV is closely related to the well-known quadratic assignment problem
(QAP) [5] and quadratic semi-assignment problem (QSAP) [8,9]. Details of
how these problems are interrelated can be found in [22]. Because of the
unifying nature of BQP-PV, the problem is NP-hard and applications of
QAP and QSAP can be viewed as potential applications of BQP-PV [22].
BQP-PV also includes applications in clustering and bioinformatics [24,25]
and robust optimization [2,28], as well as applications involving scenarios
for maximizing collaborative output, such as selection of negotiating teams,
selection of component manufacturers and assembly units, etc.
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BQP-PV can be reformulated as a Boolean Bipartite Quadratic Programming
(BBQP) problem [10,12,14,20,21] by introducing large penalties for violating
constraints (2) and (3) into the objective function using ideas similar to those
discussed in [3,16,17]. Hence, algorithms designed for the BBQP problem can
also be used for solving the reformulated BQP-PV problem instances. There
exist many methods in the literature for handling BBQP problem instances,
including a branch-and-bound approach [10], constructive and local search
heuristics [14], tabu search and hybrid metaheuristic [12] and a multi-component
approach [15]. However, penalty factors imposed in the reformulation limit the
computational flexibility to exploit the special structure of BQP-PV, which is
essential to obtain high-performance algorithms.

Punnen and Wang [22] introduced the BQP-PV model and investigated local
search, tabu search, and variable neighborhood search algorithms using swap,
concurrent swap, and optimized swap move operators independently. They
also investigated the compound effect of various combinations of these move
operators.

• The swap move consists of swapping the values of a pair of x-variables
receiving value 1 and value 0 in the same subset Sr, r = 1, 2, . . . , p or a
pair of y-variables receiving value 1 and value 0 in the same subset Tu, u =
1, 2, . . . , k.

• The concurrent swap move on the x-variables determines the best swap
move for each subset Sr, r = 1, 2, . . . , p while keeping y unchanged, and
analogously the concurrent swap move on the y-variables determines the
best swap move for each subset Tu, u = 1, 2, . . . , k while keeping x unchanged.

• The optimized swap move on the x-variables first performs a swap move on
the y-variables and then performs a concurrent swap move on the x-variables,
and analogously the optimized swap move on the y-variables first performs
a swap move on the x-variables and then performs a concurrent swap move
on the y-variables.

Punnen andWang [22] studied these three move operators within a local search
framework to develop the Swap Move Local Search (SLS), the Concurrent
Swap Move Local Search (CSLS) and the Optimized Swap Move Local Search
(OSLS) algorithms. Then they combined the swap move and the optimized
swap move, together with the concurrent swap move and the optimized swap
move, within the variable neighborhood search framework, to design the hybrid
algorithms S-OS-VNS and CS-OS-VNS. Finally, they used tabu search to
obtain corresponding Swap Move Tabu Search (STS), STS combined with
OSLS (STS-OSLS) and STS combined with one iteration of optimized swap
move improvement search (STS-OS). Extensive experiments reveal that the
hybrid algorithms outperform the algorithms that use a single move operator
and using tabu search is able to significantly improve performance compared
to using its local search counterparts. Further computational comparisons
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disclose that these heuristic algorithms produce much better solutions than
the general solver CPLEX 12.5 while consuming much less running time.

Theoretical properties of BQP-PV are studied by Custic and Punnen [7] who
establish a closed-form expression for computing the average value of the
objective function along with various domination analysis results.

In this paper, we extend the work of Punnen andWang [22] to obtain additionally
enhanced algorithms for handling difficult BQP-PV instances. The enhancements
primarily derive from three main sources. First, we develop new swap move
operators and combine them with probabilistic information to efficiently conduct
neighborhood exploration. As demonstrated empirically, each move operator
plays a key role in the effectiveness of the algorithm. Then, we apply the
move operators within the tabu search framework, where an adaptive tabu
tenure management strategy exploits information from the search history to
automatically adjust tabu tenure. Finally, we employ a strategic oscillation
scheme to diversify the search once the search reaches a critical solution
(identified as the solution in the last iteration of tabu search). The destructive
move component of the strategic oscillation which unassigns values to selected
variables makes use of frequency memory and the constructive component
which re-assigns values to these variables uses both frequency memory and
problem specific knowledge. Experimental analysis highlights the usefulness
of incorporating the strategic oscillation scheme to obtain a good balance
between intensification and diversification.

Computational tests on five classes of problems with a total of 50 instances
disclose that the proposed ATS-SO algorithm is able to discover improved
solutions for 13 instances and match the currently best known solutions for
all other instances, while achieving this performance within a competitive time
limit. Further statistical analysis reveals that the ATS-SO algorithm performs
significantly better than the state-of-the-art algorithms in the literature.

The rest of the paper is organized as follows. In Section 2 we describe the
proposed adaptive tabu search approach incorporating strategic oscillation.
Section 3 reports experimental results and comparisons with state-of-the-art
algorithms from the literature. Section 4 analyzes the influence of various
components of the algorithm in the overall performance of the proposed algorithms
and concluding remarks are given in Section 5.

2 Adaptive tabu search with strategic oscillation

Tabu search is a local (neighborhood) search approach that has been successfully
applied in both deterministic and stochastic versions to a wide range of optimization
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problems [13,19,26]. A distinctive feature of tabu search is its use of adaptive
memory joined with strategies dedicated to exploiting this memory. A type of
memory/strategy combination used in almost all tabu search methods employs
a short-term memory structure (known as a tabu list) which forbids reversing
recently performed moves for a specified number of iterations (known as the
tabu tenure). (More accurately, this memory forbids moves that reinstate
certain attributes or attribute combinations that were changed by previous
moves over the duration governed by the tabu tenure.)

We focus here on the version of tabu search that adjusts tabu tenure according
to the current search status (often called adaptive tabu search), which helps
explore the solution space economically and effectively. A closely related tabu
search strategy called strategic oscillation (SO) provides a useful search diversification
mechanism when the search reaches a critical level, as where performing a
move will cause the objective value to deteriorate (in spite of choosing a best
move from a carefully designed candidate list) or will produce a solution that
crosses the boundary demarking feasibility and infeasibility [11,18]. Motivated
by the intensification capability of adaptive tabu search and the diversification
capability of strategic oscillation, we propose an adaptive tabu search approach
incorporating strategic oscillation (ATS-SO) for solving the BQP-PV problem.

Algorithm 1 shows the main outline of our proposed ATS-SO approach. Similar
to greedy randomized adaptive search procedures (GRASP) [23], our method
executes multiple passes, each consisting of a constructive phase, an adaptive
tabu search phase and a strategic oscillation phase. The constructive phase
employs a randomized greedy strategy to create an initial solution for each
pass. The initial solution is then improved by the adaptive tabu search phase
and the strategic oscillation phase, which are alternated repeatedly until the
current tabu iteration CurIter reaches the maximum iteration limit prescribed
for each pass denoted byMaxIter (a parameter set to 1000000 in our experiments).

The adaptive tabu search phase jointly employs four move operators and an
adaptive tabu tenure strategy to perform λ iterations (a parameter set to
1000 in our experiments) to acquire a critical solution, at which point the
search process shifts from an intensification focus to a diversification focus by
entering the strategic oscillation phase. The ATS-SO algorithm repeats this
process until the specified stopping condition is satisfied.

2.1 Constructing the initial solution

We use a randomized greedy strategy to generate high-quality and diversified
initial solutions. Since the solution (x, y) of the BQP-PV problem is to determine
the variable xαr receiving value 1 for each subset Sr, r = 1, 2, . . . , p and the
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Algorithm 1 Outline of the adaptive tabu search approach with strategic
oscillation
1: Input: A BQP-PV instance
2: Output: the obtained best solution (x∗, y∗)
3: while stopping condition not satisfied do
4: Initial constructive phase: Apply a randomized greedy procedure to create

an initial solution (x, y)
5: Set CurIter = 0
6: while CurIter < MaxIter do
7: Adaptive tabu search phase: Perform a number of λ tabu search

iterations to the solution (x, y) and return a critical solution (xc, yc) in
the last iteration

8: Strategic oscillation phase: Apply a strategic oscillation scheme to the
critical solution (xc, yc) to build a new starting solution (x, y)

9: Set CurIter = CurIter + λ
10: end while
11: Update the best solution (x∗, y∗) and its objective function value f(x∗, y∗)
12: end while

variable yβu receiving value 1 for each subset Tu, u = 1, 2, . . . , k, the proposed
initial solution generator performs a succession of constructive iterations to
select a best (highest evaluation) variable from a randomly chosen subset to
receive the value 1. We observe that this approach differs from constructions
which instead randomly select a variable from a collection with highest evaluations,
rather than selecting a highest evaluation variable from a randomly selected
subset, given the knowledge that a variable in each of these subsets must be
selected.

Specifically, starting from an empty solution with all subsets being unassigned
(an unassigned subset means that all variables in this subset receive the value
0), each constructive iteration picks an unassigned subset and identifies a
variable in this subset that receives the maximum “additive value” defined as
the objective gain between the resulting solution after assigning this variable
the value 1 and the other variables in the same subset the value 0 and
the current solution. After this variable is identified, the current solution is
expanded to include the variables in this subset along with their assigned
values, and the chosen subset is marked as assigned. This phase terminates
after conducting p+ k such iterations which causes all subsets to be assigned.

2.2 The adaptive tabu search phase

Algorithm 2 shows the general scheme of the adaptive tabu search phase.
Basically, it performs λ iterations, where each iteration randomly selects the
move operator O1 with a probability of σ1, O2 with a probability of σ2, O3

6



with a probability of σ3, and O4 with a probability of σ4 to perform a move
(see Section 2.2.1). Once a move is performed, the variables involved in this
move are marked as tabu for the following tabu tenure iterations, utilizing
an adaptive tabu tenure management mechanism to determine the best tabu
tenure based on the current search status (see Section 2.2.4). Moreover, this
phase also updates the frequency memories FrqX and FrqY that record the
number of iterations during which each x-variable and y-variable receives the
value 1, in preparation for the strategic oscillation phase (see Section 2.3).

The incumbent solution with the best (largest) objective value found so far
during the tabu search phase is denoted by (x∗, y∗) and the critical solution is
denoted by (xc, yc), which is identified as the the last solution generated after
performing λ iterations. This determination of the critical solution is based
on the fact that the tabu search process tends to visit progressively better
regions of the search space, and hence the last solution found typically has an
objective value relatively close to that of (x∗, y∗), though we do not require
(xc, yc) to lie within a specified distance from (x∗, y∗) in order to provide more
variation in the choice of (xc, yc).

Algorithm 2 Outline of the adaptive tabu search phase

1: Input: a given solution (x, y)
2: Output: the critical solution (xc, yc) and the obtained best solution (x∗, y∗)
3: Initialize iter = 0, FrqXi = 0, i ∈ I and FrqYj = 0, j ∈ J
4: x∗ = x, y∗ = y
5: Set non-tabu status for all the x-variables and y-variables
6: while iter < λ do
7: Choose the move operator Oi with the probability σi (i = 1, 2, 3, 4) to perform

a move with respect to (x, y)
8: Apply the adaptive tabu tenure management mechanism to determine tabu

status for the performed move
9: Update the frequency memory FrqX and FrqY
10: if f(x, y) > f(x∗, y∗) then
11: x∗ = x, y∗ = y
12: end if
13: iter = iter + 1
14: end while
15: Set the critical solution xc = x, yc = y and return (xc, yc) and (x∗, y∗)

2.2.1 Move operators

The four different move operators employed to explore the search space are as
follows, the first two consisting of basic swap moves and the last two consisting
of composite swap moves. Each operator restricts attention to moves that are
non-tabu. We additionally introduce an aspiration rule for each move operator,
as customary in tabu search, to allow a tabu move to be selected if it leads to
a solution that is better than the best solution found so far.
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Move operator O1: Perform a swap move that yields the maximum move
gain among all swap moves on the x-variables and the y-variables. A swap
move on the x-variables, denoted by swapX(αr, i), consists in changing the
value assignments of a variable xαr from 1 to 0 and a variable xi∈Sr\{αr}
from 0 to 1. In the same way, a swap move on the y-variables, denoted by
swapY (βu, j), consists in changing the value assignment of a variable yβu from
1 to 0 and a variable yj∈Tu\{βu} from 0 to 1. A number of m+n−p−k neighbor
solutions will be generated by applying the move operator O1.

Move operator O2: Perform a swap move that is randomly chosen from all
such swap moves on the x-variables and the y-variables. Only one neighbor
solution will be generated by applying the move operator O2.

Move operator O3: First perform a best swap move on the x-variables to
transform x to x̄. Then for each subset Tu of the y-variables, perform a swap
move that yields the maximum positive gain when fixing x at x̄, breaking ties
in the choice of such a move arbitrarily. If no swap move on the y-variables
exits that yields a positive gain given x = x̄, then the assignment values of
the y-variables in this subset Tu are not changed. A total number of m − p
neighbor solutions will be generated when identifying the best swap move on
the y-variables.

Move operator O4: First perform a best swap move on the y-variables to
transform y to ȳ. Then for each subset Sr of x-variables, perform a swap move
that yields the maximum positive gain when fixing y at ȳ, applying arbitrary
tie-braking. If no swap move on the x-variables exits that yields a positive gain,
given y = ȳ, then the assignment values of the x-variables in this subset Sr

are not changed. A total number of n−k neighbor solutions will be generated
when identifying the best swap move on the x-variables.

It’s noteworthy that the move operator O1 was used in [22] while the move
operators O2, O3 and O4 are first studied for solving the BQP-PV problem.

2.2.2 Fast evaluation of swap move gains

To calculate the gain of performing a swap move, we use ρi and γj to represent
the row and column potentials of each variable xi and yj, respectively. Initially,
ρi and γj are given by
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ρi = ci +
n∑

j=1

qijyj, i = 1, 2, . . . ,m (5)

γj = dj +
m∑
i=1

qijxi, j = 1, 2, . . . , n (6)

The gain ∆f(αr, i) of performing the swap move swapx(αr, i) on x-variables
is calculated as

∆f(αr, i) = −ραr + ρi (7)

The gain ∆f(βu, j) of performing the swap move swapy(βu, j) on y-variables
is calculated as

∆f(βu, j) = −γβu + γj (8)

After a swap move is performed, the row and column potentials are updated
in the following manner.

If the move corresponds to swapx(αr, i), then

γj = γj + qij − qαrj, for j = 1, 2, . . . , n (9)

ρi = ρi, for i = 1, 2, . . . ,m (10)

If the move corresponds to swapy(βu, j), then

ρi = ρi + qij − qiβu , for i = 1, 2, . . . ,m (11)

γj = γj, for j = 1, 2, . . . , n (12)

By using the row and column potentials, the complexity of calculating the
gain of performing a swap move is O(1). Given that there is a total number
of m + n − p − k potential swap moves with respect to a solution and there
is an additional complexity of O(n) or O(m) to update the row and column
potentials once a move is performed, the complexity of the move operator O1
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to identify the best swap move in each iteration is bounded by O(n+m) and
the complexity of the move operator O2 to randomly perform a swap move is
O(n) or O(m).

2.2.3 Fast evaluation of composite swap move gains

To calculate the gain of performing a composite swap move, say cswapx(αr, i),
we first use the method described in Section 2.2.2 to compute the gain obtained
by performing the best swap move gain swapx(αr, i).

Then we calculate the best column potential γj∈Tu for each Tu as

γβo
u
= max

j∈Tu,γj>0
γj, for u = 1, 2, . . . , k. (13)

where βo
u denotes the new index of the y-variable receiving value 1 in the subset

Tu. After performing the move swapx(αr, i), β
o
u = βu holds if yβu receives the

maximum column potential among all the y-variables in Tu.

Because of the changed y-variables, the new potentials of the x-variables,
denoted by ρoi , are changed to be

ρoi = ρi +
∑

βo
u ̸=βu

(qiβo
u
− qiβu), for i = 1, 2, . . . ,m (14)

Finally, the move gain of performing the composite swap move cswapx(αr, i)
is calculated as

∆f(cswapx(αr, i)) = −ραr + ρoi +
p∑

r′=1,r′ ̸=r

(ρoαr′
− ραr′

) (15)

The complexity of performing a move cswapx(αr, i) is composed of the complexity
of O(m+n) to perform the best swap move on the x-variables, the complexity
of O(n) to identify the optimized indexes for all the subsets Tu, the complexity
of O(m · k) to update the row potentials for x-variables and the complexity
of O(p) to compute the gain of a composite swap move. Hence, the overall
complexity of the move operator O3 is bounded by O(m + n + m · k + p).
Similarly, the complexity of the move operator O4 is bounded by O(n+m+
n · p+ k).
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2.2.4 Adaptive tabu tenure management

Each time a move is performed, our tabu search procedure assigns a tabu
status to the variables involved in this move, hence forbidding them to change
their value (which also prevents them from receiving the values they were
assigned immediately before the move was made) for the following tabu tenure
iterations. A swap move or a composite swap move is designated tabu if any
variable involved in this move has a tabu status. Given that the number of
variables receiving the value 1 is much smaller than the number of variables
receiving the value 0, we create a larger tabu tenure to prevent a variable from
changing from 0 to 1 than to prevent a variable from changing from 1 to 0;
specifically we assign a tabu tenure of tt0 iterations to a variable changed from
1 to 0 to prevent it from returning to the value 1, and a tabu tenure of tt1
iterations to a variable changed from 0 to 1 to prevent it from returning to its
previous 0 value, where tt0 is larger than tt1.

An attempt to determine a best overall tabu tenure to govern all moves at all
times is a difficult task that requires extensive experimentation [4]. In addition,
the use of an unchanging tabu tenure throughout the entire search process fails
to account for the fact that an ideal tabu tenure depends on the region in which
the current solution lies. Consequently, we propose an adaptive tabu tenure
strategy to find a best tabu tenure for each move by reference to the search
history. The basic idea is to reinforce search diversification by increasing the
tabu tenures tt0 and tt1 once search cycles are detected from the past history.

A search cycle is assumed to have occurred if the search revisits previously
encountered solutions (stored in a pool) for 3 consecutive iterations. Starting
from tt0 = 10 and tt1 = 0, we increase tt0 = tt0 + 1 and tt1 = tt1 + 1 each
time a search cycle occurs so as to enhance diversification. The number of
solutions visited during the search process is typically immense, and hence it
is not practical to maintain a pool of such a large number of solutions and
to compare a new solution with each solution in the pool to see if a match
results. Hence, we use two hashing vectors as proposed in [27] to keep track
of previously visited solutions and to determine if a solution has been visited
during the previous search history. This approach is demonstrated to be quite
effective in reducing hashing conflicts compared to the use of a single hashing
vector.

Specifically, given a solution x = (x1, x2, . . . , xm) and y = (y1, y2, . . . , yn),
where the index i of each element in the vector (x, y) is associated with a
pre-computed weight wi = ⌊iτ⌋ (τ is a positive real number and ⌊iτ⌋ is the
integer part of iτ ), the following type of hash function is used:

h(x, y) =
∑m

i=1
wi × xi +

∑n

j=1
wj+m × yj (16)
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We set w1
i = ⌊(i+ 100)1.2⌋ and w2

i = ⌊(i+ 100)1.4⌋ to obtain the two hashing
functions h1(x) and h2(x). It’s noteworthy that given a solution and its hash
function value, the hash function values of its neighbor solutions can be quickly
computed by only considering the specific variables involved in the move rather
than having to account for the values of all variables in each solution.

Our method to determine if a solution was previously visited operates as
follows. First, we associate each hash function with a hashing vector of length
L (where we choose L = 107). Initially the hashing vectors are filled with 0’s.
For each candidate solution (x, y), the hashing values h1(x, y) and h2(x, y) are
computed and we identify the index position i1 in the hashing vectorH1 where
i1 = h1(x, y) mod L and the index position i2 in the hashing vector H2 where
i2 = h2(x, y) mod L. Then we look at the index position i1 in the hash list H1.
If H1(i1) = 0, we confirm that the candidate solution has not been visited.
Otherwise, we additionally look at the index position i2 in the hashing vector
H2. If now H2(i2) = 1 (as well as H1(i1) = 1), we assume that the candidate
solution was previously visited. If H2(i1) = 0 (as well as H1(i1) = 1), we
assume that this candidate solution has not been visited. Finally, for each
visited solution in the search trajectory, we fill in the corresponding positions
in the hashing vectors with 1’s.

2.3 The strategic oscillation phase

Each time the tabu search phase terminates and returns a critical solution
(xc, yc), a frequency-driven strategic oscillation phase is triggered, which uses
the frequency information collected in the tabu search phase to encourage the
search to further explore new regions in the search space. We call a subset
unassigned if all its variables are 0, and assigned if exactly one variable equals
1 and the rest are 0. The strategic oscillation phase includes a destructive
procedure that selects a certain number of subsets and makes them all unassigned.
Then a constructive procedure is followed to make these sets assigned again,
by determining which variable in each unassigned subset should receive the
value 1. The idea of the strategy oscillation shares some similarity with the
general large neighborhood search strategy [1,6] which requires to unassign a
selected subset of variables and search for better solutions by reassigning the
unassigned variables and locking the remaining variables to take the values
assigned in the current solution.

The frequency memory FrqX and FrqY maintained in the tabu search phase
are used to guide the destructive procedure, where each entry FrqXi, i ∈ I in
FrqX and each entry FrqYj, j ∈ J in FrqY record the number of tabu search
iterations that the variables xi and yj are assigned with value 1, respectively.
The idea of the proposed destructive procedure is to unassign a certain number
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of subsets with high-frequency variables, which operates as follows. We say
that we “drop” a variable when we change its value from 1 to 0.

(1) Sort variables xαr , r = 1, 2, . . . , p that receive the value 1 in the solution
(xc, yc) in non-increasing order of the frequency FrqXαr .

(2) Drop the first 0.05p of these variables to produce unassigned x-subsets.
(3) Sort variables yβu , u = 1, 2, . . . , k that receive the value 1 in the solution

(xc, yc) in non-increasing order of the frequency FrqYβu .
(4) Drop the top 0.05k of these variables to produce unassigned y-subsets.

As soon as the destructive procedure finishes, the constructive procedure
starts to operate. The idea of the constructive procedure is to re-assign the
subsets that were unassigned in the destructive procedure, where the choice
of which variable to receive the value 1 in each unassigned subset depends
on an integrated measure involving the “additive value” and the frequency.
(Recall that the “additive value” of a variable was defined in Section 2.1 as
the objective gain after setting this variable to 1 and the other variables in
the same subset to 0.) This measure is used to produce a solution with good
quality so as to quickly converge to near-optimal solutions in the subsequent
optimization processes. In the meantime, the variable selected to be set to 1
should satisfy the condition that its frequency of receiving this value in the
tabu search phase does not surpass a given threshold, in order to prohibit
the search from entering previously visited areas. Specifically, our proposed
constructive procedure consists of the following steps.

(1) Calculate the average frequency afx of all x-variables by
∑m

i=1
FrqXi

m

(2) Select an x-variable with the maximum “additive value” from all the
variables xi, i ∈ USr\{αr} (USr represents the unassigned x-subsets)
satisfying FrqXi < afx. Mark this x-subset assigned by setting the
chosen x-variable to 1 and setting the other variables in the same subset
to 0.

(3) Repeat step (2) for each unassigned x-subset.

(4) Calculate the average frequency afy of all y-variables by

∑n

j=1
FrqYj

n

(5) Select a y-variable with the maximum additive value from all the variables
yj, j ∈ UTu\{βu} (UTu represents the unassigned y-subsets) satisfying
FrqYj < afy. Mark this y-subset assigned by setting the chosen y-variable
to 1 and setting the other variables in the same subset to 0.

(6) Repeat step (5) for each unassigned y-subset.
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3 Experimental results

To assess the performance of the proposed ATS-SO algorithm, we carried out
computational experiments on five classes of problem instances used in [22].
The characteristics of the problem instances are described as follows.

• Random instances: qij, ci and dj are normally distributed random integers
with mean µ = 0 and standard deviation σ = 100.

• Max Biclique instances: Construct a random bipartite graph G, where each
edge (i, j) gets a weight wij drawn from a normal distribution with mean
µ = 100 and standard deviation σ = 100. Set ci = dj = 0, qij = wij if the
nodes i and j are connected by an edge and qij = −M (M is a large positive
number), otherwise.

• Max Induced Subgraph instances: These are similar to the max biclique
instances except we set qij = 0 when the nodes i and j are not connected
by an edge.

• Max Cut instances: Construct a random bipartite graph G, where each edge
(i, j) gets a weight wij drawn from a normal distribution with mean µ = 100
and standard deviation σ = 100. Set ci = Σn

j=1wij, dj = Σm
i=1wij, qij = −2wij

if (i, j) is an edge in G and qij = 0, otherwise.
• Matrix Factorization instances: Construct a random binary matrix H =
(hij) where each entry has a probability of 0.5 to receive value 1 or 0. Set
qij = 1− 2hij, and ci = dj = 0.

Our ATS-SO algorithm was programmed in C++ and compiled using GNU
g++ on a Xeon E5440 (2.83 GHz CPU and 8 GB of RAM). The stopping
condition is set to be 10 minutes for medium instances and 60 minutes for
large instances. The ATS-SO algorithm uses the same computing platform and
stopping condition as the state-of-the-art algorithms proposed in [22] to make
a fair comparison. From preliminary experiments, we determine the following
parameter settings: the maximum number of tabu search iterations in each
ATS-SO pass is given by MaxIters = 1000000, the number of iterations
in each tabu search phase is given by λ = 1000, and the probabilities to
select the move operators are given by σ1 = 0.77, σ2 = 0.03, σ3 = 0.10
and σ4 = 0.10. Given the stochastic nature of the ATS-SO algorithm, we
perform 20 independent ATS-SO runs for each problem instance during the
experiments.

Tables 1-3 compare the solution quality and computational time of our ATS-SO
algorithm and 6 best reference algorithms (S-OS-VNS, CS-OS-VNS, OSLS,
STS, STS-OSLS, STS-OS) developed in [22] on 25 medium instances. We
report for each algorithm the best gaps (the difference between the best
objective value and the best known result fbst − BKR), the average gaps
(the difference between the average objective value over 20 runs and the best
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Table 1
Best gaps from the best known results on medium instances

Instances BKR S-OS-VNS CS-OS-VNS OSLS STS STS-OSLS STS-OS ATS-SO

rand200×1000 95587 0 0 0 0 0 0 0

rand400×1000 149408 0 0 0 0 0 0 0

rand600×1000 195354 -2239 -1341 -420 0 0 0 0

rand800×1000 244826 -2103 -1136 -2669 0 0 0 0

rand1000×1000 285491 -5385 -4478 -5548 0 0 0 0

biclique200×1000 256419 0 0 0 -40660 0 0 0

biclique400×1000 486625 -212 -693 0 0 0 0 0

biclique600×1000 709340 0 0 0 0 0 0 0

biclique800×1000 934429 0 0 0 0 0 0 0

biclique1000×1000 1152607 0 -705 0 0 0 0 0

bimaxcut200×1000 255582 0 0 0 0 0 0 0

bimaxcut400×1000 387937 0 0 0 0 0 0 0

bimaxcut600×1000 501074 0 0 0 0 0 0 0

bimaxcut800×1000 628120 0 0 0 0 0 0 0

bimaxcut1000×1000 762194 0 0 0 0 0 0 0

maxinduced200×1000 80289 0 0 0 0 0 0 0

maxinduced400×1000 124363 0 -251 0 0 0 0 0

maxinduced600×1000 164565 0 0 -114 0 0 0 0

maxinduced800×1000 208349 -200 -863 0 0 0 0 0

maxinduced1000×1000 245263 -3096 -1887 -1043 0 0 0 0

matrixfactor200×1000 930 0 0 0 0 0 0 0

matrixfactor400×1000 1446 0 0 -2 0 0 0 0

matrixfactor600×1000 1940 -12 -22 -30 0 0 0 0

matrixfactor800×1000 2392 -42 -36 -36 0 0 0 0

matrixfactor1000×1000 2828 -62 -56 -58 0 0 0 0

Average -534.04 -458.72 -396.8 -1626.4 0 0 0

known result favg − BKR), and the average time to reach the best found
objective value fbst. The last row Average records the average performance
over the 25 instances.

From Table 1, we observe that the ATS-SO, STS-OSLS and STS-OS algorithms
are able to obtain the best known results for each medium instance, performing
better than S-OS-VNS, CS-OS-VNS, OSLS and STS which fail to reach for
9, 11, 9 and 1 instances, respectively. From Table 2, we observe that the
ATS-SO algorithm reaches the best known results during each run, performing
the best among all the algorithms in terms of the average gaps. Finally, the
computational time shown in Table 3 indicates that the ATS-SO algorithm
consumes the shortest time of 31.908 seconds on average to reach the excellent
performance. Our following analysis discloses that our algorithm performs
increasingly better than the other algorithms on the large problem instances
compared to the medium instances.

In order to verify whether our proposed ATS-SO algorithm is significantly
better than the previous state-of-the-art algorithms on solving medium instances,
we conduct the Wilcoxon signed rank test comparing our ATS-SO algorithm
with each reference algorithm in terms of the best gaps BstGap, average gaps
AvgGap and time Time. Table 4 reports the p-values obtained by conducting
the statistical tests, where a p-value < 0.05 signifies that the two algorithms
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Table 2
Average gaps from the best known results on medium instances

Instances BKR S-OS-VNS CS-OS-VNS OSLS STS STS-OSLS STS-OS ATS-SO

rand200×1000 95587 0 0 0 -43.1 0 0 0

rand400×1000 149408 -319.7 -231.5 -237.7 0 0 0 0

rand600×1000 195354 -3016.5 -2688.1 -2955 -12.7 0 0 0

rand800×1000 244826 -3993.6 -4549.6 -4633.7 -5.5 0 -16.5 0

rand1000×1000 285491 -8234.9 -7000.1 -7688.4 0 -0.5 -2.7 0

biclique200×1000 256419 0 0 0 -50062.9 -14 -5.5 0

biclique400×1000 486625 -648.4 -693 0 -41 0 0 0

biclique600×1000 709340 0 0 -629.4 0 0 0 0

biclique800×1000 934429 -953 -1475.1 0 0 0 0 0

biclique1000×1000 1152607 -502 -1748.4 0 -9.8 -134.6 -75.4 0

bimaxcut200×1000 255582 0 0 0 0 0 0 0

bimaxcut400×1000 387937 0 0 0 0 0 0 0

bimaxcut600×1000 501074 0 0 0 0 0 0 0

bimaxcut800×1000 628120 0 0 0 0 0 0 0

bimaxcut1000×1000 762194 0 0 0 0 0 0 0

maxinduced200×1000 80289 0 0 0 0 0 0 0

maxinduced400×1000 124363 -325.1 -372.6 -360.8 0 0 0 0

maxinduced600×1000 164565 -947.2 -725 -1034.4 0 0 0 0

maxinduced800×1000 208349 -1972.4 -2175.2 -1759.6 0 0 0 0

maxinduced1000×1000 245263 -4712.6 -4469.1 -3857.6 0 0 0 0

matrixfactor200×1000 930 0 0 0 0 0 0 0

matrixfactor400×1000 1446 -10.9 -10.5 -15.6 0 0 0 0

matrixfactor600×1000 1940 -38.6 -34.6 -43 0 0 0 0

matrixfactor800×1000 2392 -62.7 -56.1 -62.8 0 0 0 0

matrixfactor1000×1000 2828 -103.3 -90.8 -92.1 -0.4 -0.7 -0.6 0

Average -1033.636 -1052.788 -934.804 -2007.016 -5.992 -4.028 0

exhibit significant differences (“NA” indicates that the p-value is not available).
For these medium instances, in terms of best gaps the ATS-SO algorithm
is significantly better than S-OS-VNS, CS-OS-VNS and OSLS but does not
present significant differences when compared to STS, STS-OSLS and STS-OS.
In terms of average gaps, the ATS-SO algorithm performs significantly better
than all the reference algorithms except for STS-OSLS and STS-OS. Finally,
the ATS-SO algorithm is significantly better than all the compared algorithms
in terms of computational time.

Tables 5-7 compare experimental results of our ATS-SO algorithm and the
reference algorithms on solving 25 large instances. From Table 5, we find
that the ATS-SO algorithm is able to find new best solutions for 13 out of
25 instances (marked in bold) and match the previous best solutions for the
other instances. In terms of best gaps, the ATS-SO algorithm performs best
among all the algorithms by obtaining an average value of 577.68. Moreover,
the ATS-SO algorithm obtains much better average gaps for 20 instances and
equal average gaps for the remaining 5 instances when compared to the other
algorithms. In addition, the computational time of the ATS-SO algorithm is
also shorter than the other algorithms.
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Table 3
Time (in seconds) to reach the best objective values on medium instances

Instances S-OS-VNS CS-OS-VNS OSLS STS STS-OSLS STS-OS ATS-SO

rand200×1000 20.8 14.5 22.1 155.3 82.5 181.4 8

rand400×1000 282.4 308.3 283.3 47.6 30.8 36.5 13.4

rand600×1000 335.9 296.4 279.4 344.8 79.5 96.8 70.8

rand800×1000 274.4 328.9 321.9 170.5 182.5 192.1 55.4

rand1000×1000 313.2 252.5 306.6 229.6 216.4 157.7 61.3

biclique200×1000 39.4 118.6 5 303.6 273.5 183.3 19.9

biclique400×1000 74.9 40.2 16.7 289.2 75.4 110.7 20.9

biclique600×1000 20 15.5 250.7 30.8 10 11.8 30.5

biclique800×1000 389.4 247.6 125.6 24.7 52.4 33 105.2

biclique1000×1000 315.6 231.9 211.7 256.4 162.8 147.8 31.9

bimaxcut200×1000 0.1 0.1 0.2 1.5 1.5 1.8 8.2

bimaxcut400×1000 1.2 0.7 2.1 3.9 5.5 3.5 15.2

bimaxcut600×1000 26.2 14.7 48.5 19.7 8.6 13.2 12.9

bimaxcut800×1000 31.7 16.5 15 11.5 17.3 8.4 24.1

bimaxcut1000×1000 159.7 62.1 116.3 22.4 19.1 20.3 22.5

maxinduced200×1000 3.2 2.1 3.3 48.6 78.7 37 12.3

maxinduced400×1000 319.8 296.6 341.1 30.9 21.1 16.4 12.8

maxinduced600×1000 285.1 345.9 274 114.2 20.4 25.7 47.3

maxinduced800×1000 364.1 242.8 306 17.3 9.9 12.3 14

maxinduced1000×1000 299.8 300.4 332.3 19.4 17.2 15.8 17.8

matrixfactor200×1000 24.7 17.7 90.4 53.6 76.3 38.3 11.3

matrixfactor400×1000 308.4 214.8 342.8 58.3 41.6 58.5 22.5

matrixfactor600×1000 267.4 327.3 306.4 46.9 86.3 35 49.5

matrixfactor800×1000 301 283.7 273.8 161.9 97.9 67.8 37.7

matrixfactor1000×1000 280.4 306.8 296.6 180.2 210.5 165.9 72.3

Average 189.552 171.464 182.872 105.712 75.108 66.84 31.908

Table 4
p-values obtained by Wilcoxon signed rank tests on medium instances

S-OS-VNS CS-OS-VNS OSLS STS STS-OSLS STS-OS

BstGap 0.009152 0.003857 0.009152 1 NA NA

AvgGap 0.0007265 0.0007265 0.001662 0.02249 0.1003 0.05906

Time 1.234e-05 0.0001202 3.195e-05 0.0008081 0.01145 0.02191

Table 8 shows the p-values obtained by conducting the Wilcoxon tests between
the ATS-SO algorithm and each compared algorithm in terms of BstGap,
AvgGap and Time on 25 large instances. From Table 4, we see that the
ATS-SO algorithm performs significantly better than the other algorithms
in terms of both best and average gaps. In terms of computational time, the
ATS-SO algorithm and other algorithms present no significant differences.
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Table 5
Best gaps from the best known results on large instances
Instances BKR S-OS-VNS CS-OS-VNS OSLS STS STS-OSLS STS-OS ATS-SO

rand1000×5000 130579 0 -55 -125 -4164 -1600 -648 2251

rand2000×5000 203180 -4919 -5719 -5890 -1295 0 -361 2275

rand3000×5000 270913 -14430 -13483 -12754 0 -1749 -1146 0

rand4000×5000 331216 -20468 -18752 -19125 -1516 -1113 0 1858

rand5000×5000 389859 -23222 -24569 -22301 -1369 -1041 0 3064

clique1000×5000 311344 0 0 -1384 -4208 0 0 0

clique2000×5000 566699 -3035 -3203 -3120 -1149 -1212 0 2651

clique3000×5000 824425 -11368 -9904 -15054 -1218 0 0 28

clique4000×5000 1073688 -20295 -15859 -17791 -440 0 0 0

clique5000×5000 1324514 -18218 -23213 -19897 -530 0 0 0

bimaxcut1000×5000 816968 0 0 0 0 0 0 0

bimaxcut2000×5000 1264870 0 0 0 0 0 0 0

bimaxcut3000×5000 1835507 0 0 0 0 0 0 0

bimaxcut4000×5000 2144147 0 0 0 0 0 0 0

bimaxcut5000×5000 2621300 0 0 0 0 0 0 0

maxinduced1000×5000 118468 0 0 -448 -3159 -1531 -700 754

maxinduced2000×5000 184509 -4022 -5319 -6460 -1781 0 -1174 0

maxinduced3000×5000 243649 -11047 -9957 -11524 0 -761 -834 0

maxinduced4000×5000 298445 -17822 -17258 -17862 0 -686 -8 0

maxinduced5000×5000 350744 -14597 -19870 -19919 -179 0 -107 1463

matrixfactor1000×5000 1232 -8 0 -12 -36 -24 -26 20

matrixfactor2000×5000 1952 -56 -40 -56 -10 0 -6 20

matrixfactor3000×5000 2606 -118 -140 -144 -2 -6 0 10

matrixfactor4000×5000 3206 -178 -152 -182 0 -2 -2 22

matrixfactor5000×5000 3788 -222 -226 -230 -8 0 -4 26

Average -6561 -6708.76 -6971.12 -842.56 -389 -200.64 577.68

Table 6
Average gaps from the best known results on large instances
Instances BKR S-OS-VNS CS-OS-VNS OSLS STS STS-OSLS STS-OS ATS-SO

rand1000×5000 130579 -929.2 -905.4 -1429.9 -5439.1 -2842.5 -3054.6 2251

rand2000×5000 203180 -6580 -6939.2 -7551 -2249.3 -1919.9 -2177.5 1453.3

rand3000×5000 270913 -16684.6 -16147 -17213.2 -2636.7 -2857.2 -2937.8 -1059.5

rand4000×5000 331216 -22801.3 -21650 -23215.3 -3428.3 -2988.5 -3114.3 41.5

rand5000×5000 389859 -27784.2 -27501.7 -27065.4 -3738 -3233 -3216.1 -146.7

clique1000×5000 311344 -52.1 -143.7 -2593.2 -5658.2 -1096.8 -1487.6 0

clique2000×5000 566699 -4561.1 -4509 -5303.4 -4729.9 -3432.2 -2399.8 2645.7

clique3000×5000 824425 -13592.6 -13263.3 -17381.3 -1865.9 -1067.1 -1215.1 25.2

clique4000×5000 1073688 -22781.5 -22323.7 -20540.5 -914 -1200.7 -1179.9 -132.85

clique5000×5000 1324514 -22437 -27470.2 -23021 -1377.2 -978.8 -702.4 -79.85

bimaxcut1000×5000 816968 0 0 0 0 0 0 0

bimaxcut2000×5000 1264870 0 0 0 0 0 0 0

bimaxcut3000×5000 1835507 0 0 0 0 0 0 0

bimaxcut4000×5000 2144147 0 0 0 0 0 0 0

bimaxcut5000×5000 2621300 0 0 -57 0 0 0 0

maxinduced1000×5000 118468 -987.1 -804.8 -1503.7 -5604.1 -2589.7 -2652.6 754

maxinduced2000×5000 184509 -7352 -7069.5 -8124.7 -3336.4 -2834.9 -3078.1 0

maxinduced3000×5000 243649 -13710.7 -13285.5 -14586.2 -1654.2 -1564.4 -1906.6 -537.2

maxinduced4000×5000 298445 -20423.3 -20172.4 -21144.8 -1553.3 -1692.5 -1798.2 -783.7

maxinduced5000×5000 350744 -23687.3 -24062.5 -24548.8 -1044.5 -1246.7 -1017.2 173.5

matrixfactor1000×5000 1232 -20.5 -19.1 -25.9 -49.9 -32.8 -37.5 14.5

matrixfactor2000×5000 1952 -74 -74.2 -85.3 -17.2 -15.2 -17.9 11.6

matrixfactor3000×5000 2606 -150.5 -156 -167.7 -12.9 -14.1 -14.9 0.3

matrixfactor4000×5000 3206 -209.9 -208.3 -216.9 -21 -22.5 -22 10.4

matrixfactor5000×5000 3788 -270.7 -261.3 -272.2 -32.2 -29.7 -33.1 8.7

Average -8203.584 -8278.672 -8641.896 -1814.492 -1266.368 -1282.528 185.996
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Table 7
Time (in seconds) to reach the best objective values on large instances

Instances S-OS-VNS CS-OS-VNS OSLS STS STS-OSLS STS-OS ATS-SO

rand1000×5000 1770.3 1595.3 1992.3 1535.8 2284.7 1561.9 609.7

rand2000×5000 1769.5 2116.8 1896.8 1642.7 1830.3 2498.9 2290.7

rand3000×5000 1588.9 1656.2 1988.5 1852.3 2071.9 2182.9 2012.7

rand4000×5000 1685.4 1745.4 1570.2 1726.7 2330.8 1904.6 2194.9

rand5000×5000 2360.9 1961 1393.4 1816.8 1854.4 1575.6 1941.6

clique1000×5000 1111.1 977 1831.8 2321.3 2452.6 1817.7 299.2

clique2000×5000 1818.2 1741.3 2045.2 2769.7 1771.8 2258.3 1028.3

clique3000×5000 1663.7 2313.2 1394.3 783.5 1385 2100.5 1334.7

clique4000×5000 2009.4 2068.1 1939.4 2319.8 1939.2 1798.7 1385.9

clique5000×5000 2051.9 1823.4 1775.8 2008.3 1657.9 1553.2 1138

bimaxcut1000×5000 6.7 7.5 13.8 25.1 46.3 25.8 78.9

bimaxcut2000×5000 15.9 25.2 19.3 21.6 33.5 24.1 106.7

bimaxcut3000×5000 15.2 15.3 25.2 30.6 37.1 32.5 118.5

bimaxcut4000×5000 31.9 25.2 91 74.9 72.4 73.4 117.7

bimaxcut5000×5000 603.5 973.3 1534.2 158 211.4 156.4 141.5

maxinduced1000×5000 1431.5 2050.3 1609 1717.6 2188.6 1656 245.5

maxinduced2000×5000 1611.9 1953.8 1220.8 1888.9 2013.4 1696.7 633.4

maxinduced3000×5000 2086.2 2050.8 2109.4 1490.2 1792.8 2280.9 1966

maxinduced4000×5000 2106.2 1683.6 1743.1 1952.5 1936.2 1952.4 1608.4

maxinduced5000×5000 1782.2 1996.9 1976.5 1640.1 1582.1 1946.4 2053.9

matrixfactor1000×5000 1854.4 1537.4 1596.2 1736.8 1543.4 1472.1 1922.1

matrixfactor2000×5000 1654.7 1945.8 1515.5 1809.3 1526.9 2454.6 1865.3

matrixfactor3000×5000 1850.7 1892.9 1705.2 1895.1 1867 1627.3 2187.2

matrixfactor4000×5000 1852.8 1944.4 1591.3 1923.9 1772.3 1632.6 1729.5

matrixfactor5000×5000 1851.2 2125.7 2187 1929.2 1982.6 1709.3 1942

Average 1463.372 1529.032 1470.608 1482.828 1527.384 1519.712 1238.092

Table 8
p-values obtained by Wilcoxon signed rank tests on large instances

S-OS-VNS CS-OS-VNS OSLS STS STS-OSLS STS-OS

BstGap 0.000143 0.000143 9.569e-05 0.000321 0.0004824 0.000321

AvgGap 9.569e-05 9.569e-05 6.412e-05 9.569e-05 9.569e-05 9.569e-05

Time 0.1014 0.07548 0.2996 0.6528 0.2996 0.0802

4 Analysis of contributions of key strategies

In this section, we analyze the role of several key strategies in the proposed
ATS-SO algorithm to shed light on their impact over the performance of
the algorithm. Specifically, we evaluate the effectiveness of combining move
operators and the efficacy of the strategy oscillation scheme.

4.1 Effectiveness of combining move operators

The tabu search procedure in the ATS-SO algorithm depends on four different
move operators to exploit the search space, where as previously indicated
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Table 9
Best gaps of the ATS-SO algorithm and its four variants

Instances BKR ATS-SO ATS-SO-O1 ATS-SO-O2 ATS-SO-O3 ATS-SO-O4

rand1000×5000 130579 2251 -1422 2251 -1119 2251

rand2000×5000 203180 2275 2275 2275 1733 2275

rand3000×5000 270913 0 -974 -632 -814 -445

rand4000×5000 331216 1858 1640 1640 421 1018

rand5000×5000 389859 3064 1493 1461 999 1471

clique1000×5000 311344 0 -2179 0 -2179 0

clique2000×5000 566699 2651 2651 2651 2651 2651

clique3000×5000 824425 28 28 28 28 28

clique4000×5000 1073688 0 0 0 0 0

clique5000×5000 1324514 0 0 0 0 0

bimaxcut1000×5000 816968 0 0 0 0 0

bimaxcut2000×5000 1264870 0 0 0 0 0

bimaxcut3000×5000 1835507 0 0 0 0 0

bimaxcut4000×5000 2144147 0 0 0 0 0

bimaxcut5000×5000 2621300 0 0 0 0 0

maxinduced1000×5000 118468 754 -3605 754 -2482 754

maxinduced2000×5000 184509 0 0 0 0 0

maxinduced3000×5000 243649 0 0 0 0 0

maxinduced4000×5000 298445 0 -8 -8 -8 -308

maxinduced5000×5000 350744 1463 1463 1324 1401 1385

matrixfactor1000×5000 1232 20 -30 16 -24 20

matrixfactor2000×5000 1952 20 16 20 10 18

matrixfactor3000×5000 2606 10 8 2 4 10

matrixfactor4000×5000 3206 22 20 22 16 20

matrixfactor5000×5000 3788 26 30 26 28 14

Average 577.7 56.2 473.2 26.6 446.5

O1 and O2 are basic swap move operators and O3 and O4 are composite
swap move operators. To verify the usefulness of combining move operators
and the importance of each move operator, we remove one move operator
from the ATS-SO algorithm and increase the probability of selecting each
remaining move operator to make the total probability equal to 1, while
keeping the other ingredients unchanged to obtain four variants of the ATS-SO
algorithm. We denote these variants as ATS-SO-O1, ATS-SO-O2, ATS-SO-O3
and ATS-SO-O4, respectively, where for example, ATS-SO-O1 denotes an
algorithm variant without the move operator O1.

For carrying out this comparative experiment, we use the 25 large instances
as benchmarks to test the four ATS-SO variants. For each variant, we conduct
20 independent runs on each instance, where the time limit of 1 hour is used
to terminate each run as in previous experiments. Tables 9 and 10 report for
each tested instance the best and average gaps of the ATS-SO algorithm and
its four variants from the best known results. A larger gap means a better
objective value.

As shown in Table 9, the ATS-SO algorithm performs better than the four
variants in terms of the best gaps. Specifically, the ATS-SO algorithm is able to
reach the best gap for all the 24 instances except the instance matrixfactor5000×5000,
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Table 10
Average gaps of the ATS-SO algorithm and its four variants

Instances BKR ATS-SO ATS-SO-O1 ATS-SO-O2 ATS-SO-O3 ATS-SO-O4

rand1000×5000 130579 2251 -2688 2251 -2890.9 2182

rand2000×5000 203180 1453.3 729.2 1380.45 578.2 1413

rand3000×5000 270913 -1059.5 -1716.5 -1252.9 -1666.3 -1442.75

rand4000×5000 331216 41.5 -634.75 -855.1 -622.45 -665.25

rand5000×5000 389859 -146.7 -245.8 -468.4 -167.3 -743.3

clique1000×5000 311344 0 -5303.85 0 -5303.85 0

clique2000×5000 566699 2645.7 2436.45 2559.4 2404.25 2489.1

clique3000×5000 824425 25.2 -500.85 -477.55 -305.7 -328.15

clique4000×5000 1073688 -132.85 -194.75 -165.5 -263.95 -388.2

clique5000×5000 1324514 -79.85 -105.15 -311.3 -166.15 -320.9

bimaxcut1000×5000 816968 0 0 0 0 0

bimaxcut2000×5000 1264870 0 0 0 0 0

bimaxcut3000×5000 1835507 0 0 0 0 0

bimaxcut4000×5000 2144147 0 0 0 0 0

bimaxcut5000×5000 2621300 0 0 0 0 0

maxinduced1000×5000 118468 754 -4673.35 754 -4184.1 754

maxinduced2000×5000 184509 0 -476.9 -1.25 -524.55 -1.25

maxinduced3000×5000 243649 -537.2 -840.5 -596.45 -995.3 -847.9

maxinduced4000×5000 298445 -783.7 -904.15 -757.65 -949.9 -786.25

maxinduced5000×5000 350744 173.5 55.05 334.8 139.65 -110.2

matrixfactor1000×5000 1232 14.5 -45.8 13.2 -31.8 13.5

matrixfactor2000×5000 1952 11.6 -0.4 12 1 10

matrixfactor3000×5000 2606 0.3 -4.1 -1.2 -4.9 -2.1

matrixfactor4000×5000 3206 10.4 8.2 7.5 6.3 8

matrixfactor5000×5000 3788 8.7 8.8 4.3 8.6 2.7

Average 186.996 -603.886 97.174 -597.566 49.442

and is superior to the variants ATS-SO-O1, ATS-SO-O2, ATS-SO-O3 and
ATS-SO-O4 which fail to reach for 11, 8, 14 and 8 instances, respectively.
Moreover, the average of the best gaps over the 25 instances obtained by the
ATS-SO algorithm is 577.7, which is the best compared to 56.2 of ATS-SO-O1,
473.2 of ATS-SO-O2, 26.6 of ATS-SO-O3 and 446.5 of ATS-SO-O4. Further
statistical testing discloses that the ATS-SO algorithm significantly outperforms
all the four variants in terms of the best gaps with p-values ≤ 0.05.

Table 10 discloses that the superiority of the ATS-SO algorithm is remarkable
in terms of the average gaps. To be specific, the ATS-SO algorithm obtains the
best average gaps for 21 instances, which is 15 more instances than ATS-SO-O1,
11 more instances than ATS-SO-O2, 16 more instance than ATS-SO-O3 and
14 more instances than ATS-SO-O4. Furthermore, the average gaps over the 25
instances obtained by the ATS-SO algorithm is 186.996, which is much better
than -603.886 for ATS-SO-O1, 97.174 for ATS-SO-O2, -597.66 for ATS-SO-O3
and 49.442 for ATS-SO-O4. Statistical tests on average gaps from the best
known results indicate that the ATS-SO algorithm is significantly better than
each variant that lacks one of the four move operators.

In conclusion, this experimental analysis shows that excluding the use of any
move operator in the ATS-SO algorithm will impair its effectiveness, and thus
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highlights the advantage of combining different move operators.

4.2 Impact of the strategic oscillation scheme

As described in Section 2.3, our ATS-SO algorithm uses a frequency-driven
strategic oscillation scheme to build new starting solutions each time the
adaptive tabu search phase reaches a critical solution, which enables the search
to achieve a good balance between search intensification and diversification. To
evaluate its merit, we remove strategic oscillation from the ATS-SO algorithm.
The resulting algorithm, denoted as multistart adaptive tabu search (MATS),
performsMaxIter consecutive tabu search iterations for each starting solution.
We test the MATS algorithm on 25 large problem instances using the same
experimental parameter settings as the ATS-SO algorithm.

Table 11 lists the experimental outcomes of applying the ATS-SO and MATS
algorithms for each of the 25 tested instances, including the best gap BstGap,
the average gap AvgGap, and the value Time (in seconds) to reach the best
objective value. The last row summarizes the average over the 25 instances.
The better results from the ATS-SO and MATS algorithms are marked in
bold.

From this table, we find that the ATS-SO algorithm performs better than the
MATS algorithm in terms of both the best and average gaps from the best
known results. To be specific, the ATS-SO algorithm is able to obtain better
best gaps than the MATS algorithm for 10 instances and equal best gaps for
the other instances. The average value of the best gaps over all the 25 instances
obtained by the ATS-SO algorithm is 577.68, which is better than 400.6
obtained by the MATS algorithm. In terms of the average gaps, the ATS-SO
algorithm achieves better, equal and worse results than the MATS algorithm
for 17, 7 and 1 instances, respectively. Further statistical tests indicate that the
ATS-SO algorithm is significantly better than the MATS algorithm in terms
of best and average gaps from the best known results by obtaining p-values of
0.005922 and 0.000254, respectively. Finally, the computational times required
by the ATS-SO and MATS algorithms are roughly equal.

In summary, this experiment demonstrates the importance of introducing
the strategic oscillation scheme to enhance the performance of the proposed
ATS-SO algorithm.
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Table 11
Experimental comparisons between the ATS-SO algorithm and the MATS algorithm
without the strategic oscillation scheme

Instances
ATS-SO MATS

BKR Gapbst Gapavg Time(s) Gapbst Gapavg Time(s)

rand1000×5000 130579 2251 2251 609.7 2251 2206.85 1268.1

rand2000×5000 203180 2275 1453.3 2290.7 1633 880.1 1928.1

rand3000×5000 270913 0 -1059.5 2012.7 -445 -1897.3 1854

rand4000×5000 331216 1858 41.5 2194.9 833 -929.5 2059.1

rand5000×5000 389859 3064 -146.7 1941.6 1675 -369.95 1416.2

clique1000×5000 311344 0 0 299.2 0 0 288.4

clique2000×5000 566699 2651 2645.7 1028.3 2651 2557 1526.4

clique3000×5000 824425 28 25.2 1334.7 28 -308.9 2143.6

clique4000×5000 1073688 0 -132.85 1385.9 0 -160.65 1386

clique5000×5000 1324514 0 -79.85 1138 0 -91.3 1201.5

bimaxcut1000×5000 816968 0 0 78.9 0 0 54.5

bimaxcut2000×5000 1264870 0 0 106.7 0 0 132.7

bimaxcut3000×5000 1835507 0 0 118.5 0 0 129.7

bimaxcut4000×5000 2144147 0 0 117.7 0 0 141.6

bimaxcut5000×5000 2621300 0 0 141.5 0 0 145

maxinduced1000×5000 118468 754 754 245.5 754 754 323.6

maxinduced2000×5000 184509 0 0 633.4 0 -56.2 1228.6

maxinduced3000×5000 243649 0 -537.2 1966 0 -1151 1694.8

maxinduced4000×5000 298445 0 -783.7 1608.4 -637 -1540.05 2229.9

maxinduced5000×5000 350744 1463 173.5 2053.9 1198 -223.4 1740.5

matrixfactor1000×5000 1232 20 14.5 1922.1 20 14.6 1568.9

matrixfactor2000×5000 1952 20 11.6 1865.3 16 8.7 1516.6

matrixfactor3000×5000 2606 10 0.3 2187.2 2 -3.5 2092.9

matrixfactor4000×5000 3206 22 10.4 1729.5 20 7 1682

matrixfactor5000×5000 3788 26 8.7 1942 16 3.2 1666.8

Average 577.68 185.996 1238.092 400.6 -12.012 1256.78

5 Conclusion

Our adaptive tabu search with strategic oscillation (ATS-SO) algorithm for the
bipartite boolean quadratic programming problem with partitioned variables
(BQP-PV) integrates three solution phases: an initial solution phase for obtaining
initial solutions with good quality and diversity, an efficient adaptive tabu
search phase that uses multiple move operators and an adaptive tabu tenure
strategy for solution improvement, and a strategic oscillation phase to encourage
the search to explore new regions in the search space.

Computational assessments on five problem classes with a total of 50 instances
reveal that the proposed ATS-SO algorithm is highly effective compared to the
recently published state-of-the-art algorithms in the literature. In particular,
our ATS-SO algorithm is able to discover improved best solutions for 13
instances and match the previous best solutions for the other instances, while
no other method succeeds in matching all previous best solutions. Furthermore,
we have shown by statistical analysis that our strategies of combing multiple
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move operators and including the strategic oscillation phase succeed in significantly
improving the performance of the ATS-SO algorithm.

Our findings invite future studies that investigate the merits of combining
adaptive tabu search and strategic oscillation for other quadratic programming
problems.
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