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Abstract

This paper presents tabu search and memetic search algorithms for solving the
minimum differential dispersion problem. The tabu search algorithm employs a
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strategy leads to a more highly focused intensification process and avoids tuning
the tabu tenure, while employing coordinated hash functions that accelerate the
determination of tabu status. The memetic search algorithm incorporates the tabu
search procedure within it and makes use of a crossover operator that generates
solution assignments by an evaluation mechanism that includes both quality and
distance criteria. Experimental results on a benchmark testbed of 250 problems
reveal that our tabu search algorithm is capable of discovering better solutions
for 179 (71.6%) of the problem instances, while our memetic search algorithm
finds better solutions for 157 (62.8%) of the instances, collectively yielding better
solutions for 181 (72.4%) of the test problems than recently reported state-of-the-art
algorithms.
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1 Introduction

Given a set N = {1, . . . , n} and a distance dij (dij ∈ R, dij = dji) between any two
elements i, j ∈ N , the equitable dispersion problem consists in selecting a subset
M ⊆ N of cardinality m (hence |M | = m), to optimize a given equity measure
(function) z(M) of dij. Prokopyev et al. [27] proposed several equity measures that
define different dispersion problems, including: Max-Mean DP that maximizes the
mean dispersion of the selected elements, Generalized Max-Mean DP that extends
the mean dispersion by weighting the elements, Min-DiffSum DP that minimizes
the difference between the maximum aggregate dispersion and minimum aggregate
dispersion, as well as Max-MinSum DP that maximizes the minimum aggregate
dispersion among selected elements. In addition, Punnen et al. [28] proposed a
balanced quadratic optimization problem that minimizes the difference between
the maximum dispersion and the minimum dispersion among selected elements.

Equitable dispersion problems are a class of NP-hard combinatorial optimization
problems [27] and have applications in the selection of homogeneous groups [4],
equity based measures in network flows [5], dense subgraph identification [18],
urban public facility location [32] and tour package planning [28]. In particular,
equity dispersion problems include applications that are closely related to public
facility locations [3]. For instance, the equity measure used in facility location
problems is often designed to give members of a population a fair exposure to
desirable facilities such as schools, hospitals and parks, or to undesirable facilities
such as nuclear power plants and oil storage tanks. Another example is to locate
franchise stores in a designated region using an equity measure that assures each
franchise shop will be located roughly a similar distance from the others, as a
means to provide an equitable coverage of the region.

Among those problems that derive from an efficiency measure, the maximum
dispersion problem and the maximum diversity problem receive the preponderance
of attention in the literature (see, e.g., the survey in [21]). For the problems based
on equity measures, the minimum dispersion problem (Max-Min DP) is the most
widely studied equitable dispersion problem so far, addressed by a wide variety
of approaches including polynomial time algorithms for special cases [7], branch
and bound [11], integer programming [20], local search heuristics [19,26], GRASP
with Path Relinking [29] and clique based heuristics [8]. The Max-Mean DP has
additionally been tackled via a GRASP and path relinking algorithm by Mart́ı and
Sandoya [22].

In this paper, we focus on the Min-DiffSum DP, whose equity measure is given by
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z(M) = max
i∈M

∑
j∈M dij−min

i∈M

∑
j∈M dij. An equivalent binary optimization formulation

arises as follows. Let xi = 1 for elements i ∈ M and xi = 0 for elements
i ∈ N \ M . Then the Min-DiffSum DP consists of assigning values 0 or 1 to
each variable in x = {x1, x2, . . . , xn}, subject to m variables receiving value 1
and the other n−m variables receiving value 0, to minimize the function f(x) =
max

i∈N :xi=1

∑
j∈N dijxj − min

j∈N :xj=1

∑
i∈N dijxi.

Alternatively, let Li and Ui represent lower and upper bounds on the value of∑
j∈M dij, i.e. Li =

∑
j∈M min{dij, 0} and Ui =

∑
j∈M max{dij, 0}. Then a mixed

linear 0-1 programming model of the Min-DiffSum DP can be formulated as follows
[27].

min t = r − s (1)

s.t. r ≥
∑

j∈N,j ̸=i

dijxj − Ui(1− xi) +M−(1− xi), i ∈ N (2)

s ≤
∑

j∈N,j ̸=i

dijxj − Li(1− xi) +M+(1− xi), i ∈ N (3)

∑
i∈N

xi = m (4)

xi ∈ {0, 1}, i ∈ N (5)

where M+ is an upper bound on the Ui values, M
− is a lower bound on the Li

values.

State-of-the-art Min-DiffSum DP algorithms

We briefly sketch the history of recent efforts to solve the Min-DiffSum DP problem
as a foundation for understanding the algorithms that constitute the current
state-of-the-art for this problem class. Each of the methods that follows obtains
high quality results and each improves upon the algorithms that preceded it.

Prokopyev [27] proposed a greedy randomized adaptive search procedure (GRASP)
which alternates between a solution construction phase and a local search phase.
The solution construction phase selects an element according to a randomized
greedy function to gradually enlarge the current solution until the number of
elements in the solution reaches the cardinality m. The local search phase uses
a descent heuristic based on swap moves. In addition, Prokopyev solved the mixed
integer programming model of the problem by the general CPLEX optimization
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software. Experiments on small instances indicate that the proposed GRASP
algorithm consumes less time than CPLEX and obtains high quality solutions.

Duarte et al. [10] present several hybrid metaheuristics combining GRASP and
path relinking algorithms. Two initial solution constructions are proposed, mainly
differing in the way the restricted candidate list of GRASP is constructed. Three
local search procedures utilizing swap moves are developed that rely on different
orders for scanning the elements. The performance of the algorithm is further
enhanced by using variable neighborhood search as an improvement method. Both
interior path relinking and exterior path relinking schemes are investigated, in
which greedy and random moves are employed to generate solutions on the path
connecting the starting solution and guiding solution. Experimental analysis indicates
that the hybrid variant combining the variable neighborhood search with exterior
path relinking performs the best among all the proposed variants.

Mladenović et al. [23] present a basic variable neighborhood search (VNS) algorithm,
which alternates between a local search phase and a shaking phase. With a randomized
initial solution, the local search phase employs swap moves for neighborhood
exploration and investigates both the first improvement and best improvement
strategies. Once the local search phase is trapped in a local optimum, the shaking
phase is triggered by randomly performing a sequence of swap moves to launch
the search in a new region. Although the proposed VNS algorithm is quite simple,
computational assessment shows that it outperforms the more complicated hybrid
metaheuristics proposed in [10].

Aringhieri et al. [2] devised a collection of innovative two-phase heuristics for the
Max-MinSum DP and Min-DiffSum DP, which alternate between a constructive
phase and an improvement phase. The constructive phase removes non-promising
vertices or edges to quickly identify a clique of cardinality m or terminates on
determining that the construction cannot find such a clique. The improvement
phase modifies the subgraph inherited from the constructive phase by means of
a tabu search algorithm with dynamically adjusted tabu tenure. A diversification
strategy is included to drive the search to cover a large area. Experiments on six
sets of benchmarks disclose the high efficacy of the proposed heuristics.

The new tabu search and memetic search algorithms

We propose two new algorithms for the Min-DiffSum DP problem, a tabu search
(TS) algorithm and a memetic search (MS) algorithm, with the following features.

• The tabu search algorithm employs a neighborhood decomposition candidate
list strategy to exclude the examination of unpromising moves, and to promote
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a more extensive neighborhood exploration in a given time period. For most
instances, our candidate list strategy consumes on average one third the amount
of time required by the typical approach of exploring the full neighborhood, while
achieving slightly better solution quality.
• The tabu search method additionally employs a solution-based determination
of tabu status which incorporates dedicated hash functions to avoid the need
of tuning a tabu tenure. We show our TS solution-based strategy achieves an
extensive neighborhood exploration and is more effective than the attribute-based
tabu list implemented in [2].
• We introduce the first adaptation of memetic search for handling the Min-DiffSum
DP, incorporating a distance-quality guided crossover operator to create offspring
solutions with high quality and good diversity. The proposed memetic search
proves particularly effective for two of the benchmark sets studied.
• Experimental assessment on seven sets of benchmarks with a total of 250 instances
discloses that our tabu search algorithm finds better solutions for 179 (71.6%) of
the instances and our memetic algorithm finds better solutions for 157 (62.8%) of
the instances, performing statistically better than the state-of-the-art algorithms
for most of the benchmark sets.

The rest of the paper is organized as follows. Section 2 and 3 describe the proposed
tabu search and memetic search algorithms, respectively. Section 4 presents experimental
results and comparisons with state-of-the-art algorithms in the literature. Section
5 analyzes the influence of the essential components of our algorithms on their
performance. Concluding remarks are given in Section 6.

2 Tabu search

Following the general tabu search framework [14,16], our tabu search algorithm
(see Algorithm 1) is specifically adapted to the Min-DiffSum DP by integrating
a neighborhood decomposition candidate list and a solution-based tabu strategy
to record solutions encountered. The main components of our tabu procedure are
detailed in the following sections.

2.1 Neighborhood evaluation

The solution of the Min-DiffSum DP is represented as an m−element subset M of
the set N . To transit from the current solution to a neighbor solution, we employ
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a customary swap move that interchanges u ∈ M and v ∈ N \M . The resulting
solution remains feasible as the size of the subset M is unchanged.

In order to quickly evaluate the objective function value of each neighbor solution,
we apply a streamlined technique to reduce the complexity of this calculation from
O(m2) to O(n). For a given solution M , let ∆i =

∑
u∈M dui be the sum of distances

between the element i ∈ N and all the elements in M , let ∆max = maxu∈M∆u and
∆min = minu∈M∆u. Then the objective function of the solution M , denoted by
f(M), is computed as f(M) = ∆max−∆min. Once a move (u, v) is performed that
replaces the element u ∈ M by the element v ∈ N \M , then ∆i can be updated
using the following equation:

∆i =


∆i − dui, if i = v

∆i + dvi, if i = u

∆i − dui + dvi, otherwise

(6)

2.2 Neighborhood decomposition candidate list

A simple way to explore the search area with tabu search is to start with any initial
m-subset M and successively examine all swaps of the form that interchange an
element in M with another element in N \M in order to pick the non-tabu swap
that yields the best objective function value. Such a full neighborhood examination
was used in the leading state-of-the-art method [2] and further explored in [10].
One advantage of this swap move is that it maintains solution feasibility. However,
this full neighborhood examination entails evaluatingm×(n−m) swaps. Moreover,
the time complexity to calculate the objective gain of a swap move is O(m) even
if the streamed technique to accelerate the evaluation procedure is employed.
Hence, the time complexity for each tabu search iteration with a full neighborhood
examination is O(nm2), which is too computationally expensive.

To improve the computational efficiency of our tabu search procedure, we devise a
candidate list strategy based on neighborhood decomposition (see, eg., [15]) which
limits the swap moves to be examined to come from two specifically identified
subsets X ⊆M and Y ⊆ N \M such that at least one of |X| and |Y | is somewhat
smaller than its source set, and the resulting neighborhood contains the most
promising solutions within the full neighborhood induced by M and N \M .

From the computation of the objective value f(M) of the solution M , it’s quite
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likely that swapping an element v ∈ N \M with ∆v > ∆max or ∆v < ∆min with
another element u ∈ M tends to produce a worse solution than the one currently
considered. Based on this observation, we use the following probability formula to
determine if a vertex v ∈ N \M should be included in the subset Y :

P [v is included in Y ] =


1, if ∆min ≤ ∆v ≤ ∆max ,

e(∆v−∆min)/(0.1∗∆min), if ∆v < ∆min,

e(∆max−∆v)/(0.1∗∆max), if ∆v > ∆max.

The reason for specifying a small probability of permitting vertices with ∆v > ∆max

and ∆v < ∆min to be involved in a swap move is to avoid the occurrence of an
empty subset Y during the run, especially for some small instances with m = 5 or
10 and thus to avoid an unusual termination of the run. Moreover, this probability
equation signifies that under the case ∆v < ∆min or ∆v > ∆max, as ∆v becomes
closer to ∆max or ∆min, the vertex v becomes increasingly preferable and thus is
assigned a higher probability to be included in the subset M . Finally, in order
not to make results vary too much for different instances and keep the equation
simple, we use the factor 0.1 in the probability equation even if fine-tuning it may
produce better results. Considering that this probability mechanism to build Y is
not sufficient to guarantee that Y is never empty, we examine the swap moves in the
full neighborhood instead of the constrained neighborhood in case this mechanism
fails.

On the other hand, we simply set subset X to be equal to M . To obtain a
neighboring solutionM ′ fromM , we swap one element u ∈ X with another element
v ∈ Y . All possible swap moves induced by X and Y define our neighborhood
decomposition candidate list CN(M) which is therefore given by,

CN(M) = {M ′ | M ′ = M\{u} ∪ {v}, u ∈ X, v ∈ Y }.

It is noteworthy that the candidate list does not necessarily contain the best swap
move, which is illustrated by a small example shown in Figure 1. This example is a
graph with n = 5 vertices A,B,C,D,E and m = 3 for the subset size. The current
solution is S = {A,B,C} and its six neighbor solutions are S1 = {D,A,B}, S2 =
{D,A,C}, S3 = {D,B,C}, S4 = {E,A,B}, S5 = {E,A,C} and S6 = {E,B,C}
after performing swap moves. We first calculate ∆v for each vertex v in S, giving
∆A = dAB +dAC = 6, ∆B = dBA+dBC = 3, ∆C = dCA+dCB = 5. With ∆max = 6
and ∆min = 3, the solution S gets an objective value f(S) = 3. Since ∆min ≤
∆E = dEA + dEB + dEC = 6 ≤ ∆max and ∆D = dDA + dDB + dDC = 12 > ∆max,
only the vertex E will be considered for a swap move with vertices in the set S
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5

2

3

4

1

4

1

2

1

4

E
Neighbor Solutions

S1={D, A, B}

S5={E, A, C}

S3={D, B, C}

S4={E, A, B}

S2={D, A, C}

S6={E, B, C}

S={A, B, C}

Fig. 1. An example of candidate list not containing the best swap move

determined by the neighborhood decomposition candidate list. When swapping the
vertex E with any vertex in S = {A,B,C}, the objective values of the resulting
neighbor solutions are f(S4) = f(S5) = f(S6) = 3 and thus the solution S will
not be improved. However, the best neighborhood solution provided by the full
neighborhood is S2 = {D,A,B} with an objective value f(S2) = 2, which leads to
an improvement over the solution S.

It can be appropriate to employ a process that does not always perform the
best swap move as a means to help diversify the search, which is crucial to the
search performance. Computational experience indicates that the time required per
iteration with the neighborhood decomposition strategy is on average one third as
long as that required by using the full swap neighborhood. A detailed analysis can
be found in section 5.4.

2.3 Solution-based determination of tabu status

Tabu Search frequently employs an attribute-based definition of tabu status to
identify moves that are excluded from consideration for a duration called the tabu
tenure. A solution attribute in the simplest case can be a vertex or edge or the
value of a variable, which is used to perform moves that transform one solution
into another. While attaching a tabu status to such a simple attribute proves
effective in many applications, there also arise applications in which more complex
attributes are relevant. One of the key ways to generate more complex attributes
for problems where solutions can be expressed as vectors of integer variables (and
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particularly 0-1 variables) is to encode a solution by creating a special function
which often is expressed as an integer combination of the component variables. The
methods for doing this make use of so-called hash functions, and a strategy for
determining tabu status by reference to hash functions is called a solution-based
strategy, since the composite attribute created is a function of all the variables in
the solution.(See, e.g., section 7.4 of [14].)

In short, where hash functions can be used expeditiously, and are able to sufficiently
differentiate among different solutions, they have the advantage of freeing the
algorithm designer from the onerous work of tuning tabu tenure, because they make
it unnecessary to limit tabu status to a specified time duration. Done properly, a
solution-based determination of tabu status can be relatively easy to implement,
since the main operations consist of maintaining hashing vectors that record the
values computed by hash functions, and of comparing values in these vectors to
corresponding hash values of solutions that are candidates to be generated to
determine whether these solutions have been previously visited. As pointed out by
Woodruff and Zemel [35], a proper hash function capable of efficiently recording
a large number of solutions and checking for duplicates should comply with three
goals, one of which is to yield a low probability of collision. A collision occurs when
two different vectors are encountered with the same hash function value and such
encounters may occur frequently due to the well known “birthday paradox” [6].

To effectively reduce the collision rate, we propose in this work to use multiple hash
functions to keep track of previously visited solutions. (Using our hash function
definition below, we find that using two hash functions works particularly well in
the present context.)

Given a solution x = {x1, x2, . . . , xn} where xi = 1 if i ∈M and xi = 0 otherwise,
we associate each element i with a pre-computed weight wi = ⌊iγ⌋ where γ is
a positive real number and ⌊iγ⌋ is the integer part of iγ. Then we propose the
following type of hash functions:

h(x) =
n∑

i=1

wi × xi (7)

For a solution x and its hash function value h(x), we can quickly calculate the hash
function value of its neighboring solution x′ resulting from interchanging elements
u ∈M and v ∈ N \M (i.e. setting xu = 0 and xv = 1) as follows:

h(x′) = h(x)− wu + wv (8)
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The time complexity to compute the hash function value of any neighbor solutions
is O(1), which is computationally rather cheap compared to computation of the
objective function (Eq. 7) which requires a time complexity O(n). Using different
weighting methods for wi, we can obtain different hash functions. In our experiment,
we set w1

i = ⌊i1.3⌋ and w2
i = ⌊i1.8⌋ to obtain the two hashing functions h1(x) and

h2(x). The rationale underlying these parameter settings is discussed in Section
5.1.

Our method to determine if a solution should be classified as tabu or not then
operates as follows. First, we associate each hash function with a hashing vector
of length L (|L| = 107). Initially the hashing vectors are filled with 0,s. For each
candidate solution x, the hashing values h1(x) and h2(x) are computed and we
identify the index position i1 in the hashing vector H1 where i1 = h1(x) mod L
and the index position i2 in the hashing vector H2 where i2 = h2(x) mod L. Then
we look at the index position i1 in the hash listH1. IfH1(i1) = 0, we readily confirm
that the candidate solution has not been visited. Otherwise, we additionally look
at the index position i2 in the hashing vector H2. If now H2(i2) = 1 (as well as
H1(i1) = 1), we assume that the candidate solution was previously visited and
mark it as a tabu solution. If H2(i1) = 0 (as well as H1(i1) = 1), we assume that
this candidate solution has not been visited. Finally, for each visited solution in the
search trajectory, we fill in the corresponding positions in the hashing vectors with
1. As demonstrated in section 5.3, our two hash functions can effectively determine
tabu status of solutions and lead to a much lower collision rate than using a single
hash function.

2.4 Tabu search algorithm

Our proposed tabu search algorithm repeatedly carries out the following iterative
procedure until reaching the pre-determined maximum number of iterations. At
each iteration, the algorithm identifies a subset of swap moves by our candidate list
strategy based on neighborhood decomposition. Then solutions in the candidate
list are categorized as tabu or non-tabu by the solution-based tabu determination.
The non-tabu solution with the smallest objective function value is chosen as the
solution for the next iteration, breaking ties randomly. The pseudo-code of our
tabu search method is shown in Algorithm 1.

During each tabu search iteration, determining the candidate lists X and Y is
of complexity O(n), the tabu status of each neighbor solution is of complexity
O(1), the objective value of each neighbor solution is of complexity O(m), and
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Algorithm 1 Outline of the tabu search algorithm
1: Input: a given solution M with its solution value f(M)
2: Output: the locally optimal solution M∗ found by tabu search with its solution value

f(M∗)
3: Initialize Iter = 0, ∆i =

∑
j∈M dij , i ∈ N

4: repeat
5: Identify the swap moves in the neighborhood decomposition candidate list (see

section 2.2)
6: Determine the tabu status of each neighbor solution obtained by performing the

swap move with respect to the solution M (see section 2.3)
7: Identify the best non-tabu solution in terms of the objective function value, say

this move corresponds to (u, v)
8: Update the current solution by makingM = M\{u}∪{v} and record the objective

function value f(M)
9: Update ∆i, i ∈ N according to Eq. (6)
10: if f(M) < f(M∗) then
11: M∗ = M , f(M∗) = f(M)
12: end if
13: Iter = Iter + 1
14: until Iter ≥MaxIter

updating the vector ∆ is of complexity O(n). Therefore, the total time complexity
of each iteration in our tabu search algorithm using the constrained neighborhood
is bounded by O(n) +O(m2|Y |).

3 Memetic search

Memetic search (MS) is a hybrid method that couples a population based genetic
algorithm with a local search procedure for solution improvement [17,24,36,37].
We employ the general MS framework to design our memetic search algorithm for
the Min-DiffSum DP, which is described in Algorithm 2.

The first step of MS is to create an initial population P with high quality and good
diversity. Then two solutions are chosen from P as parents to produce an offspring
solution by use of a crossover operator, whereupon an improving procedure is
launched to optimize the newly generated offspring solution. As in most MS
algorithms, we use tabu search as the improving procedure, in the present case
drawing on the TS algorithm described in the preceding section. After applying
the improving method, a population updating rule decides whether the resulting
(potentially) improved solution should be inserted into the population and, if
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so, identifies which existing individual in the population should be replaced. The
procedure repeats until a given stopping criterion is met.

Algorithm 2 Outline of the memetic search algorithm

1: P = {M1, . . . ,M |P |} ←− Init Pop()
2: Record the best solution M∗ with its objective function value f(M∗)
3: repeat
4: Mp1,Mp2 ←− Select Parents(P )
5: M c ←− Crossover Operator(Mp1,Mp2)
6: M c ←− Tabu Search(M c)
7: P = {M1, . . . ,M |P |} ←− Update Pop(M1, . . . ,M |P |,M c)
8: if f(M c) < f(M∗) then
9: M∗ = M c

10: end if
11: until the stopping criterion is satisfied

3.1 Population maintenance

The initial population of |P | solutions is generated as follows. First, a solutionM is
randomly created by randomly selecting and addingm elements toM . At each step
where such a solution M is generated, it is passed to tabu search for improvement.
The resulting improved solution is added to the population if it is not identical
to any solution currently in the population. This procedure is repeated until the
population is filled up with |P | solutions (|P | = 10 in our experiments).

Once a population is complete, the crossover operator is used to produce an
offspring solution from selected parent solutions. We use the tournament selection
strategy to choose each parent solution for producing the offspring solution as
follows. A subpopulation of two solutions is randomly selected from the population
P and the best solution in the subpopulation becomes one of the parent solutions.
In the same way a second parent solution is chosen. Note that the second subpopulation
should not include the best solution in the first subpopulation to avoid identical
solutions chosen from the two subpopulations. The second parent solution is then
joined with the first by the crossover operator to give an offspring solution, which in
turn is submitted to tabu search for solution improvement. Whether the improved
offspring solution qualifies to be inserted in the population depends on the population
updating mechanism. In our approach, if the improved solution has a better
solution quality than the worst solution and is not a duplicate of any solution
in the population, then we add it to the population to replace the worst solution.
This simple population updating mechanism has been shown quite effective in
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[25,33,34].

3.2 Crossover operator

In a memetic search algorithm, the determination of a crossover operator strongly
influences the performance of the search. To design an effective operator, it is
often preferable to integrate some pertinent properties (“building blocks”) of the
problem being solved and devise a recombination mechanism to preserve these
properties from parents to offspring [17].

To identify building blocks for the Min-DiffSum DP, we carried out a detailed
analysis of locally optimal solutions (see section 5.5) which disclosed that in
some instances, especially those with a large m/n value, high quality solutions
share a significant number of common elements (This is often a feature of high
quality solutions in a number of settings). Generally speaking, if there are common
elements shared by many high quality solutions, there is a reasonably strong chance
that they are a part of globally optimal solution. Therefore, as a starting point
for our crossover operator, we require it to preserve shared elements among the
chosen parent solutions when creating an offspring.

Upon first creating a partial solution by extracting common elements shared by the
two selected parents, we then enlarge this solution by gradually adding elements
using a quality-and-distance based construction strategy. Specifically, given two
parents M1 ⊂ N and M2 ⊂ N , the partial offspring is first constructed as
M c = M1 ∩ M2. Then, the elements in M1 \ M c and M2 \ M c are considered
in turn until the size of M c reaches m, to guarantee the offspring solution being
equally far from each parent solution. The preference of adding an element u
into the partial solution M c is evaluated based on a greedy function g(u|M c) =
max

i∈Mc∪{u}

∑
j∈Mc∪{u} dij − min

i∈Mc∪{u}

∑
j∈Mc∪{u} dij. To be specific, we first examine all

the elements in M1 \M c to identify the element with the smallest g(u|M c) value
and move it from M1 to M c. Next, we identify the element in M2 \M c with the
smallest g(u|M c) value and displace it from M2 to M c. The indicated construction
procedure finally creates an offspring solution with high quality and good diversity.
Our crossover operator is especially effective for instances with a large ratio ofm/n,
which appears to be an indicator of problems in which high quality solutions often
share a large number of elements.

During each MS iteration, choosing the parent solutions is of complexity O(1),
the solution recombination mechanism of complexity O(nm2), the tabu search of
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complexity O((n+m2|Y |)MaxIter), the population updating of complexity O(n).
Hence, the total complexity for each MS iteration is O(nm2+(n+m2|Y |)MaxIter).

4 Computational results and comparisons

4.1 Experimental settings

In order to evaluate our proposed TS and MS algorithms, we use seven sets of
benchmarks 1 , 2 with a total of 250 instances, which are also used in the best
previous state-of-the-art algorithms, denoted by Construction and Improvement
Heuristics (CIH) [2], Evolutionary Path Relinking (EPR) [10] and Variable Neighborhood
Search (VNS) [23], for performance evaluation. The properties of the benchmarks,
including the number of elements n, the cardinality of selected elements m and
the distance dij between elements i and j are shown in Table 1. Note that we
put the 20 DM1A instances from [2] into the the MDG-a benchmarks given that
they share similar characteristics and name them from MDG-a 41 n500 m200 to
MDG-a 60 n500 m200.

Our TS and MS algorithms are programmed in C++ and compiled using GNU
g++ with −O3 flag on a Xeon E5440 with 2.83GHz CPU and 8GB RAM. To
make fair comparisons with state-of-the-art algorithms CIH, EPR and VNS, we
re-implement each of them in the same programming language C++ and run them
on our computing platform. For each instance, our TS algorithm along with the
reference algorithms CIH, EPR and VNS are given 20 independent runs. The
stopping condition of the EPR algorithm is adopted as the uniform criterion for
all tested algorithms to terminate each run, which is set to be the total time of
100 GRASP iterations plus 45 Path Relinking iterations, subject to a maximum
allowed computational time of n seconds (n being the number of vertices) [10].
Column 2 in Tables 2 to 8 shows the time limit for each instance during each run.
Our MS algorithm is run just once with the time limit equaling to the total time of
the 20 independent TS runs. Within the MS algorithm, the tabu search procedure
for solution improvement is limited to 100 iterations for 20 MDG-a instances with
n = 500,m = 200 and the SOM-b benchmarks, and to 1000 iterations for the
other benchmarks. Our policy of choosing different iteration limits for applying TS
as an improvement method for different benchmarks is motivated by the goal of

1 http://www.optsicom.es/mdp
2 http://www.di.unito.it/∼aringhie/benchmarks.html
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Table 1
Benchmarks properties

Benchmark No. of instances n m dij

MDG-a [9] 60 [500,2000] [0.1n, 0.4n] Random real value in [0, 10]

MDG-b [9] 40 [500, 2000] 0.1n Random real value in [0, 1000]

MDG-c [9] 20 3000 [0.1n, 0.2n] Random integer in [0, 1000]

SOM-b [31] 20 [100,500] [0.1n, 0.4n] Random integer in [0, 9]

GKD-b [13] 50 [25,150] [2,45] Euclidean

GKD-c [13] 20 500 50 Euclidean

APOM [2] 40 [50, 250] [0.2n, 0.4n] Euclidean or Random

exploiting the tradeoff between search intensification and diversification. Generally
speaking, a larger number of iterations helps TS to conduct a more focused and
deeper intensification process in a specific search region, while frequent applications
of the crossover operator facilitate the generation of more diverse solutions in a
broader search area.

4.2 Experimental results

Tables 2 to 8 respectively present results of our proposed TS and MS algorithms, as
well as the algorithms CIH, EPR and VNS over each set of benchmarks. For each
algorithm, we report the best solution value Bst and the average solution value
Avg. In addition, Column 2 shows the given time limit Time (in seconds) for each
run, which is the same for each algorithm. As shown in Tables 2 to 8, our proposed
TS and MS algorithms are collectively able to attain better solutions (marked in
bold) than the compared algorithms for a total of 181 instances, accounting for
72.4% of the tested 250 instances. Figure 2 shows the bar plots for the number of
better solutions obtained by TS and MS over each set of benchmarks, respectively.
From this figure, we first observe that TS by itself is able to obtain better solutions
for a total of 179 instances, encompassing 52 of the 60 MDG-a instances, 37 of
the 40 MDG-b instances, 20 of the 20 MDG-c instances, 14 of the 20 SOM-b
instances, 13 of the 50 GKD-b instances, 20 of the 20 GKD-c instances and 23 of
the 40 APOM instances. The MS algorithm is able to get better solutions for a
total of 157 instances, encompassing 48 of the 60 MDG-a instances, 29 of the 40
MDG-b instances, 20 of the 20 MDG-c instances, 14 of the 20 SOM-b instances, 7
of the 50 GKD-b instances, 18 of the 20 GKD-c instances and 21 of the 40 APOM
instances.

Moreover, we compute for each instance the deviation of the best solution values
found by each algorithm from the best known results among the five algorithms,
computed as devbst% = (Bst − BKR)/BKR ∗ 100% and summarize the average
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Fig. 2. Number of better solutions attained by TS (Left Figure) and MS (Right Figure)
for each set of benchmarks

deviations over each set of benchmark instances in Table 9. As shown in Table 9,
TS achieves the smallest average deviation of 2.16% from the best known results,
slightly less than the 2.51% of MS, 3.6 times less than the 9.86% of CIH, 10.6
times less than the 25.00% of VNS and 18.5 times less than the 42.15% of EPR in
terms of best solution quality.

By the same token, we calculate the deviation of the average solution values found
by each algorithm (except the MS algorithm) from the best known results among
the five algorithms, computed as devavg% = (Avg − BKR)/BKR ∗ 100% and
summarize the average deviations over each set of benchmark instances in Table
10. As can be seen from Table 10, TS achieves the smallest average deviation of
12.08% from the best known results, 0.7 times less than the 20.34% of CIH, 2.4
times less than the 40.52% of VNS and 3.9 times less than the 59.67% of EPR in
terms of average solution quality.

It’s noteworthy that for instances with n = 2000 or 3000 that use a computational
time of n seconds as the stopping criterion, our reported results for the EPR
algorithm are much better than the results for this algorithm reported in [10].
This is mainly due to the fact that the EPR program is tested on our computing
platform and compiled with the optimization flag −O3, which achieves a 2.77
computational speed improvement over the computing platform used in [10], i.e. we
have implicitly given a longer time limit to the EPR algorithm in our experiment.
For the VNS algorithm, we report results of using the first improvement search
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strategy because it leads to better overall performance. For small instances, our
reported results may not be as good as the previously reported results in [23]
because of the shorter time limit used in our experiments. For large instances, we
use the optimization compiling flag −O3 and thus obtain better results for the VNS
algorithm than reported in [23] using the same time limit. For the CIH algorithm,
we use the randomization initialization strategy because it is much faster and has
the nonnegligible advantage of being simpler as pointed out in [2].

In order to further verify whether our proposed algorithms are significantly better
than the previous state-of-the-art algorithms, we conduct Wilcoxon statistical tests
in terms of the measure devbst% and devavg% for each set of benchmarks. Table
11 shows the p−values obtained from conducting these tests between TS and each
compared algorithm in terms of the measure devbst%. Table 11 discloses that TS
performs significantly better (p–value < 0.05) than each of the algorithms CIH,
EPR and VNS for each set of benchmarks. Note that the dominating algorithm
is determined by further comparing the average deviations from the best known
results between the two algorithms. When comparing our proposed algorithms TS
and MS, we find that TS performs significantly better than MS for the MDG-b
and MDG-c benchmarks but is significantly outperformed by MS for the MDG-a
and GKD-b benchmarks. For the SOM-b, GKD-c and APOM benchmarks, TS
and MS present no significant differences.

Table 12 shows the p−values obtained from conducting Wilcoxon tests between
MS and each compared algorithm in terms of the measure devbst%. As indicated
in Table 12, MS is significantly better than EPR for each set of benchmark. In
comparison with CIH and VNS, MS presents no significant differences for the
GDK-b benchmark and is significantly better for all the other benchmarks.

Table 13 shows the p−values obtained from conducting Wilcoxon tests between
TS and CIH, EPR and VNS algorithms in terms of the measure devavg%. As
indicated in Table 13, TS performs significantly better than these algorithms for
each benchmark set.
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Table 9
Average deviations of the best solution values from the best known results

Benchmark TS MS CIH EPR VNS

MDG-a 4.00% 1.78% 10.24% 34.66% 25.00%

MDG-b 0.86% 2.70% 6.07% 22.38% 18.41%

MDG-c 0.01% 2.24% 10.67% 36.04% 31.68%

SOM-b 2.58% 1.07% 13.25% 35.14% 22.07%

GKD-b 1.19% 5.43% 4.06% 8.61% 6.12%

GKD-c 5.26% 2.39% 20.16% 140.68% 61.14%

APOM 1.19% 1.94% 4.55% 17.51% 10.59%

Average 2.16% 2.51% 9.86% 42.15% 25.00%

Table 10
Average deviations of the average solution values from the best known results

Benchmark TS CIH EPR VNS

MDG-a 9.15% 17.09% 44.22% 33.79%

MDG-b 7.56% 13.69% 31.76% 26.51%

MDG-c 5.40% 19.46% 52.38% 38.35%

SOM-b 15.98% 25.51% 52.59% 40.58%

GKD-b 11.57% 13.77% 32.67% 19.65%

GKD-c 21.60% 36.82% 174.94% 101.97%

APOM 13.32% 16.06% 29.12% 22.77%

Average 12.08% 20.34% 59.67% 40.52%

Table 11
TS versus MS, CIH, EPR and VNS in terms of best deviations (Wilcoxon’s test at the
0.05 level)

MDG-a MDG-b MDG-c SOM-b GKD-b GKD-c APOM

MS 0.01686 0.01994 0.001662 0.4409 0.0006356 0.1327 0.2066

CIH 2.987e-09 5.821e-10 1.907e-06 0.001097 0.02036 1.907e-06 0.0008499

EPR 1.132e-11 9.095e-13 1.907e-06 0.0003204 0.001979 1.907e-06 1.234e-06

VNS 1.69e-11 9.095e-13 1.907e-06 0.0004814 0.000143 1.907e-06 1.421e-05

5 Analysis

In this section, we first perform parameter sensitivity analysis for weights of hash
functions and time-to-target analysis to evaluate the performance of different

Table 12
MS versus CIH, EPR and VNS in terms of best deviations (Wilcoxon’s test at the 0.05
level)

MDG-a MDG-b MDG-c SOM-b GKD-b GKD-c APOM

CIH 5.399e-08 3.035e-05 1.907e-06 0.001097 0.3243 2.67e-05 0.0003987

EPR 1.129e-11 1.819e-12 1.907e-06 0.0003204 1.907e-06 1.907e-06 1.01e-06

VNS 1.32e-11 1.819e-12 1.907e-06 0.0004824 0.8202 1.907e-06 5.209e-06
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Table 13
TS versus CIH, EPR and VNS in terms of average deviations (Wilcoxon’s test at the
0.05 level)

MDG-a MDG-b MDG-c SOM-b GKD-b GKD-c APOM

CIH 1.671e-11 1.819e-12 1.907e-06 3.815e-06 0.03348 1.907e-06 0.008623

EPR 1.671e-11 1.819e-12 1.907e-06 3.815e-06 0.0001124 1.907e-06 3.702e-09

VNS 1.671e-11 1.819e-12 1.907e-06 3.815e-06 0.002117 1.907e-06 2.105e-05

algorithms. Then we analyze the role of the hash functions in correctly determining
the tabu status of solutions, and also examine the computational gain of using the
neighborhood decomposition candidate list compared to using a full neighborhood
examination. Finally, we explore the reason why the memetic search algorithm
works particularly well for some benchmarks.

5.1 Parameter sensitivity analysis

In this section, we analyze the influence on the performance of the tabu search
algorithm of the weights iγ1 and iγ2 in defining the hash functions h1 and h2. Proper
settings for the parameters γ1 and γ2 should satisfy the following two conditions.
First, the hash function values of each possible solution need to be no more than the
maximum integer 232 − 1 under a 32-bit unsigned integer representation to avoid
integer overflow. Second, the hash function values of different solutions should
be distributed as widely as possible to reduce hashing collisions. Preliminary
experiments find that setting γ1, γ2 > 1.8 will encounter the error of integer
overflow for instances with n ≥ 3000 while setting γ1, γ2 ≤ 1 will make adjacent
elements i and i + 1 acquire the same weights and thus result in an increased
probability of different solutions getting the same hash function value. Hence, the
values in the interval (1.0, 1.8] should succeed in satisfying the desired conditions.

In order to verify if different settings in the interval (1.0, 1.8] for γ1 and γ2 present
differences, we fetch 12 different pairs of settings from this interval and conduct
the following new experiments. First, we select 13 representative instances, each of
which is given 20 independent tabu search runs with each pair of chosen settings
while using the same time limit as shown in Section 4.1 to terminate each run.
Then, we report average solution values for each instance with each pair of settings
in Table 14. Finally, we conduct Friedman statistical tests for the tabulated results.
Our experimental findings disclose that different settings of the hash function
parameters within the indicated range present no significant difference with the
p-value of 0.633. In summary, the parameters γ1 and γ2 in hash functions are not
sensitive in our algorithm and any values in the interval (1.0, 1.8] are workable for
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Table 14
Results of different parameter settings for γ1 and γ2 in the hash vectors

(γ1, γ2) (1.1,1.6) (1.2,1.5) (1.3,1.6) (1.3,1.7) (1.3,1.8) (1.4,1.8)

20b250m100 22852.75 22590.6 22915.1 22875.35 22598.35 22426.25

40d250m100 21236.35 21182.5 21123.35 21191.4 21183.65 21207.55

MDG-a 10 n500 m50 11.41 11.46 11.62 11.44 11.58 11.51

MDG-a 20 n500 m50 11.53 11.66 11.64 11.29 11.64 11.6

MDG-a 10 n500 m200 39.8 40.37 40.56 39.63 40.42 39.81

MDG-a 20 n500 m200 39.93 40.16 39.88 39.74 40.33 39.87

MDG-b 10 n500 m50 1153.19 1156.53 1157.3 1161.96 1167.2 1137.24

MDG-b 20 n500 m50 1133.52 1165.15 1155.2 1130.18 1145.16 1140.27

SOM-b 10 n300 m60 13.9 14.3 14.25 14.15 14.35 14.1

SOM-b 18 n500 m100 21.45 21.4 21.6 21.4 21.45 21.45

SOM-b 20 n500 m200 40.55 40.35 40.25 40.35 40.25 40.1

GKD-c 10 n500 m50 8.59 8.45 8.6 8.17 8.45 8.73

GKD-c 20 n500 m50 8.03 7.95 7.94 8.01 7.86 8.14

(1.5,1.6) (1.5,1.7) (1.6,1.4) (1.6,1.8) (1.7,1.1) (1.7,1.2)

20b250m100 22715.6 22712.85 22678.6 22613.55 22607.8 22659.35

40d250m100 21145.4 21121.7 21169.55 21156.9 21185.35 21154.35

MDG-a 10 n500 m50 11.56 11.61 11.56 11.64 11.49 11.67

MDG-a 20 n500 m50 11.51 11.53 11.43 11.69 11.66 11.68

MDG-a 10 n500 m200 39.7 40.35 40.16 40.12 40.25 39.98

MDG-a 20 n500 m200 39.85 39.69 40.13 40.18 39.93 40.06

MDG-b 10 n500 m50 1147.55 1130.78 1130.98 1150.83 1147.15 1157.68

MDG-b 20 n500 m50 1155.29 1163.95 1153.02 1156.39 1176.96 1156.09

SOM-b 10 n300 m60 14.15 14.25 14.45 14.4 14.3 14.3

SOM-b 18 n500 m100 21.4 21.35 21.45 21.25 21.15 21.1

SOM-b 20 n500 m200 40.25 40.4 39.95 40.35 40.3 40.15

GKD-c 10 n500 m50 8.72 8.65 8.61 8.47 8.35 8.48

GKD-c 20 n500 m50 8 8.59 8.51 8.38 7.92 8.15

the tested benchmarks.

5.2 Time-to-Target analysis

To compare the efficiency of the proposed algorithms and other reference algorithms,
we apply a time-to-target (TTT) analysis which identifies the empirical probability
distribution for the time to achieve a given target value [1]. An alternative tool to
compare two or more algorithms is a closed form index [30].

During the TTT experiment, we perform 200 independent runs for each compared
algorithm on a single instance. The time needed to attain an objective value at
least as good as a given target value for each run is recorded, and these times are
then sorted in increasing order so that ti represents the ith smallest time and we
associate a probability pi = (i− 0.5)/200 with each time ti. The points (ti, pi) are
finally plotted.
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Fig. 3. Empirical probability distribution for the time to achieve a target value

Figure 3 shows the experimental results of TS, MS, CIH, EPR and VNS algorithms
on the instances MDG-a 10 n500 m50 (Left) and MDG-b 20 n500 m50 (Right).
From Figure 3, we observe that the probability of reaching a given target value
increases for each algorithm as time grows. Notably, the lines of our TS and MS
algorithms strictly lie above the lines of the CIH, EPR and VNS algorithms,
indicating that TS and MS have a higher probability of reaching the target value
within a given time period or, equivalently, requires a shorter computational time
to obtain the same probability of successfully striking the target value. In addition,
the lines of EPR and VNS algorithms are very close and thus present similar time
performance, while both are outperformed by the CIH algorithm.

We take the instance MDG-a 10 n500 m50 (Left) as an example to provide further
insight. First, with a time limit of 5 seconds, TS and MS are able to achieve the
target value 13 with a probability of 90% and 85%, which are much better than
the 40% of CIH and the 5% of EPR and VNS. Second, to make certain that each
run of a given algorithm will reach the target value 13, the shortest time limits for
TS, MS and CIH are 10 seconds, 13 seconds and 60 seconds, while the time limits
for EPR and VNS are unknown because the limit of 63 seconds applied to the
instance MDG-a 10 n500 m50 is much shorter than EPR and VNS need to solve
MDG-a 10 n500 m50. Third, in order to have a probability of 40% to reach the
target value 13, TS and MS consume the shortest time of around 1 second, CIH
ranks second at 5 seconds, and EPR and VNS take the longest time of more than
60 seconds. In conclusion, our experiments demonstrate that TS and MS exhibit
a high degree of computational efficiency.

5.3 Error rates of the hashing vectors

In order to show the role of the proposed multiple hash functions for reducing
hashing collisions, we compare the “error rates” caused by using two hash functions
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Fig. 4. Error rates of the tabu search iterations

and a single hash function. An error is counted when an unvisited solution is
incorrectly determined as tabu. To be specific, we perform a single tabu search run
for 104 iterations on the instance MDG-a 10 n500 m50 and preserve each solution
encountered on the search in a population P . Each iteration checks all the neighbor
solutions of the current solution to find those containing a 1 in the corresponding
positions of each hash vector. For all such neighbor solutions, an error counter
is incremented by one if the population P does not contain a duplicate of this
solution; otherwise the non-error counter nec is incremented by 1. Finally, the
error rate is calculated as ec/(ec+ nec).

Figure 4 depicts how the error rate changes as a function of the number of
tabu search iterations for the instance MDG-a 10 n500 m50. From this figure,
we observe that the tabu search with the single hash function leads to a dramatic
growth of the error rates from 0 to 0.84 during the first 2000 iterations. The error
rate of 0.84 means that a majority of neighboring solutions are mistakenly tagged
as tabu, resulting in a very limited neighborhood exploration. By contrast, the
error rate of tabu search with the two hash functions over the first 2000 iterations
remains very close to 0 and afterwards slowly grows up to the maximum value
of 0.06, which is considered acceptable in view of the superior performance of
the tabu search approach. In addition, the same experiments are also conducted
for the other instances and the findings are similar to those shown in Figure 4.
Hence, we consider that Figure 4 stands for a general behavior of error rates of
the hash vectors. In conclusion, this experiment discloses the merit of using two
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Table 15
Results of the neighborhood decomposition vs. the full neighborhood

Instances BKR
Full Neighborhood Neighborhood Decomposition

Best Dev% Time Best Dev% Time

20b250m100 21832 21938 0.49% 258 21832 0 68

40d250m100 21001 21001 0 107 21001 0 47

MDG-a 10 n500 m50 10.58 10.58 0 143 10.73 1.42% 39

MDG-a 20 n500 m50 10.38 11.21 8.00% 198 10.38 0 55

MDG-a 30 n500 m200 34.02 37.42 9.99% 1166 37.37 9.85% 498

MDG-a 40 n500 m200 34.57 37.63 8.85% 1228 36.93 6.83% 457

MDG-b 10 n500 m50 1063.64 1063.64 0 121 1063.64 0 42

MDG-b 20 n500 m50 1022.66 1071.5 4.78% 119 1071.5 4.78% 47

SOM-b 10 n300 m60 13 13 0 78 13 0 45

SOM-b 18 n500 m100 19 20 5.26% 620 20 5.26% 134

SOM-b 20 n500 m200 34 38 11.76% 1504 38 11.76% 835

GKD-c 10 n500 m50 7.24 7.74 6.91% 92 7.32 1.10% 26

GKD-c 20 n500 m50 6.32 7.38 16.77% 87 7.38 16.77% 30

hash functions for effectively determining tabu status.

5.4 Computational contribution of the neighborhood decomposition

In order to assess the computational gain by using the neighborhood decomposition
candidate list over using the full neighborhood, we conduct the following experiment.
We select 13 representative instances, extracting two or three from each set of
benchmarks, and for each instance, we run the tabu search algorithm for 2 × 104

iterations with each type of neighborhood. The results are reported in Table 15,
which shows for each problem instance the best solution value Best, the deviation
of Best from the best known result BKR and the computational time in seconds
to reach Best.

As can be seen from Table 15, the time consumed by the neighborhood decomposition
is on average one third as long as consumed by the full neighborhood examination,
while achieving slightly better solution quality. It’s noteworthy that the neighborhood
decomposition strategy does not always execute the best swap move (see Section
2.2), which to some extent enhances search diversification. The better results
obtained for some instances by using the neighborhood decomposition discloses
the importance of the decomposition approach in these instances. In conclusion,
this experiment clearly confirms the merit of the candidate list strategy based on
neighborhood decomposition in accelerating the tabu search procedure.
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Table 16
Results of the structural similarity between local optima

Instances m/n AvgSim MS TS

20b250m100 0.4 0.46 21832 21832

40d250m100 0.4 0.56 21001 21001

MDG-a 10 n500 m50 0.1 0.10 10.58 10.73

MDG-a 20 n500 m50 0.1 0.10 11.02 10.38

MDG-a 30 n500 m200 0.4 0.54 37.37 41.10

MDG-a 40 n500 m200 0.4 0.56 34.57 36.89

MDG-b 01 n500 m50 0.1 0.10 1086.22 996.87

MDG-b 20 n500 m50 0.1 0.10 1126.35 1071.5

SOM-b 10 n300 m60 0.2 0.21 13 13

SOM-b 18 n500 m100 0.2 0.21 19 20

SOM-b 20 n500 m200 0.4 0.56 34 38

GKD-c 10 n500 m50 0.1 0.12 7.49 7.24

GKD-c 20 n500 m50 0.1 0.12 7.57 7.38

5.5 Why MS works well on some benchmarks

As indicated in the results, the proposed memetic search (MS) achieves significantly
better results than the other algorithms for instances with a large m/n value,
as exemplified by the DM1A benchmark instances. Considering that an effective
crossover operator is generally regarded as the core ingredient to influence the
performance of MS, we hypothesize that this phenomenon occurs because a large
m/n value implies more elements are shared between two parent solutions, which
reinforces the rational underlying the design of our crossover operator. To verify
this hypothesis, we conduct an analysis of the structural similarity between local
optima in terms of the number of commonly shared elements. Thus, we define
the similarity of two locally optimal solutions M s and M t as the number of their
shared elements divided by the cardinality m, i.e. Sim(M s,M t) = |M s ∩M t|/m.

To carry out this experiment, we use the same instances as in the neighborhood
analysis and run both the memetic search and the tabu search algorithms to collect
high quality solutions. For each chosen problem instance, we collect 600 local
optima of different solution quality and measure the similarity between each pair.
Table 16 shows the ratio m/n of the elements in the subset divided by the total
elements, the average similarity AvgSim of each pair of collected solutions and
the best results of TS and MS extracted from the previous tables.

From Table 16, we confirm the hypothesis that a large m/n ratio leads to a large
similarity between solutions as measured by the number of their common elements.
Moreover, the proposed MS works well for instances that exhibit such a large degree
of similarity. For example, the instance SOM-b 20 n500 m200 with the highest
similarities of 0.56 yields a best solution value 34 using MS, which obtains the
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quality improvement of 10.53% over the best solution value of 38 obtained by TS.
In conclusion, MS is shown as a better approach for handling instances of problems
with high similarity measures.

6 Conclusion

Our proposed tabu search and memetic search algorithms for solving the minimum
difference dispersion problem, although departing somewhat from customary designs
for TS and MS methods, exhibit remarkable efficacy. The tabu search algorithm
integrates a neighborhood decomposition candidate list strategy and a solution-based
determination of tabu status implemented by means of two coordinated hash
functions. The memetic search algorithm uses a distance-quality based crossover
operator to produce a solution with both high quality and good diversity.

Extensive experiments on seven benchmark test sets with a total of 250 problem
instances demonstrate that the proposed algorithms are collectively capable of
finding better solutions for 181 instances, while attaining this performance with a
solution effort comparable to that of previous state-of-the-art algorithms. Statistical
tests also confirm that our algorithms perform significantly better than the other
algorithms tested for most benchmark sets. In addition, we analyze the roles of the
key algorithmic components and reveal their contribution to the high performance
of our proposed methods.

Our study points to an interesting avenue for future research, based on the fact that
our memetic algorithm incorporates our TS algorithm and thus can be viewed in
two ways – one in which a population-based approach uses tabu search to improve
solutions produced by combining solutions, and the other in which a tabu search
approach uses a population-based procedure as an intensification/diversification
strategy invoked at specified intervals (after executing a selected number of TS
iterations). Given that the tabu search algorithm performs better than the memetic
algorithm on most of the benchmark test problems, our findings motivate an
investigation of other intensification/diversification mechanisms as a basis for achieving
better performance. A variety of intensification/diversification strategies have been
proposed in connection with tabu search (see, e.g., [14]) that could be implemented
and explored in this connection. Also, from a population-based standpoint, scatter
search and path relinking procedures afford an alternative to the GA-based crossover
method used in the memetic algorithm of our present study. Various intensification/diversification
methods have likewise been proposed in conjunction with these procedures(see,
e.g., [12]), thereby affording a source of additional mechanisms for enhancing the
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algorithms of this paper.
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[34] Wang Y., Hao J.K., Glover F., Lü Z. (2014) A tabu search based memetic search
for the maximum diversity problem. Engineering Applications of Artificial Intelligence
27:103–114

[35] Woodruff D., Zemel E. (1993) Hashing vectors for tabu search. Annals of Operations
Research, 41:123–137

[36] Wu Q., Hao J.K. (2015) A review on algorithms for maximum clique problems.
European Journal of Operational Research, 242(3):693–709
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