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Abstract

In spite of the many special purpose heuristics for specific classes of integer programming (IP) problems, the
are few developments that focus on general purpose integer programming heuristics. This stems partly from
perception that general purpose methods are likely to be less effective than specialized procedures for spet
problems, and partly from the perception that there is no unifying theoretical basis for creating general purpo
heuristics. Still, there is a general acknowledgment that methods which are not limited to solving IP problen
on a “class by class” basis, but which apply to a broader range of problems, have significant value. We provi
a theoretical framework and associated explicit proposals for generating general purpose IP heuristics.
development, makes use of cutting plane derivations that also give a natural basis for marrying heuristics w
exact branch and cut methods for integer programming problems.
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1. Introduction

Many special purpose heuristics have been created to handle particular classes of inte
programming (IP) problems. Tailored procedures for exploiting special structures ofte
carry with them the expectation of performing better than methods which do not explicitl
take advantage of such structures. From the standpoint of user convenience, howe'
the benefit of being able to handle diverse applications without having to resort to a ne
implementation effort in each case, makes a general purpose method especially attract
In spite of this, general purpose heuristics for integer programming have been given ve
limited attention in the literature.

The purpose of our development is to identify a framework for general purpose IP heuri
tics that has a useful theoretical content and which also has the appeal of being suscept
to graphical visualization. The procedures that emerge from this framework also afford «
opportunity to unite heuristics with exact branch and cut methods for integer programmin

Part | of this paper established the theory and associated procedural consideration
derlyingcut searchmethods for integer programming. Part Il, developed here, extends thi
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work to provide star-path constructions for probing the solution space to find good canc
date solutions. As shown in Part I, the goals of finding good solutions and generating go
cutting planes are interrelated in a variety of intricate ways. We now turn our attention mo
fully to the first of these goals, to take a closer look at strategies for probing the solutio
space. We consider a special approach for generating solutions which also gives rise
additional theorems that interrelate search processes and cutting planes.

2. Notation

We briefly review the notational background introduced in Part | as follows. Associate
with a given current basic extreme point solutiai®), as obtained by the bounded variable
simplex method (see, e.g., Dantzig, 1963){¥gt j € NB} denote the currentsetof nonbasic
variables and lefix; : j € B} denote the current set of basic variables. The set of all variable:
will be indexed byN (henceN = NB U B), and the set of integer variables will be indexed
by I. For explicitness, we stipulate that each variakle j € N must satisfy the bounds

U; > x; > 0, whereU; may be infinity. The polyhedral linear programming (LP) cone, of
which x(0) is the vertex, is the region spanned by the edges

x(h) = x(0) — Dhun, foru, > 0,h € NB

whereDy, is the “current tableau” vector associated with the nonbasic vangbbnduy, is

the parameter identifying the change in the valug.afrom its lower or upper bound value
which it receives ax(0)). We assume throughout the following tha0) is feasible for the

LP problem, though this assumption can be relaxed. (In general, we requirg @t a
feasible extreme point for a region that results by discarding some of the constraints tt
define the original LP feasible region.)

The customary LP basis representation explicitly identifies only the subset of the entrit
dnj of Dy, that are associated with the current basic variaklesWe use the full vector
representation here, understanding that the entri€s, @fre zero for all nonbasic variables
exceptxy, which has a coefficient of 1 or1. We choose the sign convention for entries
of Dy, that yields a coefficient foxy, of d,n, = 1 if x;, is currently at its lower bound at the
vertexx(0), and ofdn, = —1 if xy is currently at its upper bound a&(0). (Hence,u,
respectively, correspondsxg or U, — X,.) By this convention, ik(0) is a feasible extreme
point of the LP problem, then the feasible extreme points adjacet(Djoare pointsx(h)
that occur for (specific) nonnegative values gty and for strictly positive values except
under degeneracy.

3. Star-paths for integer programs

Itis entirely possible, by selecting appropriate rays for probing the solution space, to gener:
a small set of candidate solutions which includes an optimal solution, yet which may nc
yield a particularly strong cutting plane, by the cut search approach of Part . In fact, asw
be seen, there is a convex collection of rays each of which finds an optimal solution, al
which provides a trajectory along which each integer variable moves monotonically clos
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to its optimal value. For problems in zero-one variables, such rays find an optimal solutic
as the first solution generated by a cut search method. A set of candidates that has a sit
element is unlikely to generate a very strong cutting plane by cut search, and the fact tt
an optimal solution can be contained in such a set suggests that the quest for good cultt
planes and the quest for good solutions may sometimes embody competing consideratic
The challenge we address, therefore, is to create a strategy that increases the chanc
selecting one of the “right” rays to generate an optimal or near-optimal solution.

This shift of focus to place increased emphasis on the good candidate solutions lec
to a corresponding shift of strategy. Instead of generating solutions from the union «
hyperplanes intersected by a collection of rays, as in cut search, we generate solutions fr
hyperplanes intersected by each ray individually. More precisely, we organize our approa
to examine a special subset of the union of the hyperplanes intersected by different rays

Our development builds on results of Glover (1995) for zero-one problems, which w
reformulate to allow several of the basic ideas also to be extended to more general
problems. We first establish connections to the cut search framework. Consider the gene
representation of a (half) ray of the LP cone given by:

X=X(0)—Du, u=>0

whereD is a convex combination of the vectdps,, h € NB.

In the present development we consider rays that are generated by identifying speci
focal pointsthrough which these rays are extendedx’Ifs any point that lies in the LP
cone, distinct fromx(0), then we can construct an alternative representation of rays of thi
cone by defining

Ray(x’) = {x = x(0) + (X' — x(0)) u:u > 0}.

The vectorx’ — x(0) equals a negative multiple of sorBethat is a convex combination of
the Dy, vectors. We are especially interested in focal points that lie on cutting planes, ar
more precisely that lie within the restricted region of a cutting plane where it intersects th
LP cone and the LP feasible region. A strategy for probing the solution space by rays h
recently been developed for zero-one problems by Balas et al. (1996). This approach
based on a strategy of Balas, Glover, and Sommer (1971) and extensions by Balas (19
and Glover (1972) for associating zero-one points with faces of the octahedron that defir
the dual of the unit hypercube. By contrast, the approach described here, in addition
extending readily to more general IP problems, utilizes mappings derived from the cut sear
framework to automatically exclude examination of large number of irrelevant points the
are generated relative to the octahedron. Further, the connections between cutting plat
rays and feasible integer solutions provided by the current development yield addition
ways to take advantage of the resulting processes for probing the solution space.

In particular, for specific valuesf, h € NB, which define a valid cutting plane by the
Convexity Cut Theorem (or a conditionally valid cutting plane by the Cut Search Theorem
as expressed in Part |, we identify as before the endpoints of the associated extended ed
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given by
x*(h) = x(0) — Dpuf;, h e NB.

We allow reference to cutting planes with negative edge extensions, by the simple exf
dient of replacing both negative and infinitg values by large positive finite values, which
also yields a valid cutting plane. (More refined ways of dealing with cutting planes tha
have negative edge extensions result by solving a linear program that includes such cl
thereby giving a second LP vertex for guiding the search, as will be discussed later.)

Associated with these positivg, values, we identify the face* created by the inter-
section of the hyperplane through the poirtgh) with the LP cone, which is the convex
combination of the points*(h):

F*=!x= Z Anx*(h) Z An=1,An > 0}.

heNB heNB

Let X p and X,p, respectively, denote the sets of LP feasible and IP (or MIP) feasible
points. (We continue to assume as in Part | that values for continuous variables are direc
determined from values for the integer variables.) We are interested in choosing foc
pointsx’ that lie onF* and onF* N X p. This provides a more convenient and effective
way of identifying rays for probing the solution space than by simply generating conve!
combinations of the vectod;,, h € NB.

Our first result concerns the set of solutions generate@®&yx’) as it successively
intersects admissible hyperplanes. SiReg(x’) is uniquely determined by the focal point
X', we denote this set of solutions B§(x’).

It is entirely possible thaX (x’) will be empty, sinceRay(x’) may fail to intersect any
admissible hyperplaneg = v for somej 1. This occurs in the situation whexg(0) is
fractional, andk| = X; (0). Then the value okj onRayx’), given by

Xj = Xj(0) + (fo —XjO)u, u=0

is equal tox; (0) for all u. For this special situation we will trea(x’) as nonempty by
stipulating thaRay(x’) intersects the indeterminate hyperplane= #, where the symbol
# refers to an unspecified value. We assume a decision rule will be applied (as implic
in later developments) to cause this value to become either the integer immediately bel
or immediately above;(0). (Once the value for # is determined, the alternative value is
excluded, hence only one hyperplane will be intersected lspRay(x’).) For the moment,
for uniformity and to simplify the statement of certain results, we may suppose that # |
always the integer obtained by roundingO0) to its nearest integer neighbor, handling the
assignmenk; (0) = 0.5 by rounding down.

Define an admissiblg vector to be one such that eaxh j | receives an admissible
value (an integer that satisfies the bounds<dgr Then we state the following observation,
which we call Lemma B (as a sequel to Lemma A of Part I).
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Lemma B. The composition of ¥’), for X’ # x(0), is given by the set of admissible x
vectors such that

Xj(0) < xj =Uj ifxj > x;(0)

0 < xj < x;(0) ifx} < X (0)

Xj = X; (0) if x} = x;(0) and >§(O) is an integer
Xj =# otherwise

Moreover X(x) = X(xX') for all x € Ray(x’), such that x# x(0). Finally, for any two
focal points xand X’ distinct from X0), X(x") N X(x") # @ implies X(x') = X (X").

For purposes of visualization, Lemma B implies that the regions where different foce
pointsx’ all generate the same 9€{x’) may be identified by the orthants that result when the
coordinate systemfosj, j € | is translated to make(0) the origin. That s, the hyperplanes
that determine the boundaries of the orthants are giver;by x;(0) for eachj € I.
(Unlike a customary coordinate system, such a translated orthant may not include poit
of all the boundary hyperplanes that delimit it. Whether points of particular hyperplane
X; = X;j(0) are included or excluded from particular orthants depends on whett@®ris
an integer and on the rule for determining #.) This partitioning of the space by a translate
coordinate system is useful for illustrating additional properties associatedXwith, as
shown subsequently.

Lemma B also has an important procedural implication: by its characterization, there
no need to extenRay(x’) to sequentially identify the admissible hyperplanes it intersects
in order to know the composition aK(x’). Such a “bit by bit” extension of the ray
is only relevant for the goal of identifying the s&t(C), whereC is the union of the
admissible hyperplanes intersected by multiple rays. Cut search procedures, as we h
seen, typically do not extend each ray to its limit when genera¥ii@), and so only
produce a subset of the admissible valuesdathat are contained in any given s€{x’).

The sequential determination &f(x’) is relevant where we may wish to stop before the
entire set is generated. Then it can be useful to determine sequences by which differ
partial extensions of rays may intersect the same hyperplanes, thus allowing ¥&3et

to remain small while probing more deeply into the space. In the present setting, howev
our concerns are different.

3.1. Main results and implications for zero-one problems

We first focus on zero-one IP problems, wheie= 1 for all j € I, and later show how to
extend our results to general IP problems. Within the zero-one setting, Lemma B motivat
the definition of adirectional roundingoperatos (X;), j € I, relative to the components of

a specific focal poink’, as follows.

8(x3):1 if x} > Xj(0)

s(xj)=0 if X < xj(0)

§(xj) = x;(0) if xj = x;(0) andx; (0) is an integer
5(xj) =# (for #= 0 or 1) otherwise
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\ |on=ia (1,1) = 5(B)
: =8(C)
(1,0) = &(D)

@@?

Figure L Examples of directional rounding.

The directional rounding terminology derives from the fact that, to be LP feasieg,
must yield values such thaj (0) lies between 0 and 1 for eaghe I, and hencé(xj)
effectively constitutes a rounding gf(0) “in the direction of"x}. There is no requirement
in this definition that; itself must be between 0 and 1.

By extension, we define the directional rounddtg’) of the vectorx’ to be the poink®
determined by the assignment

x)=58(x)), jel

By Lemma B, it is clear thaX (x") contains a single admissible solution in the case of a
zero-one problem, and that this solution is precigélky/).

An illustration of directional rounding for different focal points is shown in figure 1.
An arrow connects the vertex(0) to each focal poink’ that is directionally rounded, and
another arrow identifies the integer podiik’) that is the result of this rounding.

The points that take the role of a focal pokitare labeled A, B, C, and D in figure 1.
We have included the translated coordinate system described in connection with Lemt
B, shown as the dotted lines through the pai(@). This frame of reference discloses how
focal points within the different translated orthants are mapped into associated zero-o
points by directional rounding. Points that lie on the dotted lines separating the orthan
directionally round to points determined by the rule for defining the value #.

We now go beyond the consequences of Lemma B and examine results that lead
methods for searching the space of zero-one solutions. As a foundation for our first me
result, which is not restricted to the zero-one setting, it is useful to think @f) as a
mapping of the focal point’ into a set of candidate integer solutions. Associated with this
mapping we may identify an inverse mapping, applied to an integer candidate softition
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whose range is the set of all focal pointghat generat&®. As we henceforth restriot to
lie on F* or F* N X, p, we refer to the elements generated by this inverse mapping as th
imageof x° on F* or F* N X, p. Then we define

(Y)-Imagex®) = {x’' € Y: x° € X(x)}
forY=F*orY = F*n X.p.

Feasible conveximage theorem. Assume fi> 0 for each he NB. Then(F*)-Imagex?)
is a convex set for each admissibig and is a non-empty convex set for each admissible
x%in the LP cone.

In addition, if the values of {ydetermine a valid cutting plan¢hen(F*N X_p)-Imagex®)
is a non-empty convex set for eache Xip.

Finally, for any two admissible pointshand ¥, (Y)-Image(®) N (Y)-Image{x?) # ¢
implies(Y)-Imagex!) = (Y)-Imagex?), forY = F*and Y= F* N Xp.

We observe that, although the non-empty convex sets identified in the theorem may r
be closed, it is clear by Lemma B that they contain non-empty closed polyhedral regiot
that map into the indicated admissible points.

This result has particular significance in the case of zero-one problems, due to the f
that each focal poink’ then maps into a single poid{x’) by directional rounding. In
this setting, the theorem implies that a search for feasible and optimal zero-one solutio
may be restricted to examining focal points that lieFohy and more particularly that lie on
F* N X.p if F*is determined by a valid cutting plane.

Figure 2 provides a 2-dimensional example that identifies the images of the vertices
the unit hypercube o * and onF* N X p. F* constitutes the line segment that joins the

Figure 2 F* andF* N X_p images of zero-one points.
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Table 1 Interior line segments.

Image
Zero-one B —
point F* F*N Xpp
(0,0) ] [4]
0,1) AB AB
(1,1) BC BC
(1,0) cD CD

two points A and Df, which are selected to be endpoints of edges of the LP cone tha
generate a valid cutting pland=* N X, p is the interior portion of this line segment that
joins the points A and D, which lie on the boundary of the unit hypercube. The conve!
regions that compose the images of these zero-one points are the interior line segments
BC, etc., as identified in Table 1.

Once again we have superimposed a translated coordinate system on the diagram,
picted by dotted lines that intersect at the translated origdh. The labeled points on
the line segment AD* correspond to intersections Bf with the hyperplanes that delimit
the translated coordinate system, and with hyperplanes of the unit hypercube. (The lat
hyperplanes in this case identify boundaries<gf, assuming for this example that there
are no LP constraints other than those given by the LP cone and the bounds on the ze
one variables.) It may be noted that the infeasible point (0, 0) has no imagé,are.,
its convex image is empty. Both of the feasible points (0, 1) and (1, 1) have non-emp
convex images, as the theorem specifies. In addition, the infeasible point (1, 0) also h
a non-empty convex image. It may be observed that the addition of certain hyperplan
(lines in this 2-dimensional example) corresponding to constraints that exclude (0, 1) a
(1, 0) from the feasible region may eliminate part or all of the convex image of these poin
in the regionF* N X p. However, there is no constraint hyperplane (more precisely, half
space) that can both render (1, 1) infeasible and eliminate its imageHtamXp.

The existence of a nonempty convex region associated with each feasible zero-one
solutionx?, so that every focal point in this region directionally roundspsuggests an
approach of searching for integer solutions by examining focal points that are contained
different subregions oF * andF* N X p. In particular, sincé=* andF* N X_p are them-
selves convex, the Feasible Convex Image theorem motivates a strategy of generating fc
points in these regions as linear convex combinations of other points. Such a strategy lie:
the heart of thecatter searctapproach (Glover, 1977), which operates on selected subset
of points, called reference points, to iteratively generate new points by linear combination
while transforming fractional values for integer variables into integer values by generalize
rounding processes. Thus, the Feasible Convex Image theorem directly provides a be
for applying the scatter search approach, where the directional rounding operator con
niently accomplishes the generalized rounding process stipulated by scatter search to r
fractional values into integer values. We summarize the general form of such an adapti
of scatter search to the present context as follows.
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3.2. Scatter search and directional rounding for zero-one problems

Step 1. Start with an LP feasible extreme poixd0).

Step 2.ldentify positive valuesij;, h € NB, and identify the points*(h) as initial reference
points for scatter search.

Step 3.Generate convex combinations of the reference points to create focal Y'oints

Step 4.Apply directional rounding to the focal points to create poiits) as candidates
for seeking an optimal zero-one solution.

(Selected focal points may then guide the determination of new reference points to repe
the process.)

A specific way to implement such a scatter search approach is the concern of our followir
development. We remark that when the valuggand associated poinis'(h)) generate
a valid cutting plane, as in figure 2, it is easy to restrict consideration to focal points the
liein F* N X p. This can be accomplished by generating convex combinations of pairs ¢
reference pointg’ andx” on the boundary oF* (e.g., wherex’ andx” are selected from
the points<*(h) themselves or from the faces Bf, which consist of convex combinations
of all but one of the pointg*(h), h € NB). Then an elementary computation identifies
a line segment., contained within the line segment that joir'sand x”, so thatL lies
entirely within F* N X p and its endpoints lie on the boundaryXfp. (The computation
identifies lower and upper bounds on the parameter that defines the convex combinatic
of X’ andx”, which are directly implied by the LP constraints. Then the maximum lower
bound and minimum upper bound for this parameter provide the endpoibtspcified.
When the bounds are inconsistent with the 0 and 1 bounds of the parameter, no feasi
convex combination of” andx” exists.) This observation, coupled with others that follow,
lead us to consider an approach that generates convex combinations of such pairs of poi

4. Special implications of LP optimality

A special outcome holds for zero-one problems, by means of the directional roundir
operator, which occurs in the situation wher@) is an optimal LP extreme point. Let
X* denote the subset df* N X p whose points map into feasible integer solutions by
directional rounding, i.e.,

X* = {x e F*n Xep : 6(X) € Xip}.

(X* thus is the union of the image&{ N X p)-Imagex), asx ranges over feasible IP
solutions.) LetConu X*) denote the convex combination of all pairs of pointsXh.
Clearly Con\ X*) ¢ F* n X.p, and by the Feasible Convex Image Theorem, each point
of Xip can be obtained by directionally rounding associated poin@oof( X*). We now
give a result which essentially says that an optimal focal point (i.e., a focal point that may
into an optimal zero-one point) can be found among the extreme poigtsrof X*).

Optimal focal pointtheorem. Assume x0) is an optimal extreme point for the LP relax-
ation of the zero-one problerand F* is determined by values (h), h € NB, that generate
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a valid cutting plane. Then if X # @, there exists an extreme pointof Cony X*) such
that§(x’) is an optimal element of X

To take advantage of the preceding theorem, and the Feasible Convex Image Theore
we seek to avoid unnecessary examination of focal points that map into the same zero-c
solution, or that map into zero-one solutions which are dominated by solutions derived fro
other focal points already examined. In addition, we focus the generation of focal poin
so that they lie in a heuristically determined subregiofrdf{or F* N X_p).

5. The creation of star-paths

We consider a strategy for generating zero-one solutions based on constructing paths wit
F* and directionally rounding points on these paths. More precisely, in overview, we firs
construct specially designed paths between selected pointylof, h € NB and other
matched boundary pointsf F* (continuing to suppose the fade* is determined from

a valid cutting plane). Then these paths are mapped by directional rounding to cree
associated paths of zero-one solutions called star-paths. The elements of the star-p:
provide candidate solutions to check for IP feasibility, and to be used for the phase
scatter search that seeds other heuristic processes.

We let the directional rounding operator refer to sets as well as vectors by definin
8(X) = {§(x):x € X}, whereX is any collection of points in the LP cone. We thereby
differentiate between a given pakhc F* and the set of points obtained by directionally
rounding fromx(0) to P, that is, the sei(P). While P represents a continuous trajectory
linking two elements of*, the trajectory represented B¢P) is not continuous but broken,
and consists of points that are mapped through the surface definBd tiy produce a
projection of P onto the zero-one vertices of the unit hypercube. We call the collectior
of points §(P), a star-path This terminology is motivated by envisioning the surface
F* containing P as lying abovex(0), as in a number of our diagrams, and hence the
feasible zero-one points éfP) also lie abovex(0), displaced at least as far & and
characteristically beyond, as if composing a collection of “stars” scattered across the spe
of zero-one solutions. (By this image infeasible points, which may lie b&lbwepresent
“fallen stars”.)

We focus attention on the case where the gattonsists of a line segment joining two
focal pointsx” andx” on F*, given by

PX, x)={x=x+X=xA:1>x1>0}.
Then the associated star-pditP) may be identified as the set of points
S(P) ={8(x):x € P(X, x")}.

We are particularly interested in the situation whef@ndx” are boundary points df *.
Our motivation for this stems from the following result, which is implied by the theorems
of the preceding section.

Corollary. Assume %!is an optimal IP solution and’xis any boundary point of F
Then there is another boundary point ®f F*, such that %Pt belongs to the star-path
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derived from xand X’; i.e., X" € §(P), where P= P(x’, x”). Moreover there exists
such an X that X°Pt ¢ §(P N Xip).

As noted earlier, the lower and upper bound values thiat precisely determiné N X, p
as aline segmentwithid = P(x/, x”) are determined by a straightforward calculation. We
next consider the choice of points to generate star-paths in accordance with the observat
of the preceding Corollary.

6. Choosing boundary points for creating star-paths

Let X*(NB) = {x*(h):h € NB}. The points ofX*(NB) are natural candidates to be
included among the boundary points for generating star-paths, Xin@¢B) provides the
foundation for generating*. Further, we may initially pair each point'(h) from this

set with the pointy*(h) that is the center of gravity of the remaining pointsXf(NB),

that is, wherey*(h) is the midpoint of the lower dimensional face spanned by the points of
X*(NB-h) (the set{x*(k) : k € NB, k £ h}). By such pairing, the patk(x*(h), y*(h))
traverses the interior ¢f* to reach a boundary point “equidistant” from the poink6{NB-

h). Thusthe star-pat${ P), for P = P(x*(h), y*(h)), is biased toward containing solutions
anticipated to satisfy the IP feasibility conditions.

We may improve this bias, and simultaneously incorporate objective function consider
tions as well as feasibility considerations, as follows. @b denote a modified objective
function value for the point*(h) that includes a penalty for infeasibility; that &gh) is the
objective function value for the IP problem whgn= x*(h), increased by an amount that
measures the relative infeasibilityxf(h) if x*(h) is not feasible. To create the poiit(h)
as a weighted combination of the pointsXf(NB-h), we account for the(h) values by
introducing a positive valued functiohthat preserves their relative ordering. Assuming a
minimization objective, we stipulate that

f(zth)) >0 for allh € NB, and
f(z(h)) > f(z(k)) if z(k) > z(h) forallh, k € NB.

(The inequalityz(k) > z(h) is reversed for a maximization objective.)
Weightswy (h), k € NB-h, to generate thg*(h) points are they given by identifying a
normalizing constan€(h) = >, _ng-n f (z(h)). Then we define

f(z(h
wi(h) = éz((h))),

k € NB-h.

As a result, this gives

y'ty= Y wd(hx*k), heNB.
k e NB-h

The properties stipulated for the functidninclude the case wheré(z(h)) = 1 for all
h € NB, which generates eagti(h) as the center of gravity of the points ¥f(NB-h).
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Computationally, it is burdensome to generate the sgiBf — 1 weightswy (h) for each
h e NB, which involves on the order gNB|? weights overall. It is possible to do much
better as a result of the following observation.

Remark Define fo = 3", .yg f(2(h)) and create associated weights = 15™, h ¢
NB. Then identify the weighted center of gravigyfor X*(NB) given by

y= Y wnx*(h).

heNB

The ray fromx*(h) throughy, given by
X =x*() + (y = x*(h)r:1 > 0}

then contains the points of the pahx*(h), y*(h)). Moreover, the truncated ray that
results by restricting to satisfyr < (1/1 — wy,) is identical to this path, with

y — wpXx*(h)

v = S5

The preceding Remark shows that determining the weighted ceatet generating points

on the truncated ray from*(h) throughy makes it possible to avoid identifying each of
the different sets of weightsy (h), resulting in computational effort dD(|NB|) instead

of O(INBJ?). Alternately,y*(h) can be computed as indicated in the Remark and the patt
P(x*(h), y*(h)) can be identified directly.

We note one further amendment for determining focal points that may serve as endpoir
of pathsP to generate star-paths. The Optimal Focal Point Theorem suggests the merit
selecting a focal point from a region &f N X p that is attractive in terms of the objective
function evaluation. We have already noted how this evaluation may be used to influen
weights used to select path endpoints. We can also solve the LP problem produced
adjoining the cutting plane which givds®, and the resulting solution will be a point on
F*N X_p thatis attractive to become a path endpoint. When cutting planes can be genera
which are able to make significant progress toward obtaining an integer solution they can
introduced and treated as part of the LP problem itself. An appropriate point to transitic
from using such cutting planes to augment the LP representation, and to use them inst
as a basis for generating star-paths (and for identifying a strategic focal point to becor
and endpoint of paths iR* andF* N X.p), is an issue for empirical investigation.

7. An efficient procedure for generating the star-paths

Given means for determining the patRs= P (x*(h), y*(h)) for creating associated star-
pathsé(P), as addressed in the preceding section, it remains to provide an approach f
identifying solutions generated by these star-paths.

An infinite number of. values exist between 0 and 1 to genematily the definition

p(x*(h), y*(h))) = {x = x*(h) + (y*(h) = x*(h)r:0 < 1 < 1}.
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Eachx on P gives a directionally rounded solutiérix) of the collections(P). However,
8(P) contains only a limited number of distinct points, consisting of vertices of the unit
hypercube, and hence (infinitely) many of thealues map into the same point&fP).

We will show that it is possible to identify only a small finite numberiofalues that
generate the star-path elements. In addition, these elements can be generated highly
ciently and without duplication. As a basis for this we demonstrate that the star-path can
represented as a mapping®fonto a collection of distinct, successively adjacent, vertices
of the zero-one hybercube.

Let §°(1) identify the points ofs(P) as a function of the parameter That is, for a
given value ofx, which yields the poink of P(x’, X”) given byx = x’ + (X" — X"), we
defines®(1) = §(x). Lets(x) denote thejth component 08°(2); i.e.,8%(1) = 8(x;), for
Xj = X+ Aji, whereA; = x — x;. Define the subsetg0), | () andl(—) of | to consist
respectively of thosg € | such thatA; = 0, A; > 0 andA; < 0. Finally, forj € I(+)
or j € I(—), identify the special. value given by

. Xj(0) = X]
A()) = A

These definitions allow a precise characterizatiof’¢f) as follows.

Lemma C. The elements ¢ (1) are given by
(@) 5?(}\) =8(X)), j €1(0)

oy _ |0 if A <A()) .
O #n={7 (700 dei
oo [0 faz2() .
@0 ={7 (10 e

Lemma C does not depend on the assumptionithatrestricted to satisfy & 1 < 1,
but applies to the case whelrgx’, x”) is the infinite line joining«’ andx”, and not just the
segment between these points. In addition, the lemma introduces a specific “tie breakin
rule to handle the case = A(j), where the original definition of directional rounding
requires such a rule to choose between a value of 0 or 1.

To take advantage of Lemma C, letl), ..., 6(r) be a permutation of the indexes of
I —1(0) so thatA(6(1)) < A(B(2) < --- < A(O(r)), wherer = || —1(0)|. Also let
A(0) be any value of such thatr(0) < A(6(1)). (It is acceptable to take(0) = —o0.)
By convention, we will suppose that the value®(q)) q = 1,...,r, are all distinct so
thatA(6(q)) < A(0(q + 1)) for all g < r. This convention allows a maximum number of
elements of the star-pa#tiP) to be created, and also leads to characterizing these elemen
as adjacent vertices of the unit hypercube defined relative to the integer components of
We will show that this convention is trivially easy to impose; that is, no explicit perturbatior
needs to be introduced to allow th& (q)) values to be treated as distinct in case there are
tied values.

Star-path theorem. The star-paths(P), for P = P(x/, x”), contains precisely # 1
distinct points which can be generated by the rule of Lemma C whéakes the values
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2(0), 2(6(1)), ..., A(0(r)). The pointss®(1) constitute successively adjacent vertices of
the unit hypercubginked to each other by the following relationship

For any arbitrary value oft < A(6(r)), let Anext = A(p), Where p= 6(q) for q =
Min(k : A(0(k)) > 1). Thens®(r) ands®(1nex) are associated by the rule

80mexd =87(1)  for j#p, jel
8p(hned = 1= Sp().

The fact that the points®(1) are successively adjacent vertices of the unit hypercube, a:
specified in the preceding theorem, implies that it is unnecessary to create a numeri
shift of tied values of.(6(q)) by an explicit perturbation in order to allow the specified
points of the star-path to be generated. The following simple method based on this res
produces exactly the desired poidf§x), asi ranges over any intervakga: < A < Aend
Consequently, this applies to the special case whRére, x”) is a line segment generated
by 0 < 1 < 1, and also applies to the representation of the path given in the earlier Remar
wherei can exceed the value 1.

Star-Path Generation Method

Step 0.Let A = Aqart — €, fOr a small positive value of, and generate the solution vector
x0 = 8%°(1) byLemmac. If. > 1(6(r)), x%isthe only vector to be generated and the
procedure stops. Otherwise, identify= 6(q) whereq = Min(k: A(6(K)) > A).

Step 1.Generate the next° vector by setting) = 1 — x), without changing any other
elementse®, j €1, j # p.

Step2.Setq=q+ 1. If g > r orif 2(6(Q)) > *ena, StOp. Otherwise, sqi = 6(q) and
return to Step 1.

Settingh = Astart— € in Step 0 generates the maximum number of points for the star-path
in caseAgrt coincides with one of theé(6(q)) values. (Otherwise, the referencestds
unnecessary.) Note thaf(1) is only computed once, in Step 0. Thereafter, each new
vector x° results simply by changing the value of the single elem(-‘p?rin Step 1. This

corresponds to applying the formula of the Star-path Theorem®er §°(Anex.

Also, there is no requirement in Step 2 that #@(q)) values be strictly increasing.
The procedure simply incremends and all tie breaking is entirely implicit. Finally, the
vectorx® = §%) can be checked very efficiently to determine if it is a feasible zero-
one solution, due to the fact that exactly one element®€hanges at each execution
of Step 1. Thus, the feasibility check can be based on a marginal calculation, rath
than evaluating a complete new vector at each step. (All okttik), y*(h) pairs will
generate the point(y), wherey is the weighted center of gravity identified previously.
This duplication can easily be avoided, if desired, by accounting foi.tkalue to be
skipped.)

The earlier results have demonstrated that seleatwvajues within the range from0to 1
suffice ifx’ = x*(h) andx” = y*(h), for x*(h) andy*(h) appropriately matched. Further,
it is readily possible, as previously remarked, to identify an LP feasible line segment withi
P(x*(h), y*(h)), if such a segment exists, as a basis for determining a smaller range of
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values. However, we note it may be useful to allow consideration of points generated ov
a wider range of values, using the preceding method.

In the case wherg(0) is an optimal LP extreme point, the Optimal Focal Point Theorem
implies there exist star-paths for which it is possible to restrict attention to the first and la
feasible zero-one solutions encountered on the path. Thus, an option is stop the execus
of the Star-Path Generation Method as soon as a first feasible zero-one solution is foul
and then apply the method in reverse, starting fiom Aeng+ €, and again stopping at the
first feasible zero-one solution found (or upon reaching the point where the forward pa
stopped). However, this option should be considered with caution, because in spite of t
extreme point property of the Optimal Focal Point Theorem, there also can exist star-pat
in which an optimal solution is encountered at a point other than the first or last feasib
solution of the path.

8. Adaptive re-determination of star-paths using tabu search
intensification strategies

There are many possibilities for generating star-paths, which derive from using differel
cutting planes for generating the set of poikKt{NB) and from different choices of a func-
tion f for generating weights to produce tkigh), y*(h) pairs. We show that the outcomes
of implementing such approaches can be embedded in a tabu search intensification proc
that determines new star-paths adaptively. In this way the search method effectively leal
how to modify itself to take advantage of information generated from previous efforts.

The basic notion is the following. Each star-path trajectory is based on focal points i
F* that are directionally rounded to produce the star-path points. The preceding secti
shows these local points do not have to be explicitly identified (except for the first). Neverthe
less, the. value that produces each star-path point is always known, and can be used to ide
tify the associated focal point &f*. (We may take liberties by allowing some focal points
to lie outside ofF*.) Moreover, in general, a range ofalues is known that produces each
star-path point. A midpoint of this range can be selected to give a representative focal poi

As a result, we may consider a collecti@of elite zero-one candidate points that are
generated from various star-paths. This gives rise to an associated colfett®nof focal
points onF* that create the elements Bf (where eachx € F*(E) yields a points(x) of
E). The criteria for identifyinge can be based on objective function values penalized for
infeasibility or can more broadly include reference to diversification.

The elements of *(E) identify a set of preferred focal points, and their convex combina-
tions may be viewed as definingeeferred focal regioms the basis for an intensification pro-
cess. Moreover, the points Bf (E) can be treated exactly as the poikKtgNB) to generate
a weighted center of gravity. Then the poiny can be used to generate pakhsc*(h), y),
which are extended beyonydo create a match betweaii(h) and an implicit pointy* (h).
Intensification occurs as a result of tracing these paths through the region spatiigé hy
but diversification also occurs because the paths “extrapolate beyond” this region.

By the Star-Path Theorem and the Star-Path Generation Method accompanying it, the
is no need to precisely identifyavalue that will generate a point (h), since it suffices
to takex’ = x*(h) andx” =y, and to generate a sequengé(q)) that will encompass all
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relevant possibilities. The extreme ends of the sequence are likely to be irrelevant, and thi
is no need to duplicate the usexdfh) as a focal point. Hence the star-path generation may
be applied by starting at/&6(q)) value larger than 0 (since = 0 treatsx’ = x*(h) as a
focal point), and to continue until persistent deterioration in the star-path elements occu
The pointsc<*(h) themselves can be replaced on subsequent rounds by shifting them towa
the most receny, in which case negative startingvalue may be relevant.

As the adaptive procedure is repeated, a standard tabu search process (see, e.g., G
and Laguna (1997)) can be used to avoid duplicating the composition of the collectic
E, and hence of the focal s€&(E). Moreover, it is possible to apply the approach in a
compound manner. We identify a way to do this as follows, effectively permitting a giver
collectionE to generate alternative collections by a nested form of adaptation.

9. Strategy for augmenting a collection of preferred solutions

As previously noted, the generation of strategically dispersed points which are modified |
generalized rounding, in an iterative approach that uses linear combinations to progressiv
generate new points, is a fundamental feature of the scatter search approach. Our use o
directional rounding operator and our exploitation of the Star-Path Theorem may therefo
be viewed as a highly organized way of applying scatter search. At the same time, t
scatter search approach can also be introduced at another level to take advantage of the
path results.

A particularly simple instance of scatter search can serve as a basis for compoundi
the adaptive approach for generating star-paths, with the goal of producing new zero-o
solutions as candidates to be included in a preferred colleEtidrhe approach is a strongly
focused form of intensification (in the sense that this term is used in tabu search) which tre:
members ofE as reference points, and gives rise to additional candidates for membersh
in E by a process of creating weighted combinations.

Let S denote an index set for a chosen subset of the solutioiis mnd identify the
members of this subset bY(S) = {x(s),s € S}. For simplicity, consider the result of
rounding in a nearest neighbor sense. If all points are weighted equally, thereby produci
a center of gravity oX (S), the result of nearest neighbor rounding yields a printhose
componenik;j, j € | receives the value taken by the majority of the compongnts),

s € S. Thus, if Scontains an old number of elements, the paitig uniquely determined.

This observation suggests the following strategy for generating trial solutiasscan-
didates to augment the collecti@ or to replace its inferior elements.

Simple scatter search approach to augment E

1. LetS(k) be the index set for thek"best” solutions from the collectioB.

2. Choose one or more even valuek,afnd consider each of thesubsets 08(k) consisting
of k-1 of its elements.

3. Represent each of the chosen subsets of solutiofig(8Y, s € S}, whereS contains
an odd number of elements. From each subset, generate a triakpeidre, for each
j €l:xj = 1if x;(s) = 1 for the majority ofs € S, andx; = 0 otherwise.
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4. For each trial poink, test whether it passes a threshold of attractiveness to be admitte
to the collectionE (e.g., whether it has an evaluation better than the worst or averag
member ofE).

By way of illustration, the foregoing procedure can seleet 4 andk = 6 in Step 2,
thus generating each of the 4 subsets of 3 solutions associate&@jtrand each of the
6 subsets of 5 solutions associated Wgt6). Then, in Step 3S5(4) and S(6) together
generate 10 trial points. K is chosen to be relatively small as in this example, subsets
of k-3 elements can also be chosen for even valudsarfd subsets df-2 elements can
be chosen for odd values kf For instance, 20 additional trial points can be generated by
Step 3 by lettingsrange over all 3 element subsets of the 6 best solutions, and 21 addition
trial points can be generated by lettiSgrange over all 5 element subsets of the 7 best
solutions. Some of the trial points produced by the method may duplicate others, but su
duplications may be avoided (without bothering to identify and weed out the duplicates) b
requiring each selected point to be better than its predecessor in the threshold test of Ste
Trail solutions can be obtained other than by majority vote by weighting soluti@s
in relation to their objective function valuess). If all of the elements oK (S) are feasible,
let z(0) denote the optimum objective function value for the original LP solution. Then
Az(s) = z(s) — z(0) is positive for alls € S, or else an optimal solution is known. (If some
elements ofX(S) are infeasible, simply seleet0) to be smaller than the minimumt(s)
value.) Create a convex combination of the pointX@8) using the weight@, where
D =) ..sAz(s). Thenx can be generated by rounding this outcome.

10. Star-paths for general integer programs

The star-path construction can be extended to IP problems in general integer variabl
with upper bound$); that may differ from 1, by defining the directional rounding operator
relative to aunit hypercube envelopd a focal point. The mapping(x’) remains the same

as previously given in the special case whereelongs to the zero-one unit hypercube, but
differs in a natural way for focal points in other hypercubes.

To define the extended mapping appropriately, we continue to suppose the values
variablesx;, j € N-I, are determined once the values for the integer variables are specifie
and determined(x’) for a given focal pointx” by specifying the values(x;) for each
Xj, ] €. Lettingv andv + 1 be integer values that bracket the valuexpive determine

x? = 5(x}) as follows.

N ifvij<v+l§xj(0)
7 lv+1 ifv+1<x(0

0 _ v+1 ifXj(0)§v<XJf§v+1
7w if v > x;(0)

x)=# ifo<xj0)=x] <v+1l

As before, # can represent eitheor v + 1, and a decision rule such as the one implicitin
the Star-Path Generation Method is assumed to select precisely one of these values. Figu
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x(0)

Figure 3 Star-path for general integer variables.

illustrates the integer points® generated by this definition, indicated by enclosing these
points in circles, ag’ ranges over focal points on a faEé& determined by a valid cutting
plane. The image of each such pokStof F* (that is, the regionk*)-Imaggx?)) is also
identified for each of these points by the divisiong=6fdenoted by the letters A through E.
Thus, the line segment AB is the image of the point labeled AB, the line segment BC is tf
image of the point labeled BC, and so forth. (The rule for defining # determines whethe
the point B itself should map into the integer point labeled AB or BC.)

The integer points of this figure no longer all belong to the same hypercube, as they do
the zero-one case. (In fact, only the point AB lies on the unit hypercube the coxt@jns

The Star-Path Theorem directly generalizes to apply to this extended definitiéx)of
Each integer point successively generated on a star-path is adjacent to its predecessor,
the Star-Path Generation Method also generalizes to permit the integer points of the star-p
to be generated efficiently.

11. Summary considerations

The star-path constructions make it possible to produce solution combinations with spec
properties for integer programming problems. Parallel processing can take a role in €
ploiting the star-path construction by generating and coordinating the set of pGiiNS8),

and in choosing a functioffi to generate weights for producing additional matched points
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y*(h). Parallel processing also can take a role in simultaneously determining paramete
associated with different elements Xf(NB), and in determining the specific star-paths
associated with the*(h), y*(h) pairs.

These procedures can be usefully applied by selegii@gfrom different extreme points
of the LP feasible region. Trial solutions generated from star-paths, whether feasible
not, can be used to create a modified objective function, weighting costs to produce optirr
LP extreme points for the modified objective that lie in the vicinity of these trial solutions.
Then these extreme points are natural candidates to ser@)asAs noted in Section 9,
the star-path strategies constitute a highly focused way of applying the framework of scat
search, which is often implemented by taking advantage of adaptive memory designs
tabu search. Connections between these alternatives are amplified in Glover and Lag
(1997).
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