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In this work, we tackle multidimensional two-way number partitioning (MDTWNP) problem by combining
GRASP with Exterior Path Relinking. In the last few years, the combination of GRASP with path relinking (PR)
has emerged as a highly effective tool for finding high-quality solutions for several difficult problems in
reasonable computational time. However, in most of the cases, this hybridisation is limited to the variant known
as interior PR. Here, we couple GRASP with the “exterior form” of path relinking and perform extensive
experimentation to evaluate this variant. In addition, we enhance our GRASP with PR method with a novel local

search method specially designed for the MDTWNP problem. Our computational experiments show the
superiority of this approach compared with the previous best method for MDTWNP and with alternative
methods for this problem that use other forms of PR.

1. Introduction

The multidimensional two-way number partitioning (MDTWNP) is
a binary optimisation problem that consists of partitioning a set of
vectors S into two disjoint groups so that the maximum difference
between the sum per coordinate of the elements in each group is
minimised.

More formally, Kojic [1] describes the MDTWNP problem as
follows. Given a set of n vectors of dimension d,
S = {w;lw; = (W1, win,...»wig), i = 1,...,n) }, the objective is to split the
elements of S into two sets S; and S so that SN S, =g, S U S, =S5,
and t is minimum, with:

t= max{ Z Wi — Z wil:j= 1,...,d}
(€))

i€s) €Sy
Example 1.1. Given S={w = (2,6), w,=(-L15),ws=(3,-7),
wy = (=2,4), ws= (=2, 1)}, consider the solution with S=
{wa, w3}S> = {wy, ws, ws} . In order to compute its objective function
value, firstly, we calculate the sum of the vectors included in each
subset per coordinate, obtaining (2, —2) for S; and (-2, 9) for S..
Secondly, we obtain the differences, (12 — (=2)|,| =2 —=9)) = 4, 11).

* Corresponding author.
E-mail address: fjrodriguez@unex.es (F.J. Rodriguez).

http://dx.doi.org/10.1016/j.cor.2016.09.005

Therefore, the objective function value for this solution is
max(4, 11) = 11..

The MDTWNP problem is NP-hard [1], and it is a generalisation of
the two-way number partitioning problem [2,3] where the objective is
to split a set of numbers. The latter has practical applications in
different areas such as scheduling on multiprocessors, designing of
VLSI circuits, public key cryptography, and database processing [4,5].
Kojic [1] described two different real-world scenarios for the MDTWNP
problem related to tasks distribution area. In the first one, two travel
agents need to have as closely similar revenues from organised tours as
possible, considering the price of the tour, the mileage due to petrol
consumption, and special offers such as restaurants, shopping tours, or
visits to museums. In the second one, the objective is to homogenise
police patrols according to the mileage, degree of risk, and time needed
for touring their beat.

We propose a new method for MDTWNP by joining GRASP and
Exterior Path Relinking. We now describe their key components, and
our rationale for combining them.

GRASP [6,7] is a multistart metaheuristic consisting of two phases,
construction and improvement. In the first phase, a greedy randomised
procedure generates an initial solution by adding elements one at a
time from a restricted candidate list to the current partial solution. The
second phase performs a local search to improve the quality of the
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solution obtained in the first phase. Construction and improvement
phases are performed iteratively until a predefined termination condi-
tion is met.

Path-relinking (PR) was originally proposed to integrate intensifi-
cation and diversification strategies within the context of tabu search
and scatter search [8—10]. PR creates new solutions by a process of
generating paths between and beyond pairs of selected points in
neighbourhood space. In spite of the widespread application of PR in
combinatorial optimisation, almost all PR implementations only con-
sider the between-form of PR. On the contrary, the beyond-form of PR
introduced by Glover in [11] remains virtually unexplored. This
variant, called exterior PR (ePR), only has been recently applied to
address the differential dispersion problem [12], obtaining very
promising results. Additionally, we shall mention that similar ap-
proaches exist in other fields, such as genetic algorithms [13,14].

Based on an original proposal by Laguna and Marti [15], GRASP is
usually combined with PR in order to improve its performance, and in
the last few years, this combined methodology has emerged as a leading
method for finding high-quality solutions for several difficult problems
within reasonable computational time [15-20]. The efficacy of this
approach leads us to go a step farther by proposing an algorithm that
combines GRASP with ePR to deal with the MDTWNP problem.

We further enhance our algorithm by proposing a novel restricted
local descent method whose aim is twofold: (1) to avoid evaluating
neighbours with objective values significantly different from that of the
current solution and (2) to accelerate the selection of moves by
restricting the neighbourhood considered.

The remainder of this paper is organised as follows. Section 2
reviews the state-of-the-art algorithms for the MDTWNP problem. In
Section 3, we detail the proposed GRASP+PR algorithm for the
MDTWNP problem. In Section 4, we show the results of an empirical
study whose aim is twofold: (1) analyse the influence of different
parameters and algorithm components, and (2) compare the results of
a tuned GRASP+PR with those obtained by other state-of-the-art
algorithms for the MDTWNP problem. Finally, in Section 5, we discuss
conclusions and further work.

2. State-of-the-art algorithms for MDTWNP problem

There are many approaches in the literature to solve the number
partitioning problem such as greedy heuristics [21,22], total enumera-
tion [23], a hybrid algorithm that combines branch and bound, breadth
first search, and beam search [3], simulated annealing [24], tabu
search [9,25], genetic and memetic algorithms [26,27], and GRASP
[28].

Unfortunately, as shown by Koji¢ [1], some of them cannot be
directly applied to solve the MDTWNP problem. For this reason, Koji¢
proposes the following integer linear programming formulation for
this problem:

Minimise ¢ 2
Subjectto  — 051+  wyx <055, Vj=1,...4d,
i=1 3)
051+ Y wyx; 2055, Vj=1..4d,
pa €]
n
Sj: ZW,']', ijl,...,d,
P 5)
x € (0,1}, Vi=1,...,n (6)

where s; is the sum of the values stored in the jth position of all vectors
(Eq. (5)), t is necessarily the largest absolute difference between the
sum per every coordinate of both groups, because of Egs. (3) and (4),
and variables x; determine the partition of vectors into one or another
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group. Koji¢ carries out an experimental study to solve the above
formulation with CPLEX on a set of instances presented also in this
work.

Later, Fuksz et al. [29] proposed three metaheuristics for the
particular case of bi-dimensional vectors, a greedy algorithm, a genetic
algorithm and an hybrid metaheuristic than combines the genetic
algorithm with a variable neighbourhood search. Then, Pop and Matei
[30] proposed a memetic algorithm (MA) to deal with multidimen-
sional vectors which starts from an initial random population and
evolves it by means of crossover and mutation operators. The crossover
operator selects two parents using a binary tournament method and
applies single point crossover. At each generation, 85% of the new
population is generated by crossed solutions and the remaining 15% is
copied directly from the old population. Mutation is applied with a
probability of 10%, flipping the group to which the vector belongs.
Finally, for each new solution obtained using the genetic operators, a
local improvement procedure is applied, employing three different
neighbourhoods in succession consisting of 1, 2, and 3-swap moves,
respectively.

Recently, Kratica et al. [31] presented a variable neighbourhood
search (VNS) and a electromagnetism based metaheuristic (EM) for
the MDTWNP problem. The variable neighbourhood search starts with
a random solution, shakes the incumbent solution by randomly
changing several elements of this solution and performs a local search
procedure based on 1-swap improvements. The electromagnetism-like
metaheuristic is a population based algorithm that evolves solutions
through three different stages: local search, scaling and moving. Firstly,
the same local search procedure as in VNS is applied. Then, solutions
from the population are moved toward local optima obtained by the
local search procedure during the scaling step. Finally, during the
moving phase, solutions are led to the most promising regions of the
search space sampled by the population.

The experimental study of Kratica et al. compares VNS, EM, MA,
and the results obtained by CPLEX, where the latter solves the integer
linear programming model for the MDTWNP problem [1]. The authors
test EM and VNS on the set of instances presented in [1] and compare
them with the results reported by MA and CPLEX in their respective
original publications. The study concludes that VNS and EM outper-
form MA and CPLEX, but finds no statistically significant differences
between EM and VNS.

3. GRASP and ePR for the MDTWNP problem

In this section we present the general design of our GRASP+PR for
the MDTWNP problem (Section 3.1). Then, we detail the main
elements of the model: construction phase (Section 3.2), local im-
provement phase (Section 3.3), and PR (Section 3.4), focusing on the
novel contributions made in each of these stages: constructive proce-
dure guided by heuristic information, local search with restricted
neighbourhood and ePR.

3.1. General scheme

As previously mentioned, GRASP is a multistart process that
iteratively performs two main phases, construction and solution
improvement, which respectively employ a greedy randomised proce-
dure to generate an initial solution and then execute an improvement
process to drive the initial solution to a local optimum. The best
solution found over all iterations is returned as the result.

As it is well known, the basic GRASP scheme does not make use of
any memory structure to exploit the information obtained about the
search space in previous iterations. To complement this approach,
GRASP is frequently hybridised with PR, as first proposed by Laguna
and Marti [15]. In this hybridisation a set P of the so-called elite
solutions is incorporated that stores high-quality and diverse solutions
found throughout the search process. The PR method then explores
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Input: T),4., maxElite, type PR, type RCL, o, typeLS
Output: s*

1 5"« NULL;

2 P« 0;

s while computation time limit Ty,q. not reached do

1 s «— Construction(type RC'L, «v);

5 s < ImprovementProcedure(s, typeLS);

6 s < PathRelinking(type PR, s, max Elite) end;

7 if s* == NULL then

8 | §* « s;

9 else

10 | if f(s) < f(s*) then s* « s end;

11 end

12 end

Fig. 1. Pseudocode for GRASP with PR for MDTWNP problem.

trajectories between and beyond solutions obtained by the improve-
ment procedure and solutions from the elite set.

The general scheme of our proposed GRASP+PR algorithm (which
incorporates the option of using the ePR method) is shown in Fig. 1.
We employ six input parameters: typePR identifies the form of PR,
Tynax denotes the computation time limit, maxElite is the maximum
number of solutions in the elite set P, typeLS identifies the particular
local search method applied during the improvement phase, and
typeRCL and a are parameters related to the construction phase.
These parameters are explained in detail in the following sections..

Each iteration begins by constructing an initial solution s by
procedure Construction(zypeRCL, a) (Section 3.2). Then a local search
improvement method is applied to the solution s in
ImprovementProcedure(s,typeLS) (Section 3.3). Next, PR is applied
in procedure PathRelinking(typePR, s, maxElite) (Section 3.4). The best
solution found during the search, denoted s’ is returned at the end.

3.2. Construction procedure

In the construction phase, a feasible solution is created by means of
an iterative procedure that combines greediness and randomness to
successively select new elements to add to the current partial solution
(which begins empty). Elements are drawn from a restricted candidate
list (RCL) and the process repeats until a complete solution is obtained.
The construction procedure has two main components: a function g(-)
that evaluates the solution elements and a strategy to manage the RCL.
Below, we describe each of these components:

e Function g(-) is responsible for identifying the most promising
solution elements and defines the greedy behaviour of the construc-
tion procedure. Taking into account that a feasible solution is
obtained by assigning each vector we S to one group S
Jj = {1, 2}, a solution element is represented by a pair (w,j). Given
a partial solution consisting of sets S; and S, of vectors already
assigned to one of these groups, we calculate the greedy value g (z, /)
for the assignment of an unassigned vector z to the group S; as
follows:

g[z, 1] = max
g[z, 2] = max

where z; is the value of the ith position of the vector z. By this
definition, the smaller g(z, j) values are attached to the solution
elements (z,) that are more attractive.

Several different ways exist to manage the RCL [32]. In this work, we
have chosen two of them. In the first, denoted by B_RCL, the RCL is

Zi + pri_

PES]

Z wil:i=1,....d.

q9ES2

@)

—at Y -

PES

Z wili=1,...d¢,

qES

8
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Input: «, typeRCL
Output: s
1 5+ S;
2 Let s be an empty solution;
s while S # () do
a if typeRCL == B_RCL then
For all pairs (z,j) : 2 € S, j = {1,2} compute g(z, j);
RCL <+ {(z,7) | g(z,7) is one of the a - n best greedy values };
(2*,7%) = Choose an element at random from RCL;

end

else if typeRCL == R_RCL then

RCL + Choose randomly an elements from {(z,7) : z € S,j = {1,2}};
For all pairs (z,j) € RCL compute g(z,7);

(2%,7%) = argmin{g(z, j) : (z,j) € RCL };

end

Assign vector z* to group j* in solution s;
S« S\{z'}

end

Fig. 2. Pseudocode for construction procedure.

composed of high-quality candidate elements which are restricted
either in number (cardinality-based) or by their quality (value-
based). The cardinality based membership includes within RCL a
percentage a of the full set of elements ordered by their attractive-
ness. Then, a random element from the RCL is chosen to be added to
the current partial solution. In the second approach for managing
the candidate list, denoted by R_RCL, the RCL consists of randomly
selected solution elements whose number is again determined as a
percentage a of the full set, and the member of RCL having the best
greedy function value is chosen to be added to the current partial
solution. The use of randomness in various parts of the RCL
management facilitates the exploration of different regions of the
search space by the constructive procedure. B_RCL is the standard
implementation that first applies the greedy component, evaluating
the candidate elements, and then applies the random one in the
selection. R_RCL, recently applied [33], performs first the random
component, and then the greedy one.

The detailed pseudocode of the construction procedure described
above is shown in Fig. 2..

3.3. Local improvement phase: restricted first interchange local
search

The aim of the improvement phase is to explore the neighbourhood
of the solution obtained by the construction procedure to find better
solutions relatively close to the initial one. The construction procedure
is responsible for identifying promising areas of the search space,
whereas the local improvement procedure is in charge of intensifying
the search in these promising regions.

We have considered two different local search procedures for the
MDTWNP problem, both of which consist of a descent that stops as
soon as no further improving moves are detected. The first, proposed in
[31], explores the search space near a particular solution by choosing
two random vectors assigned to different groups in the current solution
and then exchanging (swapping) the groups to which they belong. The
first neighbour found that improves the current solution becomes the
new current solution. We call this process first interchange local
search (FI).

We propose a second descent that avoids the fact that FI may
evaluate neighbours with objective values significantly different from
that of the current solution. This subsequently might cause the process
to become prematurely lodged in a local optimum. Our new local
search descent method, which we call restricted first interchange local
search (RFI), evaluates only a single swap move for each vector by
pairing it with the most similar vector (in terms of Euclidean distance)
assigned to a different group. Like in FI, the order for selecting the
vectors is determined by a random permutation. As soon as such a
restricted swap move is found that improves the current objective
function value, it is selected to produce the new solution. This process,
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like the FI method, ends when there is no available move (of the form
considered) that enhances the current value. The RFI method moves to
nearby solutions with objective function values that are generally close
to those of solutions left behind, yielding a more gradual form of
descent. At the same time, by restricting the neighbourhood explored,
the RFI local search is faster than FI.

It is important to highlight that, in order to improve the perfor-
mance of the local search methods, the new solutions obtained after a
swapping move are not evaluated from scratch, but applying delta
evaluation. With this purpose, we store the sum of the elements in each
group for each coordinate (Sum(S;, j): i = {1, 2}, j = {1,....d}) for the
current solution, and when the group of a vector w is changed, we only
have to update accordingly the sums, per coordinate, of the old (Syz4)
and new (S,,e.,) group. This results from the computation shown in
Egs. (9) and (10), enabling the new objective function value to be
obtained more quickly after a swapping move:

Sum (Sig> j) = Sum (Soua, j) — wy: j=1,....d. 9

Sum (Syens ) = Sum (Spes ) + Wi j = 1,..rd. 10)

3.4. Exterior path relinking

The main objective of PR is to explore paths between and beyond
high-quality solutions in order to find new solutions in their vicinity
that may be even better. Several variants of PR have been studied in the
literature [15,34-36,33]. Among these, two main variants yielding high
quality results have been widely analysed, the first consisting of
interchanging initiating and guiding solutions to generate different
trajectories between these solutions, and the second consisting of
simultaneously moving from each of these solutions toward the other.
These studies have always focused on interior PR, that is, exploring
paths between solutions (see Fig. 3). Here, by contrast, we explore the
exterior PR (ePR) approach introduced in [11]..

The essence of ePR for binary optimisation can be characterised as
follows (see Fig. 4). Let s; and s, denote an initiating and guiding
solution, respectively. Starting from s = 5; and defining J = {;: s = 5/},
we focus on changing the value of only those components ¢’ for j € J.
This way, we avoid moving either in the direction of s; or s;. The
variable ¢/ for j € J that is selected to be flipped at each stage of the
ePR process is typically one that produces a new solution s with the
highest improvement (best objective function value) from the acces-
sible candidates. This is called greedy PR [33], in contrast to greedy
randomised PR in which we randomly select an element among the
candidates with better evaluations. In this manner, the search is drawn
toward attractive solutions (and potential improving sequences) when
these are available..

Given two solutions for the MDTWNP problem, ePR considers the
set of moves where the vectors assigned to the same group are shifted.
The process starts from the so-called initiating solution and, at each
step, the best move is performed, stopping when there is no possible
move left. As underscored in the tabu search literature [8,9], diversi-
fication should not be divorced from intensification, but should aim at
producing high quality solutions at the same time that it drives the
solution process into new regions. The exterior form of PR is usefully
structured to accomplish this.

As noted in [11], instead of starting with s = s;, we can also start the
exterior PR procedure from the solution s' that was selected as best
during an interior PR process, yielding s' between s; and s,,. We will call
this alternative approach Alt_ePR.

The solutions chosen to be combined by PR are drawn from a
reference set consisting of high-quality and diverse solutions found
throughout the execution of the algorithm. In this exterior form of PR
we deem it natural to choose the initiating solution to have a better
objective function value than the guiding one, on the supposition that
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Fig. 4. ePR scheme.

the chance of finding high-quality solutions should be higher near the
better solutions. Therefore, we choose the initiating solution to be the
higher quality solution from the two candidates, consisting of the
current GRASP solution and a solution selected at random from the
reference set. In the following, we take the liberty of referring to the
reference set as the elite set.

In order to have a benchmark for comparing the behaviour of the
exterior form of PR, we have also developed an instance of interior PR
for the MDTWNP problem. The moves of interior PR involve shifting
those vectors in the initial solution that are assigned to a different
group in the guiding solution. We have applied backward PR [37] for
interior PR, where the initial solution is chosen as the best between the
current GRASP solution and the solution from the elite set. Previous
experiments carried out by Aiex et al. [17] and Resende et al. [38] for
interior PR showed that backward PR usually outperforms forward PR.
The latter, on the contrary, assigns the role of initial solution to the
worst solution.

The complete pseudocode of our PR procedures for the MDTWNP
problem is shown in Fig. 5. The PR procedure Path-
Relinking(zypePR, s, maxElite) receives three input parameters, the type
of PR (interior or exterior, where Alt_ePR is performed by calling PR
function twice), the solution s achieved by the improvement procedure
and the maximum size of the elite set. First, a random solution s' from
the elite set is selected. Then, for interior PR, the less attractive (lower
quality solution) of the two solutions s and s' plays the role of guiding
solution s;, whereas the more attractive becomes the initial solution s;.
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Input: typePR, s, maxFElite
Output: s
e < Random(1,|P));
s' < P.;
s: - argmin{f(s), /() };
sg < argmax{f(s), f(s")};
if typePR == Interior then
while |A(s;, sg)| > 1 do
w* « argmin{ f(mov(s;, w)) : w € A(s4,54) };
si <= mov(s;, w*);
if f(s;) < f(s) then
| s s
end

© W N e G A W N R

oo
= o

12 end
13 end
Ise if type PR == Euxterior then
while [6(s;, s4)] > 0 do
w* «— argmin{ f(mov(sg, w)) : w € 6(s4,54) };
si <= mov(s;, w*);
if f(s;) < f(s) then
s 85
end

H
'S
el

end

end
UpdateEliteSet(s, P);

Fig. 5. Pseudocode for PR.

Then each step selects a vector w" from the set A(s., s;) which consists
of those vectors in s; assigned to a different group in s, so that the
quality of the solution resulting from changing the group to which this
vector belongs is maximised. This process is repeated until
|Asi, so)] < 1, that is, next solution in the path is the guiding solution..

Similarly, the more attractive solution between s and s' is used as
the initiating solution s; for ePR. Then, at each step, w" is chosen from
the set of vectors assigned to the same group in s; and sg, & (s;, s,). The
process stops when |5 (s;, so)| = 0.

The solution s obtained after applying PR is considered as a
candidate to be added to the elite set, provided that s is not already
included in the set. This procedure is implemented by the function
UpdateEliteSet(s, P, maxElite) and its pseudocode is shown in Fig. 6. Its
structure is based on the procedure proposed by Marti and Sandoya in
[39]. If the current cardinality of the set P is less than its maximum
capacity (maxElite), s is just added to P, provided that s is not already
included in P. By contrast, if the elite set is full, s must meet at least one
of the following conditions to be included in the set:

e The objective function value of s is better than the best solution in
the elite set (sp).

The objective function value of s is better than the worst solution in
the elite set (s,,,) and the diversity that s would provide to the elite
set Div (s, P) is larger than the smallest diversity contribution of any
of the solutions that are currently in the elite set.

If s fulfils either of these conditions, it is added to the elite set by
replacing the solution most similar to it (in terms of distance).

The diversity contribution of a solution s to the elite set is calculated
as the sum of the distances between this solution and all the solutions
in this set. The diversity in the elite set becomes larger as distances
among its solutions get greater. The function Dist (s, ;) is used to
calculate the distance between any two solutions s; and s». It returns
the minimum value over the number of vectors assigned to a different
group and to the same one. Notice that if we change the group to which
every vector belongs, we obtain the same objective value.

From the point of view of computational complexity, we should
note that diversity values are not recalculated from scratch at each
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Input: s, P, maxElite
Output:
if s € P then

| Exit();
end
if |P| < maxElite then

| P+ PU{s}
end
else
Sw 4 argmax{f(t) : t € P};
sp < argmin{ f(t) : t € P};
if f(s) < f(sy) then
sy — argmin{Dist(s,t) : t € P};
P P\s )
P+ PU{s};

© W N e w A W N R

HoR R e
w N R O

nd

Ise if f(s) > f(sw) then

d < argmin{Div(t, P) : t € P};

Div(s, P) <= 3, p Dist(s, t);

if Div(s, P) > Div(d, P) + Dist(s,d) then
sy — argmin{A(t,s) : t € P};
P+ P\{s;};
P« PU{s}k

end

14

[¢]

15

[¢]

16
17
18
19
20
21

22

23 end

24 end

Fig. 6. Pseudocode for procedure to update the elite set.

iteration. For this purpose, we store Div(s, P) for each s € P. In this
way, each time a solution s, is added to P and replaces s,- in P if
needed, diversity values are updated as follows:

Div(s,, P) = Div(s,, P) — Dist(s,, s,). an

Div(t, P) = Div(t, P) + Dist(s,, t) — Dist(s,, t) VYVt # s, € P. (12)

4. Computational experiments

This section details the computational experiments performed to
study the behaviour of our GRASP+PR algorithm for the MDTWNP
problem. First, we outline the experimental framework (Section 4.1)
and then analyse the results obtained. The objective of these experi-
ments is twofold: (1) to analyse the behaviour of the proposed method
depending on its parameters and settings; (2) to compare the results of
GRASP+PR with those obtained by the VNS algorithm proposed in [31]
and by CPLEX, executing the latter with the integer linear program-
ming model detailed in Section 2.

4.1. Experimental setup

GRASP+PR is implemented in C++ and compiled with gcc 4.8.2.
The experiments were carried out on a computer with an Intel® Core™
i7-930 2.8 GHz processor (8 MB cache, four cores and eight threads)
with 24 GB of RAM running Fedora™ Linux 20. Our experiments use
the instance set created in [1], which is composed of 210 instances with
different combinations of the number of vectors (n) and their dimen-
sions (d). In particular, the value n is drawn from {50, 100, 200, 300,
400, 500} and d is drawn from {2, 3, 4, 5, 10, 15, 20}. For each
combination of n and d, there are 5 different instances with different
random values for each element w;;. We have divided this set of
instances into two subsets. The first one, namely training set, is used
exclusively for tuning the parameters and configuration of GRASP+PR
(using the first two instances of each type, 84 instances in total), and
the second one, test set, to perform the comparison with the state-of-
the-art algorithms (126 instances, using the remaining 3 instances of
each type).



F.J. Rodriguez et al.

We execute GRASP+PR 10 times on each problem instance. The
maximum CPU time (7T},,4») allotted to each instance is fixed depend-
ing on the number of vectors involved, in particular, n/10 s

We employ non-parametric statistical tests, as proposed in [40], to
compare the different algorithms given they do not require explicit
conditions for being conducted. In particular, Garcia et al. encourage
the use of non-parametric tests when we want to analyse results
obtained in multiple-problem analysis, due to the fact that the initial
conditions that guarantee the reliability of the parametric tests are
usually not satisfied. The performance measure is the average of the
best values found over 10 independent runs. In particular, we have
employed two alternative non-parametric analysis to compare the
experimental results:

e In the first case, we use the Iman and Davenport test [41], followed
by Holm's method [42] as a post-hoc procedure. The null hypothesis
for Iman and Davenport test is HO: 01 = §2=---=6k; the samples
were drawn from distributions with the same median. The alter-
native hypothesis is H1: Not HO. The rejection of the null hypothesis
in the test described above does not involve the detection of the
existing differences among the algorithms compared. It only informs
us about the presence of differences among all samples of results
compared. In order to detect some differences within the framework
of multiple comparisons, we can proceed with Holm's method that
compares the best performing algorithm (control algorithm) against
the remaining ones.

The second method is the Wilcoxon matched-pairs signed-ranks test
[43] to perform pairwise comparisons. The null hypothesis for
Wilcoxon's test is HO: 8D = 0; the difference between pairs of
observations follows a distribution with median zero. The alternative
hypothesis is H1: 6D # 0. In order to perform the test, we rank the
differences, in absolute value, between the performance scores of the
two algorithms for each instance. Then, we compute R* as the sum
of ranks for the instances in which the first algorithm outperforms
the second and R~ as the sum of ranks for the reverse case. If
T=min(R*, R) is less than or equal to the value of the distribution of
Wilcoxon for N (size of the samples) degrees of freedom, the null
hypothesis of equality of means is rejected. In particular, if R* is
greater than R~ and R~ is less than or equal to the critical value, the
first algorithm outperforms the second one. On the contrary, if R* is
less than R~ and less than or equal to the critical value, the second
algorithm outperforms the first one. Otherwise, the test does not
find differences between the algorithms’ performances.

4.2. Parameter study of the GRASP+PR algorithm

Our objective in this section is to study the effect of different
parameters and strategies used in our algorithm. We first attempt to
obtain a competitive configuration of the GRASP+PR algorithm by
performing a tuning of the parameters and strategies. Subsequently, we
analyse the impact of different key mechanisms, namely those consist-
ing of PR, the randomised construction procedure, and the local search
improvement procedure. Experiments in this section consider the
training set of 84 problem instances.

4.2.1. Parameter tuning of the GRASP+PR algorithm

In this section, we perform an experimental study to find a suitable
configuration for the proposed algorithm. We have carried out a full
factorial experiment [44,45] with the RCL construction procedure
(B_RCL, R_RCL), the local search method (FI, RFI), the size of the
elite set (6, 12), the type of PR (Interior, Exterior, and Alt_ePR), and
the percentage of solution components included into the RCL (0.05,
0.1, 0.2), exploring 72 different combinations in total. However, it is
important to note that additional values can be considered for each
parameter, and therefore the performance of GRASP+PR might be
further improved.
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Table 1
Mean ranking of GRASP+PR configurations and Holm's test results.

Order Algorithm Ranking Holm's test
1 GRASP-R_RCL-0.05-Exterior-6-RFI 7.57 Control algorithm
2 GRASP-R_RCL-0.05-Exterior-12-RFI 8.04 ~
3 GRASP-R_RCL-0.05-Interior-12-RFI 8.52 ~
4 GRASP-R_RCL-0.1-Exterior-12-RFI 8.89 ~
5 GRASP-R_RCL-0.1-Interior-12-RFI 9.34 ~
6 GRASP-R_RCL-0.1-Interior-6-RFI 9.70 ~
7 GRASP-R_RCL-0.1-Exterior-6-RFI 10.54 ~
8 GRASP-R_RCL-0.2-Interior-6-RFI 10.66 ~
9 GRASP-R_RCL-0.05-Alt_ePR-12-RFI  10.70 ~
10 GRASP-R_RCL-0.05-Interior-6-RFI 10.83 ~
11 GRASP-R_RCL-0.05-Alt_ePR-6-RFI 11.17 ~
12 GRASP-R_RCL-0.1-Alt_ePR-6-RFI 11.37 ~
13 GRASP-R_RCL-0.2-Exterior-12-RFI 11.67 ~
14 GRASP-R_RCL-0.2-Exterior-6-RFI 12.11 ~
15 GRASP-R_RCL-0.2-Interior-12-RFI 12.30 ~
16 GRASP-R_RCL-0.1-Alt_ePR-12-RFI 13.41 ~
17 GRASP-R_RCL-0.2-Alt_ePR-6-RFI 14.30 ~
18 GRASP-R_RCL-0.2-Alt_ePR-12-RFI 14.70 ~
19 GRASP-B_RCL-0.05-Exterior-6-RFI 23.18 +
37 GRASP-R_RCL-0.05-Alt_ePR-12-FI 39.11 +
72 GRASP-B_RCL-0.2-Interior-6-FI 66.94 +

Table 1 details the mean ranking of the different GRASP+PR
configurations. The ranking is obtained by ordering the algorithms
according to their observed results at each problem instance, assigning
the ranking 1 to the best algorithm, and |A| to the worst (where A is the
set of algorithms). Each configuration is denoted by GRASP-
< RCLType > — < a > — < PRType > — < EliteSetSize > — < Local.

Search >

In order to identify significant performance differences between the
algorithms, we have first applied the Iman and Davenport test. The
statistical value (395.19) is greater than the critical one (1.29) for a
significance factor of 0.05, evidencing that performance differences
really exist. Then, we have compared the behaviour of the best-
performing configuration (control algorithm, GRASP-R_RCL-0.05-
Exterior-6-RFI) against the remaining ones by means of Holm's test.
The third column details the results of this test, showing whether there
are significant performance differences (+) or not (~).

As shown in Table 1, the best performing GRASP+PR configuration
uses the R_RCL construction procedure with a = 0.05, ePR with 6
elements in the elite set, and restricted local search RFI. Holm's test
detects statistically significant differences between the control algo-
rithm (GRASP-R_RCL-0.05-Exterior-6-RFI) and those algorithms that
use B_RCL instead of R_RCL to build the RCL (first occurrence of such
configuration is at position 19 in the rankings list) and those that
employ FI instead of RFI. Therefore, both the R_RCL scheme for the
management of the RCL and the novel RFI local search appear to be
two key components in the proposed algorithm.

Table 2 summarises the results of applying the Wilcoxon test, with
p-value=0.05, to compare the results of the control algorithm and the
algorithms for which Holm's test does not detect significant differences.
The last column indicates whether GRASP-R_RCL-0.05-Exterior-6-
RFI performs statistically better (+), worse (=), or without significant
differences (~) to its competitor.

From results in Table 2, we notice that GRASP-R_RCL-0.05-
Exterior-6-RFI with the ePR scheme, which explores areas beyond
the initial solutions, improves the algorithm behaviour compared to the
Alt_ePR approach, which combines exterior and interior PR. If we
compare the performance of the approaches using the interior and
exterior PR scheme, we can notice that GRASP-R_RCL-0.05-Exterior-
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Table 2
Wilcoxon's test results (critical value is 1345).

GRASP-R_RCL-0.05-Exterior-6-RFI R* R™ Sig. differences?
vs.

GRASP-R_RCL-0.05-Exterior-12-RFI 1638 1932 ~
GRASP-R_RCL-0.05-Interior-12-RFI 1834 1736 ~
GRASP-R_RCL-0.1-Exterjor-12-RFI 2192 1378 ~
GRASP-R_RCL-0.1-Interior-12-RFI 1948 1622 ~
GRASP-R_RCL-0.1-Interior-6-RFI 2067 1503 ~
GRASP-R_RCL-0.1-Exterjor-6-RFI 2192 1378 ~
GRASP-R_RCL-0.2-Interior-6-RFI 2204 1366 ~
GRASP-R_RCL-0.05-Alt_ePR-12-RFI 2287 1283 +
GRASP-R_RCL-0.05-Interior-6-RFI 2429 1141 +
GRASP-R_RCL-0.05-Alt_ePR-6-RFI 2405 1165 +
GRASP-R_RCL-0.1-Alt_ePR-6-RFI 2354 1216 +
GRASP-R_RCL-0.2-Exterior-12-RFI 2475 1095 +
GRASP-R_RCL-0.2-Exterior-6-RFI 2603 997 +
GRASP-R_RCL-0.2-Interior-12-RFI 2558 1012+
GRASP-R_RCL-0.1-Alt_ePR-12-RFI 2833 737 +
GRASP-R_RCL-0.2-Alt_ePR-6-RFI 2969 601 +
GRASP-R_RCL-0.2-Alt_ePR-12-RFI 2801 769 +

6-RFI seems to outperform all the approaches using interior PR,
although sometimes the Wilcoxon's test does not find statistically
significant differences, due to R* value is always higher than R~.

4.2.2. GRASP+PR performance analysis

In this section, we perform an in-depth study of the influence of the
different components and parameters on the behaviour of the proposed
GRASP+PR algorithm, focusing on the three key components identified
in Section 4.2.1: the ePR scheme, the mechanism to choose the
elements included in the RCL and the local search procedure.

First, we compare the behaviour of the GRASP+PR algorithm
depending on the PR scheme. For this purpose, we show in Fig. 7
the results for all the training instances (the average over ten runs per
instance'), grouped by the number of vectors, in terms of the difference
(AR) between the algorithm using the ePR scheme and the algorithm
with interior PR and Alt_ePR schemes. In order to calculate Az, we
have applied the following formula:

Rex — R
REX

Ar

(13)

where Rz, is the result of the algorithm using ePR and R is the result of
the algorithm with the other PR scheme. This means that negative Ag
values indicate an advantage for the algorithm using ePR..

Fig. 7 shows that the ePR scheme produces better quality solutions
for the instances of all types, since the Ag value is less than O for all the
cases independently of the number of vectors. Interestingly, the
advantage of using ePR over interior or Alt_ePR is greater for instances
with an intermediate number of vectors (300) and, in addition with
regards to interior PR, for the instances with the largest number of
vectors (500).

At this point, it is interesting to study the benefits of the optimised
calculation of the elite set diversity presented in Section 3.4. For that
purpose, we have measured the total time taken by the path relinking
phase with and without the optimised calculation and have computed
the improvement obtained as follows:

Apr (%) = MJOO

a4

wi

where PR,,,; is the total time required for the PR phase without the
improvement of the diversity calculation and PR; is that of the PR

1 The particular result of each run on each instance can be consulted at http://
sci2s.ugr.es/MDTWNP
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phase with the improvement. This means that positive Apg values
indicate a reduction of the time needed for the PR phase when applying
the optimised calculation of the diversity. Fig. 8 shows the value of
Apr (%) grouped by the number of vectors. As we can observe,
performance improvement during the PR phase reaches values around
8% on average for instances with 50 vectors. This value gradually
decreases as we increase the size of the instances due to the relative
importance of the diversity calculation is less within the full PR
procedure. Notice that the complexity of the diversity calculation is
mostly related to the number of dimensions of the vectors in the elite
set. However, it is important to highlight that regardless of the number
of vectors that enhancement always brings a positive result..
Secondly, we analyse the behaviour of our proposal depending on
the mechanism used to select the elements included in the RCL. For
this purpose, we compare the behaviour of different relevant config-
urations along the whole run. We employ convergence graphs that
summarise the behaviour of the algorithms on the training instances
with 10 independent runs per each one. In order to build the
convergence graphs, we have performed the following steps:
e Every result is normalised to lie in the interval [0, 1] by considering
the highest and lowest values achieved by the algorithms on each
instance.
The average per time instant, over the set of problem instances and
10 independent runs, is computed from previous normalised results.
The result is referred to by Avg. Normalised Fitness in Figs. 9
and 10.

Fig. 9 shows the convergence graph of the best performing
configuration found in the above section, GRASP-R_RCL-0.05-
Exterior-6-RFI, and three more variants. The first configuration is
mainly characterised by the use of the R_RCL scheme, ePR, and RFI
local search. To see the effect of using the R_RCL scheme, we also plot
the convergence graphs of configurations obtained from the best one by
changing that component and its related parameter a. In particular, we
consider one configuration with B_RCL and three configurations with
different values for the parameter a..

The main difference between B_RCL and R_RCL is the number
of solution elements evaluated at each step. B_RCL assesses all
available solution elements while R_RCL only evaluates some of them
randomly chosen. We find that the exhaustive exploration performed
by B_RCL does not provide benefits over the R_RCL scheme, in terms
of solution quality throughout the execution of the algorithm. In fact, at
the end of the execution, the quality of the solutions obtained by the
configuration with B_RCL is the worst among the algorithms plotted in
Fig. 9.

With respect to the behaviour of our proposal depending on the
value of a, we note that, from the very beginning of the execution, the
best results are achieved by the configuration with the lowest a value,
that is, at each step we are evaluating only a few components for
inclusion in the current partial solution. In fact, the worst results at the
end of the execution, as can be seen in Fig. 9, are obtained with
the higher a value (0.2). This result is in line with our finding about
the mechanism to select the elements included in RCL. The reduction
of the computational time spent during the construction phase
allows GRASP+PR to perform more iterations, which seems to be
beneficial for improving the quality of the solutions along the whole
execution.

Then, we analyse the influence of the local search method employed
during the local improvement phase. To do this, the convergence
graphs of the best performing algorithm and a variant with the FI local
search are presented in Fig. 10..

The results shown in Fig. 10 disclose that GRASP+PR with RFI
outperforms GRASP+PR with FI from the very beginning of the
execution. This shows that just the pre-selection of the candidate
neighbours performed by RFI is suitable for this problem, regardless of
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GRASP + Exterior PR vs GRASP + Alt_ePR
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Fig. 7. Difference (Az) between GRASP + ePR vs. GRASP + interior PR / Alt_ePR.
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Fig. 8. Improvement obtained by optimising the computation of the elite set diversity.
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Fig. 9. Convergence graphs of GRASP+PR configurations considering different schemes
to manage the RCL and a values.
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Fig. 10. Convergence graphs of GRASP+PR configurations considering RFI and FI local
search methods.

the computational effort saving achieved. This faster local improve-
ment carried out by RFI pays off as execution progresses, increasing the
performance difference between the two algorithms.

Finally, we study the improvement obtained by using the delta
evaluation in the local search procedure. With this aim, we measure the
total time taken by the local search procedure with and without delta
evaluation and compute the improvement obtained analogously as we
did for the diversity calculation improvement during the path relinking
phase:

LSus = LS 100

wd

Ars (%) = 15)

where LS,,,q is the total time required for the LS phase without delta
evaluation and LS; is that of the LS phase with delta evaluation. This
means that positive A; g values indicate a reduction of the time needed
for the LS phase when using the delta evaluation. Fig. 11 shows the
value of A;5(%) grouped by the number of vectors. We can clearly see
how the delta evaluation is a key element to improve the efficiency of
the proposed algorithm, achieving reductions of up to 70% in the
runtime of the LS phase. As expected, these improvements are greater
as the number of vectors increases..
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Fig. 11. Improvement obtained by using the delta evaluation during the LS phase.

Taking into account the conclusions drawn from Sections 4.2.1 and
4.2.2, we base all comparisons in the following sections on the GRASP
+PR configuration with R_RCL, @ = 0.05, ePR with size of the elite set
equal to 6, and RFTI local search. This configuration will be referred to
from now on just as GRASP+ePR.

4.3. Comparison with state-of-the-art methods

In this section, we compare the GRASP+ePR method with the
results of the integer programming model and the VNS described in
Section 2. VNS is the current state-of-the-art algorithm for the problem
along with the EM method proposed in the same paper [31]. The VNS
method is noteworthy for its simplicity, and establishes itself as an
effective tool for tackling hard problems [46]. To solve the integer
programming model, we have used CPLEX v. 12.5.1. Moreover, we
have reimplemented VNS in C++ following the guidelines in the
original publication, allowing us to perform a comparison under
identical execution conditions such as computational time limit,
computer features, etc. The parameters used for VNS are those
recommended in its original publication. We emphasise that the
experimentation in this section has been carried out on the subset of
126 test instances, not used for tuning GRASP+ePR as explained in
Section 4.1.

All the algorithms but CPLEX were executed 10 times on each
problem instance, allotting a computation time limit of 600 s for each
execution. CPLEX was executed only once due to its deterministic
nature and allowed a computation time budget of 1200s. CPLEX
settings were established with a maximum RAM memory of 3500 MB,
allowing disk-backup and compression once that limit was exceeded,
and using a single thread. The computer features are described in
Section 4.1.

Table 3 summarises the results achieved by GRASP+ePR and its
competitors, VNS and CPLEX. Additionally, we point out that CPLEX
could never compute a best bound different from the trivial one, zero.
For each algorithm, we compute for each instance type the average
objective function value obtained (Avg.), the average deviation between
its averaged final result on each instance and the best known value
(Dev.), and the number of executions for which the value of the best
solution obtained by a given method matches the best known value
(#Best). We highlight in bold the best Avg., Dev., and #Best values.
Note that Dev. is not computed for CPLEX since it is executed only
once on each instance, moreover, CPLEX #Best values are not
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comparable with regards to GRASP+ePR and VNS for the same reason.
In addition, detailed results of all the algorithms on each instance are
publicly available.?

From results in Table 3, we highlight the following elements:

® GRASP+ePR attains the best overall results, obtaining the best Avg.
value for 25 out of 42 instance types. It is important to emphasise
the superiority of our proposal with respect to its competitors in
large instances (with 300 or more vectors), where GRASP+ePR gets
the best result in all the instance types but three.

Dev. values achieved by VNS are generally larger than those of
GRASP+ePR, which shows that VNS results are highly influenced by
the stochastic luck when randomly generating the initial solution.
This also explains the fact that VNS attains, in some cases, the best
found solutions more times than GRASP+ePR. When the initial
solution is fortunately generated in a good region of the search
space, VNS gets outstanding results; but in other cases, VNS gets
much inferior results, making its average results inferior to those of
GRASP+ePR. Concluding, GRASP+ePR is more reliable.

With regard to CPLEX results, we may point out that even doubling
the maximum computation time allowed for CPLEX, GRASP+ePR
attains better results than CPLEX in 31 out of 42 instances. It is
noticeable that CPLEX can hardly address large instances. We can
clearly see that as the size of the search space increases, that is, with
a larger number of vectors and dimensions, CPLEX is less compe-
titive with regards to our proposal.

To determine whether the observed differences in the above table
are statistically significant, we have employed Wilcoxon's test. Table 4
shows the results of applying Wilcoxon's test with p-value=0.05 to
compare GRASP+ePR and its competitors (VNS and CPLEX). These
results show that GRASP+ePR outperforms both competitors, yielding
statistically significant differences.

4.4. Knowledge exploitation

In this section, we analyse the reason why the key algorithmic
components of GRASP+ePR adequately suit the MDTWNP character-
istics, showing profitable problem-knowledge exploitation [47]. To
carry out this goal, we consider the test instances and compare
GRASP+ePR with other variants, already tested on the training
instances in Section 4.2, that differ in only one single component:
GRASP+iPR with interior path relinking instead of ePR, GRASP+ePR-
butFI with FI instead of RFI local search, GRASP+ePR-butB_RCL with
B_RCL instead of R_RCL. Additionally, we also consider VNS and a
simple random multistart local search method (RMLS). The following
characteristics are studied along the optimisation process:
® Heuristic-guided construction: Given the considered algorithms, we
may analyse the effect of the R_RCL greedy construction procedure
of GRASP+ePR, GRASP+iPR and GRASP+ePR-butFI, in contrast
with the B_RCL variant present in GRASP+ePR-butB_RCL and the
random solution construction of VNS and RMLS.

Improved local search: In this case, we study the advantages of the
RFI local descent, in all the GRASP+PR algorithms except GRASP
+ePR-butFI, in contrast with FI, used by VNS, RMLS and GRASP
+ePR-butFI.

Exterior path-relinking: Finally, we analyse the benefits of ePR, in
all the GRASP+PR variants except GRASP+iPR, with regard to the
interior path relinking in GRASP+iPR and the absence of any path
relinking scheme in VNS and RMLS.

Fig. 12 shows the mean ranking values of the aforementioned

2 http://sci2s.ugr.es/MDTWNP/
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Table 3
Summarised results of GRASP+ePR, CPLEX, and VNS.

n d CPLEX GRASP+ePR VNS
Avg. #Best Avg. Dev. #Best Avg. Dev. #Best
2 5.350 1 5.033 2.577 3 7.146 4.690 0
3 157.504 0 155.671 5.290 4 154.760 4.379 0
4 925.406 0 896.969 4.884 2 896.665 4.579 2
50 5 3266.493 0 3073.117 396.757 1 2752.916 76.557 3
10 16,015.01 1 17,668.097 2863.610 0 17,664.978 2860.492 3
15 27,636.793 3 32,498.371 4861.577 2 35,898.864 8262.070 1
20 50,932.776 3 56,624.891 5692.118 5 54,801.554 3868.781 9
2 4.539 0 3.012 1.617 4 6.149 4.754 0
3 220.269 0 218.009 13.389 2 225.352 20.731 2
4 846.737 0 841.246 5.698 0 856.762 21.214 3
100 5 3201.037 0 3194.114 465.835 1 2992.666 264.387 2
10 16,305.027 0 16,044.966 3021.522 0 14,917.637 1894.193 3
15 31,209.227 0 33,808.914 2604.697 1 34,265.192 3060.975 3
20 48,681.993 1 55,877.839 9365.443 0 52,089.672 5577.275 2
2 1.599 0 2.518 2.057 2 4.169 3.709 2
3 90.813 0 108.462 47.005 1 155.907 94.450 2
4 745.223 0 768.005 340.941 1 799.298 372.234 2
200 5 2196.835 0 2123.177 1001.584 0 1853.161 731.568 3
10 17,626.677 0 17,594.218 1024.315 1 18,320.442 1750.539 2
15 34,769.833 0 31,744.227 4440.701 3 33,615.853 6312.326 0
20 50,901.007 0 50,677.805 6583.245 3 52,598.723 8504.163 0
2 3.248 0 2.627 1767 3 7.195 6.335 0
3 174.903 1 208.139 49.407 1 198.055 39.323 1
4 991.844 0 953.031 156.249 1 958.827 162.045 2
300 5 2212.774 0 1627.056 104.729 2 2078.378 556.051 1
10 20,416.213 0 17,033.103 1330.833 2 17,160.990 1458.448 3
15 33,504.556 0 32,292.809 2883.982 1 33,698.138 4289.311 2
20 49,924.603 0 49,583.857 5936.883 2 50,771.759 7124.786 1
2 5.198 0 2.807 1.615 2 8.055 6.863 1
3 218.352 0 224.982 69.677 1 210.626 55.321 2
4 923.708 0 903.078 123.201 2 944.201 164.332 3
400 5 1871.32 0 1675.134 279.902 2 2036.273 641.041 1
10 16,651.820 0 16,128.339 2855.202 0 16,258.542 2985.405 4
15 37,005.090 0 31,313.747 3328.830 1 33,007.689 5022.772 2
20 56,479.169 0 48,885.457 5695.503 3 49,922.424 6732.471 0
2 0.967 1 2.289 1.884 0 5.207 4.802 2
3 67.550 0 65.361 31.723 2 106.619 72.981 1
4 845.673 0 619.877 230.629 1 893.791 504.606 1
500 5 1856.064 0 1834.311 230.964 2 2242.995 639.648 3
10 16,893.034 0 16,042.048 1718.365 1 16,162.857 1839.174 2
15 35,775.713 0 30,250.913 3024.463 1 32,823.764 5597.314 2
20 56,188.513 0 46,876.807 4904.973 2 49,250 7278.784 2
Table 4 6F w.v“"m.‘.‘.'...‘.'.‘-‘-‘.'...‘
Wilcoxon's test results between GRASP+ePR and CPLEX/VNS (critical value is 3195). st S e et
GRASP+ePR vs. R R™ Sig. differences? - poree o
VNS 5397 2604 + 2
CPLEX 4910 3091 + <
&
2
<
algorithms, as defined in Section 4.2.1, along the runtime and over the
126 test problem instances, which were not used for tuning GRASP
+ePR. From the graphics shown in Fig. 12, we can conclude the
following: Pl ‘ ‘ s s
3 3 3 3 3
. o o o o
e The effect of the construction procedure can be observed clearer at e 8 S
the left side of the graph, where the results of the algorithms are Time (ms)
almost solely influenced by this element. We notice that the random GRASP+ePR-butB_RCL —5— GRASP+ePR-bUtFl --4- GRASP+ePR
solution construction procedure, present in VNS and RMLS, gets the CRASPHPR ¢ UNS v RMLS -3
worse rankings. In contrast, the heuristic based ones, and thus Fig. 12. Averaged ranking over the complete runtime.
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empowering intensification, allow the other algorithms to start their
executions with relative better performances. Among these methods,
we can see that all but GRASP+ePR-butB_RCL get similar and
superior ranking values. Therefore, we conclude that emphasising
intensification slightly, R_RCL, helps the method to start from
better solutions than random, VNS and RMLS, or too biased ones,
B_RCL.

® As the execution progresses, we can observe the importance of RFI
in our proposal. GRASP+ePR-butFI degrades its performance along
the execution, sufficiently to be outperformed by the exploration
carried out by VNS. On the contrary, the variants with RFI retain
similar rankings over the execution. The good performance of the
restricted LS might be due to the effective reduction of the time
required by the LS phase, which we cut down by limiting the
neighbourhood of the current solution. In this way, we mitigate one
of the main drawbacks of the LS methods, which is usually the
excessive consumption of the computational resources allotted to
the complete method, and promote a more balanced trade-off
between intensification diversification.

® As can be seen in Fig. 12, despite the significant improvements
provided by the enhanced local search, VNS is only overcome when
RFI is combined with R_RCL and a path-relinking scheme, either
interior or exterior. And it is worth noting that the two correspond-
ing methods, GRASP+ePR and GRASP+iPR, maintain a superior
performance throughout the whole execution. Therefore, we con-
clude that the separate use of each of the three main components
outlined above is not enough to get results better than those of VNS.
Only their right combination of RFI, R_RCL and a path-relinking
scheme allows GRASP+ePR and GRASP+iPR to get the best ranking
values.

Conclusions

We have proposed a new metaheuristic for the MDTWNP problem
that joins GRASP with a recently proposed Exterior Path Relinking
method (ePR), which examines areas beyond those embraced by
interior PR solutions. We have also proposed a new restricted local
search procedure for carrying out local descent for MDTWNP, which
limits neighbours considered to lie close to each other. This way, the
carried descent becomes smoother and faster, and proves superior to
the previous local descent approach used for MDTWNP.

We have empirically compared our GRASP+ePR approach, in terms
of its key components, with two chief methods: (1) CPLEX applied to
an integer linear programming formulation and (2) VNS, which is the
current state-of-the-art algorithm for the MDTWNP problem. This
study has demonstrated that the right combination of the elements of
GRASP+ePR, namely heuristic solution construction, restricted local
search, and path-relinking, allows it to get better results than its
competitors.

We mention three avenues for further research: first, to incorporate
additional elements from interior PR (such as truncated PR and
randomised PR) into ePR; second, to build new hybrid metaheuristics
[48,49] for the MDTWNP problem combining the proposed GRASP
+ePR with other salient metaheuristics, such as tabu search and
strategic oscillation, and to adapt those proposals to address the
multidimensional multiway number partitioning problem [30], which
is a generalisation of the MDTWNP problem where the number of
groups to be composed is greater than two; and third, to analyse the
application of new GRASP+PR schemes on other problems, such as the
parallel machines scheduling problem [19,50].
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