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Abstract

In spite of the many special purpose heuristics for specific classes of integer programming (IP) problems, there
are few developments that focus on general purpose integer programming heuristics. This stems partly from the
perception that general purpose methods are likely to be less effective than specialized procedures for specific
problems, and partly from the perception that there is no unifying theoretical basis for creating general purpose
heuristics. Still, there is a general acknowledgment that methods which are not limited to solving IP problems
on a “class by class” basis, but which apply to a broader range of problems, have significant value. We provide
a theoretical framework and associated explicit proposals for generating general purpose IP heuristics. Our
development, makes use of cutting plane derivations that also give a natural basis for marrying heuristics with
exact branch and cut methods for integer programming problems.
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1. Introduction

Many special purpose heuristics have been created to handle particular classes of integer
programming (IP) problems. Tailored procedures for exploiting special structures often
carry with them the expectation of performing better than methods which do not explicitly
take advantage of such structures. From the standpoint of user convenience, however,
the benefit of being able to handle diverse applications without having to resort to a new
implementation effort in each case, makes a general purpose method especially attractive.
In spite of this, general purpose heuristics for integer programming have been given very
limited attention in the literature.

The purpose of our development is to identify a framework for general purpose IP heuris-
tics that has a useful theoretical content and which also has the appeal of being susceptible
to graphical visualization. The procedures that emerge from this framework also afford an
opportunity to unite heuristics with exact branch and cut methods for integer programming.

Part I of this paper established the theory and associated procedural consideration un-
derlyingcut searchmethods for integer programming. Part II, developed here, extends this



P1: STR/MAK P2: EHE

Journal of Heuristics KL486-03 August 20, 1997 13:22

162 GLOVER AND LAGUNA

work to provide star-path constructions for probing the solution space to find good candi-
date solutions. As shown in Part I, the goals of finding good solutions and generating good
cutting planes are interrelated in a variety of intricate ways. We now turn our attention more
fully to the first of these goals, to take a closer look at strategies for probing the solution
space. We consider a special approach for generating solutions which also gives rise to
additional theorems that interrelate search processes and cutting planes.

2. Notation

We briefly review the notational background introduced in Part I as follows. Associated
with a given current basic extreme point solutionx(0), as obtained by the bounded variable
simplex method (see, e.g., Dantzig, 1963), let{xj : j ∈ NB}denote the current set of nonbasic
variables and let{xj : j ∈ B} denote the current set of basic variables. The set of all variables
will be indexed byN (henceN = NB ∪ B), and the set of integer variables will be indexed
by I . For explicitness, we stipulate that each variablexj , j ∈ N must satisfy the bounds
U j ≥ xj ≥ 0, whereU j may be infinity. The polyhedral linear programming (LP) cone, of
which x(0) is the vertex, is the region spanned by the edges

x(h) = x(0) − Dhuh, for uh > 0, h ∈ NB

whereDh is the “current tableau” vector associated with the nonbasic variablexh, anduh is
the parameter identifying the change in the value ofxh (from its lower or upper bound value
which it receives atx(0)). We assume throughout the following thatx(0) is feasible for the
LP problem, though this assumption can be relaxed. (In general, we require thatx(0) is a
feasible extreme point for a region that results by discarding some of the constraints that
define the original LP feasible region.)

The customary LP basis representation explicitly identifies only the subset of the entries
dhj of Dh that are associated with the current basic variablesxj . We use the full vector
representation here, understanding that the entries ofDh are zero for all nonbasic variables
exceptxh, which has a coefficient of 1 or−1. We choose the sign convention for entries
of Dh that yields a coefficient forxh of dhh = 1 if xh is currently at its lower bound at the
vertexx(0), and ofdhh = −1 if xh is currently at its upper bound atx(0). (Hence,uh,
respectively, corresponds toxh orUh −xh.) By this convention, ifx(0) is a feasible extreme
point of the LP problem, then the feasible extreme points adjacent tox(0) are pointsx(h)
that occur for (specific) nonnegative values foruh, and for strictly positive values except
under degeneracy.

3. Star-paths for integer programs

It is entirely possible, by selecting appropriate rays for probing the solution space, to generate
a small set of candidate solutions which includes an optimal solution, yet which may not
yield a particularly strong cutting plane, by the cut search approach of Part I. In fact, as will
be seen, there is a convex collection of rays each of which finds an optimal solution, and
which provides a trajectory along which each integer variable moves monotonically closer
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to its optimal value. For problems in zero-one variables, such rays find an optimal solution
as the first solution generated by a cut search method. A set of candidates that has a single
element is unlikely to generate a very strong cutting plane by cut search, and the fact that
an optimal solution can be contained in such a set suggests that the quest for good cutting
planes and the quest for good solutions may sometimes embody competing considerations.
The challenge we address, therefore, is to create a strategy that increases the chance of
selecting one of the “right” rays to generate an optimal or near-optimal solution.

This shift of focus to place increased emphasis on the good candidate solutions leads
to a corresponding shift of strategy. Instead of generating solutions from the union of
hyperplanes intersected by a collection of rays, as in cut search, we generate solutions from
hyperplanes intersected by each ray individually. More precisely, we organize our approach
to examine a special subset of the union of the hyperplanes intersected by different rays.

Our development builds on results of Glover (1995) for zero-one problems, which we
reformulate to allow several of the basic ideas also to be extended to more general IP
problems. We first establish connections to the cut search framework. Consider the generic
representation of a (half) ray of the LP cone given by:

x = x(0) − D u, u ≥ 0

whereD is a convex combination of the vectorsDh, h ∈ NB.
In the present development we consider rays that are generated by identifying specific

focal pointsthrough which these rays are extended. Ifx′ is any point that lies in the LP
cone, distinct fromx(0), then we can construct an alternative representation of rays of the
cone by defining

Ray(x′) = {x = x(0) + (x′ − x(0)) u : u ≥ 0}.

The vectorx′ − x(0) equals a negative multiple of someD that is a convex combination of
the Dh vectors. We are especially interested in focal points that lie on cutting planes, and
more precisely that lie within the restricted region of a cutting plane where it intersects the
LP cone and the LP feasible region. A strategy for probing the solution space by rays has
recently been developed for zero-one problems by Balas et al. (1996). This approach is
based on a strategy of Balas, Glover, and Sommer (1971) and extensions by Balas (1972)
and Glover (1972) for associating zero-one points with faces of the octahedron that defines
the dual of the unit hypercube. By contrast, the approach described here, in addition to
extending readily to more general IP problems, utilizes mappings derived from the cut search
framework to automatically exclude examination of large number of irrelevant points that
are generated relative to the octahedron. Further, the connections between cutting planes,
rays and feasible integer solutions provided by the current development yield additional
ways to take advantage of the resulting processes for probing the solution space.

In particular, for specific valuesu∗
h, h ∈ NB, which define a valid cutting plane by the

Convexity Cut Theorem (or a conditionally valid cutting plane by the Cut Search Theorem),
as expressed in Part I, we identify as before the endpoints of the associated extended edges,
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given by

x∗(h) = x(0) − Dhu∗
h, h ∈ NB.

We allow reference to cutting planes with negative edge extensions, by the simple expe-
dient of replacing both negative and infiniteu∗

h values by large positive finite values, which
also yields a valid cutting plane. (More refined ways of dealing with cutting planes that
have negative edge extensions result by solving a linear program that includes such cuts,
thereby giving a second LP vertex for guiding the search, as will be discussed later.)

Associated with these positiveu∗
h values, we identify the faceF∗ created by the inter-

section of the hyperplane through the pointsx∗(h) with the LP cone, which is the convex
combination of the pointsx∗(h):

F∗ =
{

x =
∑

h ∈ NB

λhx∗(h) :
∑

h ∈ NB

λh = 1, λh ≥ 0

}
.

Let XLP and XIP, respectively, denote the sets of LP feasible and IP (or MIP) feasible
points. (We continue to assume as in Part I that values for continuous variables are directly
determined from values for the integer variables.) We are interested in choosing focal
pointsx′ that lie onF∗ and onF∗ ∩ XLP. This provides a more convenient and effective
way of identifying rays for probing the solution space than by simply generating convex
combinations of the vectorsDh, h ∈ NB.

Our first result concerns the set of solutions generated byRay(x′) as it successively
intersects admissible hyperplanes. SinceRay(x′) is uniquely determined by the focal point
x′, we denote this set of solutions byX(x′).

It is entirely possible thatX(x′) will be empty, sinceRay(x′) may fail to intersect any
admissible hyperplanesxj = v for some j ∈ I . This occurs in the situation wherexj (0) is
fractional, andx′

j = xj (0). Then the value ofxj onRay(x′), given by

xj = xj (0) + (x′
j − xj (0))u, u ≥ 0

is equal toxj (0) for all u. For this special situation we will treatX(x′) as nonempty by
stipulating thatRay(x′) intersects the indeterminate hyperplanexj = #, where the symbol
# refers to an unspecified value. We assume a decision rule will be applied (as implicit
in later developments) to cause this value to become either the integer immediately below
or immediately abovexj (0). (Once the value for # is determined, the alternative value is
excluded, hence only one hyperplane will be intersected byxj onRay(x′).) For the moment,
for uniformity and to simplify the statement of certain results, we may suppose that # is
always the integer obtained by roundingxj (0) to its nearest integer neighbor, handling the
assignmentxj (0) = 0.5 by rounding down.

Define an admissiblex vector to be one such that eachxj , j ∈ I receives an admissible
value (an integer that satisfies the bounds forxj ). Then we state the following observation,
which we call Lemma B (as a sequel to Lemma A of Part I).
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Lemma B. The composition of X(x′), for x′ 6= x(0), is given by the set of admissible x
vectors such that

xj (0) < xj ≤ U j if x ′
j > xj (0)

0 ≤ xj < xj (0) if x ′
j < xj (0)

xj = xj (0) if x ′
j = xj (0) and x′

j (0) is an integer
xj = # otherwise.

Moreover, X(x) = X(x′) for all x ∈ Ray(x′), such that x 6= x(0). Finally, for any two
focal points x′ and x′′ distinct from x(0), X(x′) ∩ X(x′′) 6= ∅ implies X(x′) = X(x′′).

For purposes of visualization, Lemma B implies that the regions where different focal
pointsx′ all generate the same setX(x′) may be identified by the orthants that result when the
coordinate system forxj , j ∈ I is translated to makex(0) the origin. That is, the hyperplanes
that determine the boundaries of the orthants are given byxj = xj (0) for each j ∈ I .
(Unlike a customary coordinate system, such a translated orthant may not include points
of all the boundary hyperplanes that delimit it. Whether points of particular hyperplanes
xj = xj (0) are included or excluded from particular orthants depends on whetherxj (0) is
an integer and on the rule for determining #.) This partitioning of the space by a translated
coordinate system is useful for illustrating additional properties associated withX(x′), as
shown subsequently.

Lemma B also has an important procedural implication: by its characterization, there is
no need to extendRay(x′) to sequentially identify the admissible hyperplanes it intersects
in order to know the composition ofX(x′). Such a “bit by bit” extension of the ray
is only relevant for the goal of identifying the setX(C), whereC is the union of the
admissible hyperplanes intersected by multiple rays. Cut search procedures, as we have
seen, typically do not extend each ray to its limit when generatingX(C), and so only
produce a subset of the admissible values forxj that are contained in any given setX(x′).
The sequential determination ofX(x′) is relevant where we may wish to stop before the
entire set is generated. Then it can be useful to determine sequences by which different
partial extensions of rays may intersect the same hyperplanes, thus allowing the setX(C)

to remain small while probing more deeply into the space. In the present setting, however,
our concerns are different.

3.1. Main results and implications for zero-one problems

We first focus on zero-one IP problems, whereU j = 1 for all j ∈ I , and later show how to
extend our results to general IP problems. Within the zero-one setting, Lemma B motivates
the definition of adirectional roundingoperatorδ(x′

j ), j ∈ I , relative to the components of
a specific focal pointx′, as follows.

δ(x′
j ) = 1 if x′

j > xj (0)

δ(x′
j ) = 0 if x′

j < xj (0)

δ(x′
j ) = xj (0) if x′

j = xj (0) andx′
j (0) is an integer

δ(x′
j ) = # (for # = 0 or 1) otherwise.
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Figure 1. Examples of directional rounding.

The directional rounding terminology derives from the fact that, to be LP feasible,x(0)

must yield values such thatxj (0) lies between 0 and 1 for eachj ∈ I , and henceδ(x′
j )

effectively constitutes a rounding ofxj (0) “in the direction of”x′
j . There is no requirement

in this definition thatx′
j itself must be between 0 and 1.

By extension, we define the directional roundingδ(x′) of the vectorx′ to be the pointx0

determined by the assignment

x0
j = δ(x′

j ), j ∈ I .

By Lemma B, it is clear thatX(x′) contains a single admissible solution in the case of a
zero-one problem, and that this solution is preciselyδ(x′).

An illustration of directional rounding for different focal points is shown in figure 1.
An arrow connects the vertexx(0) to each focal pointx′ that is directionally rounded, and
another arrow identifies the integer pointδ(x′) that is the result of this rounding.

The points that take the role of a focal pointx′ are labeled A, B, C, and D in figure 1.
We have included the translated coordinate system described in connection with Lemma
B, shown as the dotted lines through the pointx(0). This frame of reference discloses how
focal points within the different translated orthants are mapped into associated zero-one
points by directional rounding. Points that lie on the dotted lines separating the orthants
directionally round to points determined by the rule for defining the value #.

We now go beyond the consequences of Lemma B and examine results that lead to
methods for searching the space of zero-one solutions. As a foundation for our first main
result, which is not restricted to the zero-one setting, it is useful to think ofX(x′) as a
mapping of the focal pointx′ into a set of candidate integer solutions. Associated with this
mapping we may identify an inverse mapping, applied to an integer candidate solutionx0,



P1: STR/MAK P2: EHE

Journal of Heuristics KL486-03 August 20, 1997 13:22

GENERAL PURPOSE HEURISTICS 167

whose range is the set of all focal pointsx′ that generatex0. As we henceforth restrictx′ to
lie on F∗ or F∗ ∩ XLP, we refer to the elements generated by this inverse mapping as the
imageof x0 on F∗ or F∗ ∩ XLP. Then we define

(Y)-Image(x0) = {x′ ∈ Y: x0 ∈ X(x′)}

for Y = F∗ or Y = F∗ ∩ XLP.

Feasible convex image theorem. Assume u∗h > 0 for each h∈ NB. Then(F∗)-Image(x0)

is a convex set for each admissible x0, and is a non-empty convex set for each admissible
x0 in the LP cone.

In addition, if the values of u∗h determine a valid cutting plane, then(F∗∩XLP)-Image(x0)

is a non-empty convex set for each x0 ∈ XIP.
Finally, for any two admissible points x1 and x2, (Y)-Image(x1) ∩ (Y)-Image-(x2) 6= ∅

implies(Y)-Image(x1) = (Y)-Image(x2), for Y = F∗ and Y= F∗ ∩ XLP.

We observe that, although the non-empty convex sets identified in the theorem may not
be closed, it is clear by Lemma B that they contain non-empty closed polyhedral regions
that map into the indicated admissible points.

This result has particular significance in the case of zero-one problems, due to the fact
that each focal pointx′ then maps into a single pointδ(x′) by directional rounding. In
this setting, the theorem implies that a search for feasible and optimal zero-one solutions
may be restricted to examining focal points that lie onF∗, and more particularly that lie on
F∗ ∩ XLP if F∗ is determined by a valid cutting plane.

Figure 2 provides a 2-dimensional example that identifies the images of the vertices of
the unit hypercube onF∗ and onF∗ ∩ XLP. F∗ constitutes the line segment that joins the

Figure 2. F∗ andF∗ ∩ XLP images of zero-one points.
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Table 1. Interior line segments.

Image
Zero-one
point F∗ F∗ ∩ XLP

(0, 0) ∅ ∅
(0, 1) A∗B A B

(1, 1) B C B C

(1, 0) C D∗ C D

two points A∗ and D∗, which are selected to be endpoints of edges of the LP cone that
generate a valid cutting plane.F∗ ∩ XLP is the interior portion of this line segment that
joins the points A and D, which lie on the boundary of the unit hypercube. The convex
regions that compose the images of these zero-one points are the interior line segments AB,
BC, etc., as identified in Table 1.

Once again we have superimposed a translated coordinate system on the diagram, de-
picted by dotted lines that intersect at the translated originx(0). The labeled points on
the line segment A∗D∗ correspond to intersections ofF∗ with the hyperplanes that delimit
the translated coordinate system, and with hyperplanes of the unit hypercube. (The latter
hyperplanes in this case identify boundaries ofXLP, assuming for this example that there
are no LP constraints other than those given by the LP cone and the bounds on the zero-
one variables.) It may be noted that the infeasible point (0, 0) has no image onF∗, i.e.,
its convex image is empty. Both of the feasible points (0, 1) and (1, 1) have non-empty
convex images, as the theorem specifies. In addition, the infeasible point (1, 0) also has
a non-empty convex image. It may be observed that the addition of certain hyperplanes
(lines in this 2-dimensional example) corresponding to constraints that exclude (0, 1) and
(1, 0) from the feasible region may eliminate part or all of the convex image of these points
in the regionF∗ ∩ XLP. However, there is no constraint hyperplane (more precisely, half
space) that can both render (1, 1) infeasible and eliminate its image fromF∗ ∩ XLP.

The existence of a nonempty convex region associated with each feasible zero-one IP
solutionx0, so that every focal point in this region directionally rounds tox0, suggests an
approach of searching for integer solutions by examining focal points that are contained in
different subregions ofF∗ andF∗ ∩ XLP. In particular, sinceF∗ andF∗ ∩ XLP are them-
selves convex, the Feasible Convex Image theorem motivates a strategy of generating focal
points in these regions as linear convex combinations of other points. Such a strategy lies at
the heart of thescatter searchapproach (Glover, 1977), which operates on selected subsets
of points, called reference points, to iteratively generate new points by linear combinations,
while transforming fractional values for integer variables into integer values by generalized
rounding processes. Thus, the Feasible Convex Image theorem directly provides a basis
for applying the scatter search approach, where the directional rounding operator conve-
niently accomplishes the generalized rounding process stipulated by scatter search to map
fractional values into integer values. We summarize the general form of such an adaption
of scatter search to the present context as follows.
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3.2. Scatter search and directional rounding for zero-one problems

Step 1.Start with an LP feasible extreme pointx(0).
Step 2.Identify positive valuesu∗

h, h ∈ NB, and identify the pointsx∗(h) as initial reference
points for scatter search.

Step 3.Generate convex combinations of the reference points to create focal pointsx′.
Step 4.Apply directional rounding to the focal points to create pointsδ(x′) as candidates

for seeking an optimal zero-one solution.

(Selected focal points may then guide the determination of new reference points to repeat
the process.)

A specific way to implement such a scatter search approach is the concern of our following
development. We remark that when the valuesu∗

h (and associated pointsx∗(h)) generate
a valid cutting plane, as in figure 2, it is easy to restrict consideration to focal points that
lie in F∗ ∩ XLP. This can be accomplished by generating convex combinations of pairs of
reference pointsx′ andx′′ on the boundary ofF∗ (e.g., wherex′ andx′′ are selected from
the pointsx∗(h) themselves or from the faces ofF∗, which consist of convex combinations
of all but one of the pointsx∗(h), h ∈ NB). Then an elementary computation identifies
a line segmentL, contained within the line segment that joinsx′ and x′′, so thatL lies
entirely within F∗ ∩ XLP and its endpoints lie on the boundary ofXLP. (The computation
identifies lower and upper bounds on the parameter that defines the convex combinations
of x′ andx′′, which are directly implied by the LP constraints. Then the maximum lower
bound and minimum upper bound for this parameter provide the endpoints ofL specified.
When the bounds are inconsistent with the 0 and 1 bounds of the parameter, no feasible
convex combination ofx′ andx′′ exists.) This observation, coupled with others that follow,
lead us to consider an approach that generates convex combinations of such pairs of points.

4. Special implications of LP optimality

A special outcome holds for zero-one problems, by means of the directional rounding
operator, which occurs in the situation wherex(0) is an optimal LP extreme point. Let
X∗ denote the subset ofF∗ ∩ XLP whose points map into feasible integer solutions by
directional rounding, i.e.,

X∗ = {x ∈ F∗ ∩ XLP : δ(x) ∈ XIP}.
(X∗ thus is the union of the images (F∗ ∩ XLP)-Image(x), asx ranges over feasible IP
solutions.) LetConv(X∗) denote the convex combination of all pairs of points inX∗.
ClearlyConv(X∗) ⊂ F∗ ∩ XLP, and by the Feasible Convex Image Theorem, each point
of XIP can be obtained by directionally rounding associated points ofConv(X∗). We now
give a result which essentially says that an optimal focal point (i.e., a focal point that maps
into an optimal zero-one point) can be found among the extreme points ofConv(X∗).

Optimal focal point theorem. Assume x(0) is an optimal extreme point for the LP relax-
ation of the zero-one problem, and F∗ is determined by values u∗(h), h ∈ NB, that generate
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a valid cutting plane. Then if XIP 6= ∅, there exists an extreme point x′ of Conv(X∗) such
that δ(x′) is an optimal element of XIP.

To take advantage of the preceding theorem, and the Feasible Convex Image Theorem,
we seek to avoid unnecessary examination of focal points that map into the same zero-one
solution, or that map into zero-one solutions which are dominated by solutions derived from
other focal points already examined. In addition, we focus the generation of focal points
so that they lie in a heuristically determined subregion ofF∗ (or F∗ ∩ XLP).

5. The creation of star-paths

We consider a strategy for generating zero-one solutions based on constructing paths within
F∗ and directionally rounding points on these paths. More precisely, in overview, we first
construct specially designed paths between selected points ofx∗(h), h ∈ NB and other
matched boundary pointsof F∗ (continuing to suppose the faceF∗ is determined from
a valid cutting plane). Then these paths are mapped by directional rounding to create
associated paths of zero-one solutions called star-paths. The elements of the star-paths
provide candidate solutions to check for IP feasibility, and to be used for the phase of
scatter search that seeds other heuristic processes.

We let the directional rounding operator refer to sets as well as vectors by defining
δ(X) = {δ(x) : x ∈ X}, whereX is any collection of points in the LP cone. We thereby
differentiate between a given pathP ⊂ F∗ and the set of points obtained by directionally
rounding fromx(0) to P, that is, the setδ(P). While P represents a continuous trajectory
linking two elements ofF∗, the trajectory represented byδ(P) is not continuous but broken,
and consists of points that are mapped through the surface defined byF∗ to produce a
projection ofP onto the zero-one vertices of the unit hypercube. We call the collection
of points δ(P), a star-path. This terminology is motivated by envisioning the surface
F∗ containing P as lying abovex(0), as in a number of our diagrams, and hence the
feasible zero-one points ofδ(P) also lie abovex(0), displaced at least as far asF∗ and
characteristically beyond, as if composing a collection of “stars” scattered across the space
of zero-one solutions. (By this image infeasible points, which may lie belowF∗, represent
“fallen stars”.)

We focus attention on the case where the pathP consists of a line segment joining two
focal pointsx′ andx′′ on F∗, given by

P(x′, x′′) = {x = x′ + (x′′ − x′)λ : 1 ≥ λ ≥ 0}.
Then the associated star-pathδ(P) may be identified as the set of points

δ(P) = {δ(x) : x ∈ P(x′, x′′)}.
We are particularly interested in the situation wherex′ andx′′ are boundary points ofF∗.
Our motivation for this stems from the following result, which is implied by the theorems
of the preceding section.

Corollary. Assume xopt is an optimal IP solution and x′ is any boundary point of F∗.
Then there is another boundary point x′′ of F∗, such that xopt belongs to the star-path
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derived from x′ and x′′; i.e., xopt ∈ δ(P), where P= P(x′, x′′). Moreover, there exists
such an x′′ that xopt ∈ δ(P ∩ XLP).

As noted earlier, the lower and upper bound values forλ that precisely determineP∩ XLP

as a line segment withinP = P(x′, x′′) are determined by a straightforward calculation. We
next consider the choice of points to generate star-paths in accordance with the observation
of the preceding Corollary.

6. Choosing boundary points for creating star-paths

Let X∗(NB) = {x∗(h) : h ∈ NB}. The points ofX∗(NB) are natural candidates to be
included among the boundary points for generating star-paths, sinceX∗(NB) provides the
foundation for generatingF∗. Further, we may initially pair each pointx∗(h) from this
set with the pointy∗(h) that is the center of gravity of the remaining points ofX∗(NB),
that is, wherey∗(h) is the midpoint of the lower dimensional face spanned by the points of
X∗(NB-h) (the set{x∗(k) : k ∈ NB, k 6= h}). By such pairing, the pathP(x∗(h), y∗(h))

traverses the interior ofF∗ to reach a boundary point “equidistant” from the point ofX∗(NB-
h). Thus the star-pathδ(P), for P = P(x∗(h), y∗(h)), is biased toward containing solutions
anticipated to satisfy the IP feasibility conditions.

We may improve this bias, and simultaneously incorporate objective function considera-
tions as well as feasibility considerations, as follows. Letz(h) denote a modified objective
function value for the pointx∗(h) that includes a penalty for infeasibility; that is,z(h) is the
objective function value for the IP problem whenx = x∗(h), increased by an amount that
measures the relative infeasibility ofx∗(h) if x∗(h) is not feasible. To create the pointy∗(h)

as a weighted combination of the points ofX∗(NB-h), we account for thez(h) values by
introducing a positive valued functionf that preserves their relative ordering. Assuming a
minimization objective, we stipulate that

f (z(h)) > 0 for all h ∈ NB, and
f (z(h)) ≥ f (z(k)) if z(k) ≥ z(h) for all h, k ∈ NB.

(The inequalityz(k) ≥ z(h) is reversed for a maximization objective.)
Weightswk(h), k ∈ NB-h, to generate they∗(h) points are they given by identifying a

normalizing constantC(h) = ∑
k ∈ NB-h f (z(h)). Then we define

wk(h) = f (z(h))

C(h)
, k ∈ NB-h.

As a result, this gives

y∗(h) =
∑

k ∈ NB-h

wk(h)x∗(k), h ∈ NB.

The properties stipulated for the functionf include the case wheref (z(h)) = 1 for all
h ∈ NB, which generates eachy∗(h) as the center of gravity of the points ofX∗(NB-h).
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Computationally, it is burdensome to generate the set of|NB|−1 weightswk(h) for each
h ∈ NB, which involves on the order of|NB|2 weights overall. It is possible to do much
better as a result of the following observation.

Remark. Define f0 = ∑
k ∈ NB f (z(h)) and create associated weightswk = f (z(h))

f0
, h ∈

NB. Then identify the weighted center of gravityy for X∗(NB) given by

y =
∑

h ∈ NB

whx∗(h).

The ray fromx∗(h) throughy, given by

{x = x∗(h) + (y − x∗(h))λ : λ ≥ 0}

then contains the points of the pathP(x∗(h), y∗(h)). Moreover, the truncated ray that
results by restrictingλ to satisfyλ ≤ (1/1 − wh) is identical to this path, with

y∗(h) = y − whx∗(h)

1 − wh
.

The preceding Remark shows that determining the weighted centery and generating points
on the truncated ray fromx∗(h) throughy makes it possible to avoid identifying each of
the different sets of weightswk(h), resulting in computational effort ofO(|NB|) instead
of O(|NB|2). Alternately,y∗(h) can be computed as indicated in the Remark and the path
P(x∗(h), y∗(h)) can be identified directly.

We note one further amendment for determining focal points that may serve as endpoints
of pathsP to generate star-paths. The Optimal Focal Point Theorem suggests the merit of
selecting a focal point from a region ofF∗ ∩ XLP that is attractive in terms of the objective
function evaluation. We have already noted how this evaluation may be used to influence
weights used to select path endpoints. We can also solve the LP problem produced by
adjoining the cutting plane which givesF∗, and the resulting solution will be a point on
F∗ ∩ XLP that is attractive to become a path endpoint. When cutting planes can be generated
which are able to make significant progress toward obtaining an integer solution they can be
introduced and treated as part of the LP problem itself. An appropriate point to transition
from using such cutting planes to augment the LP representation, and to use them instead
as a basis for generating star-paths (and for identifying a strategic focal point to become
and endpoint of paths inF∗ andF∗ ∩ XLP), is an issue for empirical investigation.

7. An efficient procedure for generating the star-paths

Given means for determining the pathsP = P(x∗(h), y∗(h)) for creating associated star-
pathsδ(P), as addressed in the preceding section, it remains to provide an approach for
identifying solutions generated by these star-paths.

An infinite number ofλ values exist between 0 and 1 to generateP by the definition

p(x∗(h), y∗(h))) = {x = x∗(h) + (y∗(h) − x∗(h))λ : 0 ≤ λ ≤ 1}.



P1: STR/MAK P2: EHE

Journal of Heuristics KL486-03 August 20, 1997 13:22

GENERAL PURPOSE HEURISTICS 173

Eachx on P gives a directionally rounded solutionδ(x) of the collectionδ(P). However,
δ(P) contains only a limited number of distinct points, consisting of vertices of the unit
hypercube, and hence (infinitely) many of theλ values map into the same point ofδ(P).

We will show that it is possible to identify only a small finite number ofλ values that
generate the star-path elements. In addition, these elements can be generated highly effi-
ciently and without duplication. As a basis for this we demonstrate that the star-path can be
represented as a mapping ofP onto a collection of distinct, successively adjacent, vertices
of the zero-one hybercube.

Let δ0(λ) identify the points ofδ(P) as a function of the parameterλ. That is, for a
given value ofλ, which yields the pointx of P(x′, x′′) given byx = x′ + (x′′ − x′)λ, we
defineδ0(λ) = δ(x). Let δ0(λ) denote thej th component ofδ0(λ); i.e.,δ0(λ) = δ(xj ), for
xj = x + 1 j λ, where1 j = x′′

j − x′
j . Define the subsetsI (0), I (+) andI (−) of I to consist

respectively of thosej ∈ I such that1 j = 0, 1 j > 0 and1 j < 0. Finally, for j ∈ I(+)

or j ∈ I(−), identify the specialλ value given by

λ( j ) = xj (0) − x′
j

1 j
.

These definitions allow a precise characterization ofδ0(λ) as follows.

Lemma C. The elements ofδ0(λ) are given by
(a) δ0

j (λ) = δ(x′
j ), j ∈ I(0)

(b) δ0
j (λ) =

{
0 if λ < λ( j )

1 if λ ≥ λ( j )
j ∈ I(+)

(c) δ0
j (λ) =

{
0 if λ ≥ λ( j )

1 if λ < λ( j )
j ∈ I(−)

Lemma C does not depend on the assumption thatλ is restricted to satisfy 0≤ λ ≤ 1,
but applies to the case whereP(x′, x′′) is the infinite line joiningx′ andx′′, and not just the
segment between these points. In addition, the lemma introduces a specific “tie breaking”
rule to handle the caseλ = λ( j ), where the original definition of directional rounding
requires such a rule to choose between a value of 0 or 1.

To take advantage of Lemma C, letθ(1), . . . , θ(r ) be a permutation of the indexes of
I − I(0) so thatλ(θ(1)) ≤ λ(θ(2)) ≤ · · · ≤ λ(θ(r )), wherer = |I − I(0)|. Also let
λ(0) be any value ofλ such thatλ(0) < λ(θ(1)). (It is acceptable to takeλ(0) = −∞.)
By convention, we will suppose that the valuesλ(θ(q)) q = 1, . . . , r , are all distinct so
thatλ(θ(q)) < λ(θ(q + 1)) for all q < r . This convention allows a maximum number of
elements of the star-pathδ(P) to be created, and also leads to characterizing these elements
as adjacent vertices of the unit hypercube defined relative to the integer components ofx.
We will show that this convention is trivially easy to impose; that is, no explicit perturbation
needs to be introduced to allow theλ(θ(q)) values to be treated as distinct in case there are
tied values.

Star-path theorem. The star-pathδ(P), for P = P(x′, x′′), contains precisely r+ 1
distinct points, which can be generated by the rule of Lemma C whenλ takes the values
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λ(0), λ(θ(1)), . . . , λ(θ(r )). The pointsδ0(λ) constitute successively adjacent vertices of
the unit hypercube, linked to each other by the following relationship.

For any arbitrary value ofλ < λ(θ(r )), let λnext = λ(p), where p= θ(q) for q =
Min(k : λ(θ(k)) > λ). Thenδ0(λ) andδ0(λnext) are associated by the rule

δ0
j (λnext) = δ0

j (λ) for j 6= p, j ∈ I

δ0
p(λnext) = 1 − δ0

p(λ).

The fact that the pointsδ0(λ) are successively adjacent vertices of the unit hypercube, as
specified in the preceding theorem, implies that it is unnecessary to create a numerical
shift of tied values ofλ(θ(q)) by an explicit perturbation in order to allow the specified
points of the star-path to be generated. The following simple method based on this result
produces exactly the desired pointsδ0(λ), asλ ranges over any intervalλstart ≤ λ ≤ λend.
Consequently, this applies to the special case whereP(x′, x′′) is a line segment generated
by 0 ≤ λ ≤ 1, and also applies to the representation of the path given in the earlier Remark,
whereλ can exceed the value 1.

Star-Path Generation Method

Step 0.Let λ = λstart− ε, for a small positive value ofε, and generate the solution vector
x0 = δ0(λ)by Lemma C. Ifλ ≥ λ(θ(r )), x0 is the only vector to be generated and the
procedure stops. Otherwise, identifyp = θ(q) whereq = Min(k : λ(θ(k)) > λ).

Step 1.Generate the nextx0 vector by settingx0
p = 1 − x0

p, without changing any other
elementsx0

j , j ∈ I , j 6= p.
Step 2.Setq = q + 1. If q > r or if λ(θ(q)) > λend, stop. Otherwise, setp = θ(q) and

return to Step 1.

Settingλ = λstart−ε in Step 0 generates the maximum number of points for the star-path,
in caseλstart coincides with one of theλ(θ(q)) values. (Otherwise, the reference toε is
unnecessary.) Note thatδ0(λ) is only computed once, in Step 0. Thereafter, each new
vectorx0 results simply by changing the value of the single elementx0

p in Step 1. This
corresponds to applying the formula of the Star-path Theorem forx0 = δ0(λnext).

Also, there is no requirement in Step 2 that theλ(θ(q)) values be strictly increasing.
The procedure simply incrementsq, and all tie breaking is entirely implicit. Finally, the
vector x0 = δ0(λ) can be checked very efficiently to determine if it is a feasible zero-
one solution, due to the fact that exactly one element ofx0 changes at each execution
of Step 1. Thus, the feasibility check can be based on a marginal calculation, rather
than evaluating a complete new vector at each step. (All of thex∗(h), y∗(h) pairs will
generate the pointδ(y), wherey is the weighted center of gravity identified previously.
This duplication can easily be avoided, if desired, by accounting for theλ value to be
skipped.)

The earlier results have demonstrated that selectingλ values within the range from 0 to 1
suffice if x′ = x∗(h) andx′′ = y∗(h), for x∗(h) andy∗(h) appropriately matched. Further,
it is readily possible, as previously remarked, to identify an LP feasible line segment within
P(x∗(h), y∗(h)), if such a segment exists, as a basis for determining a smaller range ofλ
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values. However, we note it may be useful to allow consideration of points generated over
a wider range ofλ values, using the preceding method.

In the case wherex(0) is an optimal LP extreme point, the Optimal Focal Point Theorem
implies there exist star-paths for which it is possible to restrict attention to the first and last
feasible zero-one solutions encountered on the path. Thus, an option is stop the execution
of the Star-Path Generation Method as soon as a first feasible zero-one solution is found,
and then apply the method in reverse, starting fromλ = λend+ ε, and again stopping at the
first feasible zero-one solution found (or upon reaching the point where the forward pass
stopped). However, this option should be considered with caution, because in spite of the
extreme point property of the Optimal Focal Point Theorem, there also can exist star-paths
in which an optimal solution is encountered at a point other than the first or last feasible
solution of the path.

8. Adaptive re-determination of star-paths using tabu search
intensification strategies

There are many possibilities for generating star-paths, which derive from using different
cutting planes for generating the set of pointsX∗(NB) and from different choices of a func-
tion f for generating weights to produce thex∗(h), y∗(h) pairs. We show that the outcomes
of implementing such approaches can be embedded in a tabu search intensification process
that determines new star-paths adaptively. In this way the search method effectively learns
how to modify itself to take advantage of information generated from previous efforts.

The basic notion is the following. Each star-path trajectory is based on focal points in
F∗ that are directionally rounded to produce the star-path points. The preceding section
shows these local points do not have to be explicitly identified (except for the first). Neverthe-
less, theλ value that produces each star-path point is always known, and can be used to iden-
tify the associated focal point ofF∗. (We may take liberties by allowing some focal points
to lie outside ofF∗.) Moreover, in general, a range ofλ values is known that produces each
star-path point. A midpoint of this range can be selected to give a representative focal point.

As a result, we may consider a collectionE of elite zero-one candidate points that are
generated from various star-paths. This gives rise to an associated collectionF∗(E) of focal
points onF∗ that create the elements ofE (where eachx ∈ F∗(E) yields a pointδ(x) of
E). The criteria for identifyingE can be based on objective function values penalized for
infeasibility or can more broadly include reference to diversification.

The elements ofF∗(E) identify a set of preferred focal points, and their convex combina-
tions may be viewed as defining apreferred focal regionas the basis for an intensification pro-
cess. Moreover, the points ofF∗(E) can be treated exactly as the pointsX∗(NB) to generate
a weighted center of gravityy. Then the pointy can be used to generate pathsP(x∗(h), y),
which are extended beyondy to create a match betweenx∗(h) and an implicit pointy∗(h).
Intensification occurs as a result of tracing these paths through the region spanned byF∗(E),
but diversification also occurs because the paths “extrapolate beyond” this region.

By the Star-Path Theorem and the Star-Path Generation Method accompanying it, there
is no need to precisely identify aλ value that will generate a pointy∗(h), since it suffices
to takex′ = x∗(h) andx′′ = y, and to generate a sequenceλ(θ(q)) that will encompass all
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relevant possibilities. The extreme ends of the sequence are likely to be irrelevant, and there
is no need to duplicate the use ofx∗(h) as a focal point. Hence the star-path generation may
be applied by starting at aλ(θ(q)) value larger than 0 (sinceλ = 0 treatsx′ = x∗(h) as a
focal point), and to continue until persistent deterioration in the star-path elements occurs.
The pointsx∗(h) themselves can be replaced on subsequent rounds by shifting them toward
the most recenty, in which case negative startingλ value may be relevant.

As the adaptive procedure is repeated, a standard tabu search process (see, e.g., Glover
and Laguna (1997)) can be used to avoid duplicating the composition of the collection
E, and hence of the focal setF(E). Moreover, it is possible to apply the approach in a
compound manner. We identify a way to do this as follows, effectively permitting a given
collectionE to generate alternative collections by a nested form of adaptation.

9. Strategy for augmenting a collection of preferred solutions

As previously noted, the generation of strategically dispersed points which are modified by
generalized rounding, in an iterative approach that uses linear combinations to progressively
generate new points, is a fundamental feature of the scatter search approach. Our use of the
directional rounding operator and our exploitation of the Star-Path Theorem may therefore
be viewed as a highly organized way of applying scatter search. At the same time, the
scatter search approach can also be introduced at another level to take advantage of the star
path results.

A particularly simple instance of scatter search can serve as a basis for compounding
the adaptive approach for generating star-paths, with the goal of producing new zero-one
solutions as candidates to be included in a preferred collectionE. The approach is a strongly
focused form of intensification (in the sense that this term is used in tabu search) which treats
members ofE as reference points, and gives rise to additional candidates for membership
in E by a process of creating weighted combinations.

Let S denote an index set for a chosen subset of the solutions inE, and identify the
members of this subset byX(S) = {x(s), s ∈ S}. For simplicity, consider the result of
rounding in a nearest neighbor sense. If all points are weighted equally, thereby producing
a center of gravity ofX(S), the result of nearest neighbor rounding yields a pointx whose
componentxj , j ∈ I receives the value taken by the majority of the componentsxj (s),
s ∈ S. Thus, ifScontains an old number of elements, the pointx is uniquely determined.

This observation suggests the following strategy for generating trial solutionsx as can-
didates to augment the collectionE, or to replace its inferior elements.

Simple scatter search approach to augment E

1. Let S(k) be the index set for the “k best” solutions from the collectionE.
2. Choose one or more even values ofk, and consider each of thek subsets ofS(k) consisting

of k-1 of its elements.
3. Represent each of the chosen subsets of solutions by{x(s), s ∈ S}, whereS contains

an odd number of elements. From each subset, generate a trial pointx where, for each
j ∈ I : xj = 1 if xj (s) = 1 for the majority ofs ∈ S, andxj = 0 otherwise.
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4. For each trial pointx, test whether it passes a threshold of attractiveness to be admitted
to the collectionE (e.g., whether it has an evaluation better than the worst or average
member ofE).

By way of illustration, the foregoing procedure can selectk = 4 andk = 6 in Step 2,
thus generating each of the 4 subsets of 3 solutions associated withS(4), and each of the
6 subsets of 5 solutions associated withS(6). Then, in Step 3,S(4) and S(6) together
generate 10 trial points. Ifk is chosen to be relatively small as in this example, subsets
of k-3 elements can also be chosen for even values ofk and subsets ofk-2 elements can
be chosen for odd values ofk. For instance, 20 additional trial points can be generated by
Step 3 by lettingSrange over all 3 element subsets of the 6 best solutions, and 21 additional
trial points can be generated by lettingS range over all 5 element subsets of the 7 best
solutions. Some of the trial points produced by the method may duplicate others, but such
duplications may be avoided (without bothering to identify and weed out the duplicates) by
requiring each selected point to be better than its predecessor in the threshold test of Step 4.

Trail solutions can be obtained other than by majority vote by weighting solutionsx(s)
in relation to their objective function valuesz(s). If all of the elements ofX(S) are feasible,
let z(0) denote the optimum objective function value for the original LP solution. Then
1z(s) = z(s)− z(0) is positive for alls ∈ S, or else an optimal solution is known. (If some
elements ofX(S) are infeasible, simply selectz(0) to be smaller than the minimumz(s)
value.) Create a convex combination of the points ofX(S) using the weights1z(s)

D , where
D = ∑

s∈S1z(s). Thenx can be generated by rounding this outcome.

10. Star-paths for general integer programs

The star-path construction can be extended to IP problems in general integer variables,
with upper boundsU j that may differ from 1, by defining the directional rounding operator
relative to aunit hypercube envelopeof a focal point. The mappingδ(x′) remains the same
as previously given in the special case wherex′ belongs to the zero-one unit hypercube, but
differs in a natural way for focal points in other hypercubes.

To define the extended mapping appropriately, we continue to suppose the values of
variablesxj , j ∈ N-I , are determined once the values for the integer variables are specified,
and determineδ(x′) for a given focal pointx′ by specifying the valuesδ(x′

j ) for each
x′

j , j ∈ I . Lettingv andv + 1 be integer values that bracket the value ofx, we determine
x0

j = δ(x′
j ) as follows.

x0
j =

{
v if v ≤ x′

j < v + 1 ≤ xj (0)

v + 1 if v + 1 ≤ xj (0)

x0
j =

{
v + 1 if xj (0) ≤ v < x′

j ≤ v + 1
v if v > xj (0)

x0
j = # if v < xj (0) = x′

j < v + 1.

As before, # can represent eitherv orv+1, and a decision rule such as the one implicit in
the Star-Path Generation Method is assumed to select precisely one of these values. Figure 3
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Figure 3. Star-path for general integer variables.

illustrates the integer pointsx0 generated by this definition, indicated by enclosing these
points in circles, asx′ ranges over focal points on a faceF∗ determined by a valid cutting
plane. The image of each such pointx0 of F∗ (that is, the region (F∗)-Image(x0)) is also
identified for each of these points by the divisions ofF∗ denoted by the letters A through E.
Thus, the line segment AB is the image of the point labeled AB, the line segment BC is the
image of the point labeled BC, and so forth. (The rule for defining # determines whether
the point B itself should map into the integer point labeled AB or BC.)

The integer points of this figure no longer all belong to the same hypercube, as they do in
the zero-one case. (In fact, only the point AB lies on the unit hypercube the containsx(0).)

The Star-Path Theorem directly generalizes to apply to this extended definition ofδ(x).
Each integer point successively generated on a star-path is adjacent to its predecessor, and
the Star-Path Generation Method also generalizes to permit the integer points of the star-path
to be generated efficiently.

11. Summary considerations

The star-path constructions make it possible to produce solution combinations with special
properties for integer programming problems. Parallel processing can take a role in ex-
ploiting the star-path construction by generating and coordinating the set of pointsX∗(NB),
and in choosing a functionf to generate weights for producing additional matched points
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y∗(h). Parallel processing also can take a role in simultaneously determining parameters
associated with different elements ofX∗(NB), and in determining the specific star-paths
associated with thex∗(h), y∗(h) pairs.

These procedures can be usefully applied by selectingx(0) from different extreme points
of the LP feasible region. Trial solutions generated from star-paths, whether feasible or
not, can be used to create a modified objective function, weighting costs to produce optimal
LP extreme points for the modified objective that lie in the vicinity of these trial solutions.
Then these extreme points are natural candidates to serve asx(0). As noted in Section 9,
the star-path strategies constitute a highly focused way of applying the framework of scatter
search, which is often implemented by taking advantage of adaptive memory designs of
tabu search. Connections between these alternatives are amplified in Glover and Laguna
(1997).
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