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OPTIMAL WEIGHTED ANCESTRY RELATIONSHIPS*

FRED GLOVER,{ T. KLASTORIN§ AND D. KLINGMANY

A solution method is given for a class of practical optimization problems requiring
the determination of a consistent partial ordering for sets of objects, events, prefer-
ences, and the like. These problems are characterized by the existence of ‘“‘noisy”’
(or contradictory) links of varying strengths. The origin of this class of problems is
an anthropological study in which it is desired to specify a global chronological order-
ing of ancient cemetery data. A mathematical formulation is given which results in a
minimum weight feedback model. A heuristic is developed similar to the Greedy
algorithm for minimum weight spanning trees which requires only one pass through
the network.

1. Introduction

In this paper we provide a solution approach for a class of optimization problems
which has arisen, in a manner of speaking, from the grave. The attempt to specify a
global chronological ordering of ancient cemetery data is shown to give rise to a mathe-
matical formulation which seeks a minimum weight feedback arc set.

The cemetery of the anthropological study which underlies our model consists of a
number of individual gravesites each containing a series of artifacts at various ground
depths. At each gravesite, pottery types have been identified and marked according to
their ground depth. Due to the fact that a grave will sink after a number of years and
the site will be reused, it is customary to assume a direct relationship between the age
of each pottery type and its ground depth at each gravesite. From such partial (or
“relative’”) chronological orderings at each gravesite, weights may be determined to
reflect the relative strength of the ordering in a local sense. (The partial orderings at
different gravesites—or even at the same gravesite for different graves—may be in-
consistent, and may, thus, involve different “precedence weights” for the same pot-
tery types.) Due to the inconsistency of the data, there is no direct way to use the par-
tial orderings to derive a global partial ordering on the pottery types. Consequently,
given these precedence weights, the problem becomes that of finding a “best” partial
global ordering of the pottery types according to various criteria.

Viewing each pottery type as a node and each precedence relationship as directed arc
(where a directed arc from node 7 to node j corresponds to the precedence relationship,
1 precedes j), our problem is, in a network context, to determine a set of arcs that con-
tains no directed cycles (circuits) and which optimizes some objective function defined
in terms of the arc weights. In particular, the objective of maximizing the sum of the
weights on the selected arcs gives rise to the following problem formulation:

Maximize Z(i.j)€NWijxij

subject to: 2. pecireuit £i; < onelessthan # of ares in the Circuit for every Circuit.

z;; =0 or 1,

where N is the set of admissible arcs, w;; is the weight associated with arc (z, j) and
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OPTIMAL WEIGHTED ANCESTRY RELATIONSHIPS 1191

x;;1s the 0-1 decision variable associated with selecting ¢ to precede j. This formulation
has the interpretation of seeking a minimum weight feedback arc set (see e.g., Younger

[5]). This problem can alternatively be stated as a weighted covering problem (see
Balinski [1]) as follows:

Minimize Z(i,j)e N W;iYi;
subject to: D, necireuit ¥is > 1, for every Cireuit
yi; =0 or 1

where y;; = 1 — x;;. Unfortunately, however, these formulations require the enumera-
tion of all circuits and thus place the problem at a level of difficulty somewhat beyond
that of the ordinary weighted covering problem.

We give a heuristic approach for this problem that is germane to any class of prob-
lems which may be characterized roughly as follows: given a collection of data, experi-
ments, and historical summaries, that impute weighted partial orderings to certain
objects, determine an optimal global partial ordering of all objects with respect to the
weights. In addition, our procedure is useful for testing consistency and isolating in-
consistency in the data for such problems.

2. Some Ways of Determining Precedence Weights

For many problems, including the gravesite problem, there are many ways one
could determine precedence weights from the raw data. It is not our intent in this
section to provide even a partial enumeration of alternative approaches that might be
used. However, we shall propose some procedures for imputing weights which have a
particularly appealing property. The schemes we propose will be stated in terms of the
gravesite problem, but can obviously be applied in other contexts. They all satisfy the
condition that wj; = —w;; where w;; is the weight assigned to the precedence rela-
tionship, ¢ precedes j.

For the kth gravesite (trial), let p'Z ; be a number which reflects the number of times
1 appears before j. For example, one could increase P, by ayif 7 precedes j by one level,
ay if 4 precedes j by two levels, and so on. Another possibility would be to reduce D
by an arbitrary amount if the number of times ¢ precedes j is relatively small, thereby
implicitly accommodating the fact that such an ordering might be a freak occurrence
and deserves less weight. Having determined values for p%;, the weights w;; on the arcs
(7, 7) in the global network can be determined by any one of the following:

Lowi; = 2%pij — 2k Pri
In this instance, w,; represents the net number of times (in a weighted sense) that ¢
precedes j over all trials. '

2. wi; = (epi; — 2o 050)/[ 200 @55 + p5:)/nl
where 7 is the number of nodes in the network.

Here w;; corresponds to the net number of times 7 precedes j divided by the average
number of times 7 precedes j or j precedes 7.

3. Define the weights w,; as in 2, but let n be any positive real number. (Note that
if the objective function is linear in the w,; then 2 and 3 will yield the same optimal
solutions. )

In general, for the objective function of maximizing Zw;;z,;, it is reasonable to in-
clude in the network only those arcs with positive weights, and we henceforth assume
that such arcs are in fact deleted.
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3. Some Objective Functions

There are a few special situations in which the difficulties of solving the problem as
formulated in the preceding section can be circumvented. For instance, suppose the
data is perfectly consistent after deleting the nonpositive arcs. This would mean that
if 7 precedes 7, there is no implication that j precedes ¢ (i.e., if a path exists from ¢ to
7, then a path does not exist from j to 7). If this “transitivity’’ condition exists in the
network then clearly the circuit constraints are automatically satisfied by every feasi-
ble solution. Thus, the problem becomes solvable as an ordinary linear program since
the integer restrictions will serve only to restrict the variables to be less than or equal
to one. Moreover, in this case, the optimal solution is exceedingly easy to obtain since
it simply consists of selecting all positive weight arcs. The solution is also easy to ob-
tain in a few more general cases. For example, if the circuits which are composed only
of positive weight arcs are disjoint, it suffices to drop the minimum weight arc in each
of these circuits, selecting the positive weight arcs that remain. Similarly, if it is possi-
ble to identify a minimum cardinality set of arcs whose removal will break all circuits,
and those sum of weights does not exceed that of any larger cardinality set, then elimi-
nating these arcs will solve the problem. In most cases, however, the problem data is
not so amenable to exploitation.

4. Greedy Heuristic Method

The solution method we propose automatically obtains an optimal solution for the
special cases previously described, and determines solutions generally, with computa-
tional effort on the order of n? calculations. Specifically, we take our objective to be the
removal of a set of arcs with the property that each is a minimum weight arc in at least
one circuit in the network. If all arcs with this property are removed, the resulting
network will contain no directed cycles (since at least one arc is dropped from every
circuit), and our method identifies a subset of such arcs whose removal accomplishes
the same effect. There are several ways by which such a method might proceed.

One approach would be to enumerate all circuits in the network and then to find a
minimum weight arc in each circuit. This procedure, while perfectly direct, unfor-
tunately involves as much effort as formulating the maximum weight problem as a
weighted covering problem.

Another approach would be to order the weights in ascending order and then to con-
sider each arc successively in the network, applying the rule whereby the arc is de-
leted if it is 2 minimum weight arc in some circuit of the current network. This approach
improves considerably on the preceding but still requires a labeling procedure to deter-
mine whether deleting an arc from a graph will break a circuit. Since the labeling pro-
cedure may have to be performed a large number of times, it seems worthwhile to look
for better alternatives.

A more effective approach can be founded on a network construction rather than a
network reduction. (We will show subsequently how the details of this construction
can be performed in an efficient manner.) To begin, suppose that the weights are ar-
ranged in descending order. It suffices then to examine the arcs in sequence, determin-
ing whether the arc currently being examined forms a circuit with some subset of the
arcs examined previously. If it does, this arc is designated as a ‘“temporary arc” and the
process continues. After all arcs have been thus examined, the arcs designated ‘“tem-
porary” are discarded from the network. The arcs remaining provide a feasible solu-
tion.

The critical prerequisite to implementing the foregoing method efficiently is the
ability to recognize with little effort whether the addition of a new arc creates a circuit
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in the network being constructed. (A nearly identical problem is encountered by Con-
struction A of Kruskal [4], for identifying a minimum weight spanning tree. This
problem has recently been addressed by Kershenbaum and Van Slyke [3].) We now
indicate a simple procedure that will accomplish this task.

Start with an n X n identity matrix I where n is the number of nodes in the network.
View the jth column of this binary matrix as indicating those nodes which can reach
node j (i.e., if the 7th component of column j is 1 then a directed path existsfrom node
7 to node 7). Equivalently, we may view the 7th row of the matrix as indicating those
nodes which can be reached from node ¢. Note that these interpretations accord with
the starting matrix I which corresponds to a network with no arcs. When arc (¢, j) is
to be added to the network under construction, the updated form of the matrix which
accords with the indicated interpretation is created by either of the following equiva-
lent operations:

(1) Replace each column % that has a 1 in row j by the bit union of column 7 and
column k.

(2) Replace each row k that has a 1 in column < by the bit union of row 7 and row k.

The justification of these operations is established by the followingreasoning. Row j
contains a unit entry for each node k for which there is a directed path from j to k.
Thus, adding arc (3, j) creates directed paths from node 7 to precisely the set of nodes
k so identified. Moreover, for each of these nodes %, the set of all nodes p for which a
path is created from p to k£ (upon adding (¢, j)) must be the set of nodes which cur-
rently connect by a directed path to node 7. Consequently the union of columns 7 and
k gives the set of all nodes which connect to node k after adding arc (7, 7). This justifies
operation (1), and operation (2) is justified similarly.

With the correct form of the updated matrix thus determined, the “temporary’ arcs
of the algorithm can be identified in a particularly simple fashion. In particular, the
arc (¢, j) above to be added to the network should be designated temporary if there is
a unit entry in cell (4, 7) of the matrix. Note that this identification (and its supporting
matrix updating) is not only quite simple but is also considerably more efficient than
the iterative use of a labeling scheme to detect circuits.

We can go a step further and specify not only the set of arcs to be removed but also
the entire partial ordering implied by the arcs retained. One particularly simple,
but efficient, way to obtain this order is to shadow the bit union matrix previously dis-
cussed with a second bit union matrix. The matrices begin the same, but the updating
operations are carried out in the second matrix only when the current arc (z. j) is not
designated “temporary.” As a result, this second matrix has the same property as the
first, but is defined in terms of the solution network instead of the full network. Thus
given this matrix, it is quite easy to determine those nodes that node 7 precedes, those
nodes that precede node 7 and those nodes that neither precede nor follow node < in
the optimal solution. Consequently, the bit union matrix approach not only provides
a simple solution vehicle but also a convenient way to find and represent the resulting
global partial ordering.

References

1. Bauinski, M. L., “Integer Programming Methods, Uses, Computation,’”’ Management Science,
Vol. 12, (1965), 253-313.

2. EpMonbDs, J., “Matroids and the Greedy Algorithm,”’ Mathematical Programming, Vol. 1, No.
2, (1971), 127-137.

3. KErSHENBAUM, J. AND VAN SiLyYkE, R., “Computing Minimum Trees,” Proc. ACM Annual
Conference, (1972), 518.

4. KruskaL, J. B., Jr., “On the Shortest Spanning Subtree of Graph and the Traveling Salesman
Problem’’, Proc. Am. Math. Soc. 7, (1956), 48-50.

5. YOUNGER, D. “Feedback in a Directed Graph,’”’ Ph.D. dissertation, Columbia University, 1963.

This content downloaded from 132.174.250.143 on Mon, 20 Feb 2017 18:45:19 UTC
All use subject to http://about.jstor.org/terms



	Contents
	image 1
	image 2
	image 3
	image 4

	Issue Table of Contents
	Management Science, Vol. 20, No. 8, Apr., 1974
	Front Matter
	Autonomy, Gratification and R & D Outputs: A Small-Sample Field Study [pp.  1147 - 1156]
	The Researcher and the Manager: A Comparative View of the Need for Mutual Understanding [pp.  1157 - 1163]
	A Search Procedure for Policy Oriented Simulations: Applications to Urban Dynamics [pp.  1164 - 1174]
	An Algorithm for Optimal Inventory Policies for Systems with Joint Setup Costs [pp.  1175 - 1177]
	A Pattern Recognition Model for Forecasting [pp.  1178 - 1189]
	Optimal Weighted Ancestry Relationships [pp.  1190 - 1193]
	Optimal Location of Inspection Stations in a Multistage Production Process [pp.  1194 - 1200]
	Optimal Control of a Graded Manpower System [pp.  1201 - 1216]
	Mathematical Programming Models for the Determination of Attribute Weights [pp.  1217 - 1229]
	Back Matter [pp.  1230 - 1231]



