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Abstract

In spite of the many special purpose heuristics for specific classes of integer programming (IP) problems, there
are few developments that focus on general purpose integer programming heuristics. This stems partly from the
perception that general purpose methods are likely to be less effective than specialized procedures for specific
problems, and partly from the perception that there is no unifying theoretical basis for creating general purpose
heuristics. Still, there is a general acknowledgment that methods which are not limited to solving IP problems
on a “class by class” basis, but which apply to a broader range of problems, have significant value. We show
that certain ideas proposed in the 1970s, which are often overlooked, can be reformulated and linked with more
recent developments to give a useful theoretical framework for generating general purpose IP heuristics. This
framework, which has the appeal of being highly visual, makes use of cutting plane derivations that also give a
natural basis for marrying heuristics with exact branch and cut methods for integer programming problems.
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1. Introduction

There has been an explosion in recent years of heuristic methods for combinatorial opti-
mization problems, focusing primarily on specific applications in areas such as scheduling,
logistics, routing, design and so forth. However, perhaps surprisingly, there has been very
little done to develop heuristic methods for general integer programming (IP) problems,
which include the domains of pure integer programs, where all variables are required to be
integer valued, and of mixed integer programs (MIPs), where some variables are allowed to
be continuous. The lack of attention to heuristic methods for these general problems may
be partly explained by the fact that special purpose methods can often be made more effi-
cient than general purpose methods. In addition, the realm of general integer programming
is normally conceived to present a need for some form of theoretical foundation before
launching an effort to broach it, and the theory so far has been chiefly developed with an
eye to creating exact (finitely convergent) algorithms, rather than to creating more flexible
heuristic processes. (Flexibility in the heuristic sense arguably derives its value—and its
shortcomings—from the freedom to “break the rules” that a more confining theoretical
formulation might impose.)
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Nevertheless, the usefulness of general purpose IP methods is conspicuous, as attested
by the thriving industry of exact methods embodied in commercial codes such as CPLEX,
MINTO, XPRESS-MP and a variety of others. (See Sharda (1995) for a review of some
of the leading commercial packages.) At present, virtually all of these codes are based
on branch and cut methods, which join branch and bound with cutting planes. We might
reasonably argue that there is a great deal in the design of these procedures that is heuristic,
and that the distinction between heuristic and exact methods should not be considered hard
and fast. The fact remains, however, that scant attention has been devoted to creating
heuristic search processes to solve pure and mixed integer programs. Perhaps the most
notable exception occurs for the case of adjacent extreme point heuristic methods for zero-
one MIP problems, represented by the work of Balas and Martin (1980), Aboudi and J6rnsten
(1994) and Glover and Lgkketangen (1996). These methods exploit the well known result
that an optimal solution to an IP problem whose integer variables are zero-one can be found
at one of the extreme points of the linear programming (LP) feasible region. Still, the links
to a broader theory, and the foundations that might lead to a general purpose IP heuristic,
have been left largely unexplored.

We show in this paper that a theoretical basis for creating general purpose IP heuris-
tics does indeed exist, and shares a foundation with a framework for generating cutting
planes for IP problems. A variety of opportunities arise for marrying the heuristics derived
from this framework with modern branch and cut procedures, as well as for generating ap-
proaches that unabashedly seek good solutions without relying on an ultimate guarantee of
optimality.

Our development requires some familiarity with LP and IP terminology and concepts, as
covered for example in Nemhauser and Wolsey (1988), Parker and Rardin (1988), Magee
and Glover (1996) and Beasley (1996). However, the main considerations profit from a
highly visual context that allows the key ideas to be seen without being tied exclusively
to formal symbolic representations. These considerations are based on certain cut search
concepts introduced in the early 1970s, which we reformulate and extend to provide new
observations for exploiting them. We then show how the cut search ideas meld naturally
with recently proposed star-path constructions, and the resulting synthesis also extends to
give a more unified framework for creating heuristic search processes for IP problems.

Part I of this development, contained in the present paper, provides the background and
extensions of the fundamental cut search ideas, accompanied by examples that illustrate
the intuitive visual content of the approach. Part II, contained in a sequel, establishes the
synthesis with the star-path constructions to complete the general purpose framework.

2. Cut search preliminaries—convexity cut formulation

Several formulations (and perspectives) exist for generating valid cutting planes. As aback-
ground for introducing the cut search approach, we sketch the convexity cut (or intersection
cut) ideas that were first introduced in the context of concave programming by Tuy (1964),
and in the context of integer programming by Balas (1971) and Young (1971). We fol-
low the characterization of Glover (1972) which extends the original integer programming
derivations to encompass general convex sets.
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Figure 1. Example LP cone.

The convexity cut framework adopts a geometric (vector space) perspective. In common
with most of the general purpose IP implementations of branch and bound, the natural setting
for applying this approach is in conjunction with solution methods for linear programming—
and extreme point methods in particular. Cutting planes may be visualized in this setting
to arise by extending edges (extreme rays) of the polyhedral cone associated with a linear
programming basis. (For convenience, we use the term cone to refer to what is sometimes
called a half-cone.) The vertex of this cone, which we denote by x (0), corresponds to an LP
basic solution, and the operation of extending an edge from x (0) corresponds to assigning
positive values to a selected nonbasic variable, holding each of the other nonbasic variables
at zero. More generally, in applying a bounded variable version of the simplex method,
an edge is extended by assigning values to a parameter that either increases the nonbasic
variable from its lower bound or decreases the variable from its upper bound.

An example of a two-dimensional LP polyhedral cone (that will serve as the basis for a
later illustration) is shown in figure 1.

The variables x; and x; represent variables that are required to receive integer values,
and hence we have shown the grid that identifies the location of the integer points on the
plane. In this example x; and x; correspond to basic variables. (The nonbasic variables
that determine the edges of the cone are not identified, but might for instance be denoted
by x3 and x4.) Feasible LP solutions lie within the region spanned by the edges of the cone,
that is, the region that includes these edges together with the cone interior, which may be
further limited by the inclusion of constraining half spaces not shown. (Such half spaces
correspond to inequalities x; > 0 and x; < U; for additional basic variables other than x,
and x;. In the example shown, the constraint inequalities x; > 0 and x, > 0 do not limit the
cone, but if upper bounds for x; and x, were given by x; < 3 and x; < 3, then the feasible
region would be restricted to consist just of the portion of the cone that appears in figure 1.)

We may identify the relevant components for describing cutting planes and search pro-
cesses in this setting as follows. Associated with a given current basic extreme point solution
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x(0), as obtained by the bounded variable simplex method, let {x; : j € NB} denote the cur-
rent set of nonbasic variables and let {x; : j € B} denote the current set of basic variables.
The set of all variables will be indexed by N (hence N = NBUB, and the set of integer
variables will be indexed by L. For explicitness, we stipulate that each variable x;, j €N
must satisfy the bounds U; > x; > 0, where U; may be infinity. The polyhedral LP cone,
of which x(0) is the vertex, is the region spanned by the edges

x(h) = x(0) — Dyuy, foru,>0,heNB

where Dy, is the “current tableau” vector associated with the nonbasic variable x;, and uy, is
the parameter identifying the change in the value of x;, (from its lower or upper bound value
which it receives at x (0)). We assume throughout the following that x (0) is feasible for the
LP problem, though this assumption can be relaxed. (In general, we require that x(0) is a
feasible extreme point for a region that results by discarding some of the constraints that
define the original LP feasible region.)

The customary LP basis representation explicitly identifies only the subset of the entries
dp; of Dy that are associated with the current basic variables x;. We use the full vector
representation here, understanding that the entries of Dj, are zero for all nonbasic variables
except x;, which has a coefficient of 1 or —1. We choose the sign convention for entries of
Dy, that yields a coefficient for x5 of d, = 1if x;, is currently at its lower bound at the vertex
x(0), and of dy, = —1 if x; is currently at its upper bound at x (0). (Hence, u,, respectively
corresponds to x; or Uy, — x;,.) By this convention, if x(0) is a feasible extreme point of the
LP problem, then the feasible extreme points adjacent to x (0) are points x (k) that occur for
(specific) nonnegative values for u,, and for strictly positive values except under degeneracy.

The basic convexity cut result that makes use of this representation is founded on a simple
construction. In common with the application of branching moves, we assume that the LP
vertex x(0) does not yield integer values for all the integer variables x;, j €. Then the
steps of this construction are as follows.

2.1. Convexity cut construction

Step 1. Identify a closed convex region whose interior includes x (0) but no feasible inte-
ger solutions. (A simple example is to rely on the convex region given by solutions that
satisfy the inequality v + 1 > x; > v, where x;, j €1, is a variable whose value x;(0)
is fractional at the LP vertex, and v and v + 1 are the integers immediately below and
above this fractional value.)

Step 2. Extend each edge of the LP polyhedral cone until it meets the boundary of the convex
set. (In the case of the example indicated, this results by identifying a positive value for
each u,, and hence for each nonbasic variable x;, that causes x; to receive the value v or
v -+ 1. The value is found by solving for uy in x;(h) = x;(0) — dp;us, where x;(h) = v
or v + 1 according to whether dy; is positive or negative. In case dy; is 0, uy is infinity.)

Step 3. Pass a hyperplane through the endpoints of the edges of the LP basis cone where
they intersect the boundary of the convex set. Letting u}, identify the value of u), that cor-
responds to the point of intersection for edge h (as determined in Step 2), the hyperplane
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can be expressed as the set of points
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where 1/uj; = 0if u}, is infinity. (This can be expressed in terms of the nonbasic variables
xp by substitution using the identity u;, = x, or u, = Uy — x;, according to whether x;,
is nonbasic at its lower or upper bound in the current LP solution x(0).)

The result of the preceding construction creates two half spaces associated with the
hyperplane. One replaces “=" by “<” in the defining hyperplane equation, and includes
all points that lie on the side of the hyperplane that contains the LP vertex (which lies in
the interior of this half space). The other replaces “=" by “>" in the hyperplane equation,
and includes all points that lie on the other side of the hyperplane (thereby excluding the
LP vertex and “cutting off” the basic solution that assigns x; a fractional value).

Convexity cut theorem. The half space
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that excludes the LP vertex contains all feasible integer solutions, and the associated hy-
perplane therefore qualifies as a valid cutting plane.

An example of two different convexity cuts is shown in figure 2. In this figure we use
the two simple convex regions 1 < x; < 2and 1 < x; < 2, both of which contain x(0)
in their interior. (They clearly do not contain any feasible integer solutions in their interior
since there are no integer values that lie strictly between the adjacent integers 1 and 2.) The

3

Figure 2. Convexity cuts.
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intersections of the edges of the LP cone with the boundaries of the region 1 < x; < 2 occur
at the two points labeled A, and the intersection with boundaries of the region 1 < x; < 2
occur at the two points labeled B. Thus, two cutting planes are generated, one identified by
the dotted line through the “A points” and the other by the dotted line through the “B points™.
Cutting planes such as these generated from convex regions of the form v < x; < v+1can
be shown to correspond to those introduced for mixed integer programming by Gomory
(1960). The two cuts of this particular example are not especially strong. In this instance,
a convex region that yields a better cutis 2 < x; +x; < 3. (Such a region can be identified
by a transformation of the coordinate system, applying ideas subsequently described.)

By drawing on the perspective of the convexity cut framework, we will now show how
to go beyond these constructions to provide special options for generating and exploiting
trial solutions, while simultaneously generating stronger cuts.

3. Cut search fundamentals

The convexity cut result can be refined in several ways, including a formulation that allows
for negative edge extensions (Glover, 1975; Sherali and Shetty, 1980). However, we are
interested in a particular development embodied in a cut search theorem that gives a direct
bridge between cutting planes and search methods, and affords a useful foundation for
integrating heuristic search with branch and bound or branch and cut procedures.

To express this theorem, we assume that an assignment of values to the integer variables
xj, j €1, automatically yields values for all variables x;, j € N. This is true (by definition)
in the case of pure integer programs, and can be made true for mixed integer programs by a
step of solving an LP problem, for any given assignment of values to the integer variables,
to obtain conditionally optimal values for the continuous variables. In fact, as we will see,
the cut search development makes it possible to solve a simple restricted mixed integer
program to obtain a best solution from a given collection of implicit candidate solutions,
and to simultaneously generate a cutting plane by reference to this collection.

Define an admissible value for a variable x;, j €1, to be an integer that satisfies the
lower and upper bounds of 0 and U;. Correspondingly, define an admissible (coordinate)
hyperplane to be a hyperplane of the form x; = v, for some j € I, where v is an admissible
value for x;. Let C denote a specific collection of admissible hyperplanes, and for each
variable x;, j €1, identify the set V; of values v for which admissible hyperplanes are
contained in C; i.e.,

V; = {v: the hyperplane x; = v belongs to C}.

By means of these sets V;, we identify the set of solutions X(C) generated by the
collection C, which we define to consist of those solutions in which every integer variable
xj receives one of the values in V;:

X(C) = {x:x;€V;, forall jel}.

Finally, let X* denote a set of integer trial solution vectors. We are particularly inter-
ested in the situation where the set X* contains all solutions generated by C, hence where
X(C)c X
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The starting point of our development, which slightly re-states results of Glover (1972),
is based on the notion of extending edges of the LP cone, or rays consisting of convex
combinations of these edges, and to identify C as the collection of admissible hyperplanes
that are encountered as a result of such extensions. In particular, if we let D denote a convex
combination of the vectors Dy, h € NB, and let 4 denote a nonnegative scalar, then we can
represent such a ray by

x =x(0) — Du.

The admissible hyperplanes that are successively intersected may then be identified to
consist of those that occur at positive values of « for which

xj = x;(0) — dju is an admissible value for x;

for some j € I, where d; is the jth component of D. (Note that an integer variable x; which
is currently nonbasic, and which therefore receives an admissible value at x (0), will continue
to receive this value for positive values of u on any ray that gives D; a zero weight in the
convex combination to yield D. Hence the associated hyperplane x; = v is automatically
included in C.) The values of  that yield successive intersections with additional admissible
hyperplanes are determined directly from the preceding equation by sorting (relative to j € I)
to determine each “next” value of u. As this process is implemented, each new admissible
hyperplane encountered is added to C, while simultaneously keeping track of the set X (C)
of solutions generated by C.

The simplest approach for determining X* is therefore to take X* = X (C); i.e., to use
the generation process itself to create the trail solutions to be considered. However, we may
take advantage of having generated trail solutions previously which we can add to X* and
which can also be used to assure the special requirement that X* includes X (C).

The option of extending more than a single ray simultaneously provides useful latitude
in determining the collection C, since the successive intersections of different rays may
encounter different admissible hyperplanes (or encounter such hyperplanes in different
sequences). A straightforward but particularly important feature of the sets V; that results
from these extensions is embodied in the following constructive result.

Lemma A. Each set V; can be expressed in the form V; = {x;: L, < x; < U} and x;
integer}, where L', and U} are integers that satisfy L', > 0 and U} < U,. By construction,
the values L’; and U} may initially be given by setting:

L’J-=U ]’ = x;(0) if x;(0) is an integer and d; = 0; and otherwise
L’j=v + 1 and U}’. =v, wherevandv+ 1are the integers that bracket x;(0).
(This yields L'; = U} + 1 for noninteger x;(0), to render
V; empty.)

Thereafter, whenever an extended ray intersects an admissible hyperplane not previously
encountered, then for some j € 1 this hyperplane has the form:

xj={L',,.—1 ifd; >0
Ul+1 ifd; <0
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Consequently, L', is decreased or U, is increased to include the value identified by this
hyperplane.

The convenient form imparted to the set of solutions X (C) by the preceding observation
has useful implications for exploiting this set by generating cutting planes. In particular, the
construction of Lemma A, and the nature of the process that gives rise to this construction,
leads to a basic theorem which says that it is legitimate to form a cutting plane by extending
every edge of the cone until it intersects an admissible hyperplane not contained in C. If
the edges of the cone provide the rays that are used to generate C, this means that each
such edge can be extended strictly farther than it was extended in the process of generating
C. (Not only is it permitted to go beyond admissible hyperplanes encountered by its own
extension, but also beyond those encountered by the extensions of all other edges or rays.)

We can summarize this by defining the potentially admissible set P;, j €1, to consist
of admissible values for x; that are not contained in V;. Specifically, by the nature of our
construction, we can restrict P; to consist of the integers L’j ~land U ; + 1, excluding
integer values that lie outside the bounds for x;. Then we define a new potential value
of the parameter u; to be the value that extends the edge 4 to its first intersection with an
admissible hyperplane not in C, given by

Min(u > 0: x; = x;(0) — dj;u € P;, for some j €I).

If P; is empty, or if no values in P; can thus be attained for positive values of u, then we
define the new potential value of u, to be infinity. We assume that the set X* of solutions
examined includes X (C), and say that a cut is valid, conditional on X (C), if it excludes x (0)
but no feasible integer solutions with the possible exception of some elements of X (C).

Cut search theorem

A valid convexity cut conditional on X (C) is given by the half space

(4

henB \¥h

where each u}, is assigned the new potential value for u,.

The preceding theorem implicitly determines the conditional cut by reference to the
convex region {x:L’jf <x; < U}’, j €1}, where L’ = L’j —1and U}’ = U’ + 1 with the
provision that L} = —oo if L’; = 0 and U] = oo if U} = Uj. It is easy to see that this
region contains all points of X (C), but no other feasible integer solutions, in its interior.
The theorem more broadly is valid for generating cuts and trail solutions for any problem
where feasible solutions are determined by intersections of specified hyperplanes or half
spaces, as in minimizing a concave function over a polyhedron, where an optimal solution
is assured to lie at some extreme point (determined by the intersection of particular sets of
boundary hyperplanes). The form of C then differs in evident ways from the structure it
acquires for IP problems, and auxiliary processing may be needed to generate members of
X (C) (as by pivoting to identify extreme points implied by the collection C).
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In the integer programming context, the theorem allows the following refinement:
Corollary. Let x7(h) = x;(0) — dyju;. If there exist integers ag and a;, j €1, such that

ay <) ajxi(h) <ay+1 forallh e NB,

jel

then the value of u;, for each h € NB can be redefined (further increased or left unchanged)
by determining the value that yields

Zajxj(h) =ay or ap+ 1.
jel

The simplest form of the refinement given in the preceding Corollary occurs by identifying
a single variable x;, j € I and integers ag and ap + 1 such that

ay < x;‘(h) <agp+1 forall A € NB.

Then uj; can be redetermined to yield x;f(h) = ap or ap + 1 for the specified j € 1. The
refinement may also be advantageously applied by reducing a few of the u}, values to permit
the conditions of the Corollary to hold, thus allowing other values to be increased. (An
example of this is provided later.) We remark that the Corollary implicitly determines the
cut from a union of two convex regions. While such a union is not convex, it covers the
cone, and hence contains a convex region of the appropriate form.

An illustration of the Cut Search Theorem is provided in figure 3 for the two dimensional
example previously shown in figure 1. Only the LP cone is shown, without considering
other constraints that may affect the feasible region. The edges of the cone emanating
from the vertex x(0) are shown as heavy lines, to the point where each encounters its first

3
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Figure 3. Cut search theorem illustration.
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intersection with an admissible coordinate hyperplane. (We have elected to extend edges of
the cone rather than other rays, since there are only two edges to consider in two dimensions.
Likewise we have arbitrarily chosen to stop extending each edge at its first intersection with
an admissible hyperplane.) In this case, the admissible hyperplanes that are intersected are
for different variables, and hence the initial empty X (C) enlarges to contain the circled
point (1, 1).

After examining the solution given by the circled point, the further extension of the edges
that yields the cutting plane of the Cut Search Theorem is shown by the light (solid) lines.
The cut itself is shown by the dotted lines determined by the intersection of each edge with
a new admissible hyperplane that has not previously been encountered. In fact, there are
two such cuts. The second arises by the condition specified in the Corollary to the theorem,
for the simple case ap < x;‘-‘(h) < ap+ 1,heNB, for j = 2. That is, the endpoints of
both edges that determine the first cut lie within the same convex region, determined by
1 < x; < 2. This makes it possible to extend one of the edges more deeply than in the first
cut, until both edges meet the boundaries of the region 1 < x; < 2 (in this case, meeting
the hyperplane x; = 2).

Several observations can be made about the Cut Search Theorem, as follows. The last
two (Observations 6 and 7) are especially relevant for exploiting the cut search ideas within
a branch and cut framework.

Observation 1. The cut can be introduced at intermediate stages of generating C and
X (C), before deciding to terminate the generation process. New trial solutions to be added
to X*, as aresult of belonging to X (C) but not X*, may be then tested immediately to see if
they satisfy the current cutting plane inequality. (When the inequality is violated, this test
can avoid more lengthy efforts to check such trail solutions for feasibility. If the edges of
the example in figure 3 were to be extended beyond their first intersection to “probe for”
new solutions to add to X (C), this test could make use of the cut generated from the first
intersections to immediately eliminate all points that satisfy x < 3.)

Observation2. Inthe case of pure integer programs, the process of checking new solutions
of X(C) to be added to X* can also be accelerated by taking advantage of the structure of
X (C). Let e; denote the unit vector with a 1 in position j and 0’s elsewhere. Then for any
given x’ € X (C) a subset of solutions of X(C) can be represented in the form

x =x'+qe;j,

as g ranges over | V;| integer values (including g = 0). If x’ is infeasible, then the solutions
x’ 4+ ge; are infeasible either for all g > 0 or for all ¢ < 0. Similarly, if x’ is better than (has
a better objective value than) x’ + ge; for any g > 0 (q <0) then x’ is better than x’ + ge;
for all ¢ > 0(g < 0). (The objective function coefficient of x; in an initial LP basis
representation, where all integer variables are nonbasic, immediately determines whether
q > 0org < Oyields a worse solution. See Observation 7 below for a more comprehensive
way to exploit such relationships, by solving a restricted integer programming subproblem.)

Observation 3. The theorem offers a basis to determine when a method should rely more
heavily on cutting than on searching, and vice versa. Specifically, a cut can always be
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generated by the theorem for the case where X (C) is empty (or is entirely contained in a
set X* previously generated). In this situation, no new trial solutions need to be examined.
The transition point at which X (C) will leave the state of being empty occurs where V;
is empty for exactly one j € I, and X(C) will become nonempty as soon as this last V;
acquires an element as a result of intersecting an admissible hyperplane x; = v. Several
“last sets” V; may become nonempty simultaneously, when several admissible hyperplanes
are intersected at once. The numbers of elements in the sets Vy, k € I — {j} disclose the size
that X (C) will achieve when V; becomes nonempty. (The calculation must be adjusted if
a collection of sets simultaneously qualify to become the set V;.) Since X (C) will include
solutions for every combination of values x; € Vi (joined with the value assigned to x;
when V; first becomes nonempty), it is possible that the first nonempty X (C) will be large.
The size of this first nonempty X (C) may be used as a measure of the relative strength of
cuts based on different strategies for selecting and extending a collection of rays.

When X (C) contains more elements (outside of a pre-existing X*) than can be examined
conveniently, this signals that it is preferable to generate the convexity cut from the convex
region v < x; < v+ 1, where x; lies strictly between v and v + 1, and where either x; = v
or x; = v+ 1 will be a “transition intersection” that causes X (C) to become nonempty.

Observation 4. As noted in reference to the example of figure 2, convexity cuts from
regions of the form v < x; < v + 1 are equivalent to the mixed integer cutting planes
of Gomory (1960). Computational experience has suggested that these cutting planes can
be productivity applied for a limited number of iterations, after which their strength tends
to deteriorate. Identifying a member of these cutting planes that corresponds to a “last
empty” V;, as in Observation 3, gives a basis for choosing among them. More particularly,
monitoring the size of the first nonempty X (C) provides an indication of the turning point
where it becomes preferable to generate stronger cuts by building a set X* and examining
its members.

Observation 5. Deeper edge extensions and stronger cuts may result by transforming
current basic integer variables x; into new integer variables y;, which have the form

Yi = Xj + Z apXy
heNBNI
where the coefficients a, are chosen to be integers. This transformation replaces the L.
basis equation

X =Xj(0) - Z dhjxh

heNB
by

y; = x;(0) — Z (dnj — an)xn — Z dyjxn.

heNBNI heNB -1

Consequently, integer values a;, for A € NBNI can be chosen to make each resulting
coefficient dy; — ay, a positive or negative fraction (with absolute value less than 1), thus
potentially causing the intersections for integer values of y; to occur at deeper levels than
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those for integer values of the corresponding x;. (The idea of using such integer transfor-
mations as a way to yield stronger cuts is implicit in early approaches for generating cutting
planes for pure and mixed integer programming.)

For the purpose of identifying the set X (C), and hence trial solutions to be added to X*,
each x; value, j € B, can be recovered from the corresponding y; value by the equation

Xji=Yj— E apXy.
heNBNI

Bounds on admissible y; values may not be known, and so all integer values of y;
variables intersected may need to be transformed into x; values and checked in this manner.

This approach for generating deeper extensions of some edges increases the relevance
of Observations 3 and 4. In particular, some of the nonbasic integer variables x;, whose
coefficients have been successfully reduced may encounter a series of integer values, in order
for their associated edges to reach the intersection point with aregion v < y; < v+ 1.
This causes the associated sets Vj, to enlarge. In addition, the specific set V; (where x;
receives a value indirectly at the same time as y; reaches v or v + 1) is one of the later sets,
if not “the last”, to become nonempty. This is the type of situation where a first nonempty
X (C) may be large. Hence, as long as transformations exist that indeed can make the first
non-empty X (C) contain many elements, simple convexity cuts for X (C) empty are likely
to be reasonably strong and worth implementing.

Observation 6. Additional unimodular transformations of integer variables beyond those
of Observation 5, that generate integer combinations which include more than a single
basic variable, provide a basis for creating coordinate systems that allow the space to be
more effectively probed by extending rays. Instances of such transformations that restrict
attention to coordinate hyperplanes for a single integer variable

y=Yam

jel

for selected integers a; can be used to exploit the Corollary to the Convexity Cut Theorem.

The relevance of a transformed coordinate system is illustrated in figures 4 and 5. These
figures are based on the same LP problem (hence both figures show the same LP cone),
and employ the same rules for extending rays to probe the space (selecting the edges of the
cone in each case). Figure 4 shows the result of extending the two edges for a standard
2-dimensional coordinate system. As indicated in the diagram, starting from the LP vertex,
Edge 1 leads downward to the right and Edge 2 leads upward to the left. The rule for
extending these two edges is:

e Extend Edge 1 to its first intersection with an admissible coordinate hyperplane.

e Alternate the choice of edges (hence choosing Edge 2 on the second step, Edge 1 on the
third, etc.), to extend the chosen edge to its first intersection with an admissible hyperplane
not yet encountered. At each intersection, identify the new solutions generated by the
intersected hyperplanes.
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X 3

X

Figure 4. Extended edges in a standard 2-dimensional coordinate system.

o Stop after the third intersection for Edge 1 and generate the cut from the next intersection
of each edge (intersection #4 for Edge 1 and intersection #3 for Edge 2).

The four intersections for Edge 1 and the three intersections for Edge 2 are identified in
figure 4 by the numbers placed beside these intersections. The circled points indicate those
that are generated by the intersections, as indicated in Table 1.

It may be noted that three of the points generated (A, E and F) lie outside the cone and
hence are infeasible. (Some points inside the cone may also be infeasible, but we do not

Table 1. ldentification of points in figure 4.

Points Added at the time of intersection
A #1 for Edge 2 (given #1 for Edge 1)
B #2 for Edge 1

CandD #2 for Edge 2

Eand F #3 for Edge 1
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Figure 5. Hyperplanes approximately parallel to faces of the cone.

show other constraints that may affect feasibility.) The cutting plane shown significantly
dominates those that may be generated by the options for keeping X (C) empty (in this
case, the cutting plane that joins intersection #1 of Edge 1 with intersection #2 of Edge
2, and the cutting plane that joins intersection #1 of Edge 2 with intersection #2 of Edge
1). Nevertheless, the cut is rather shallow. A possibility for improvement (though not
strict improvement) exists by retracting the extension of Edge 2 sufficiently to allow both
edge extensions to lie between hyperplanes x1 4+ x; = ag and x; +x3 = a9+ 1, for an
appropriate ag. Then in this case the cut x; + x5 = ap+ 1, which goes diagonally through
the points C and D and the other diagonal points below, results by applying the Corollary
as previously indicated.) Still, we seek a way to do better.

Figure 5 shows the result of creating a coordinate system whose defining hyperplanes are
approximately parallel to the corresponding hyperplanes that determine faces of the cone.
(In two dimensions, of course, edges and hyperplanes coincide.) The rule for extending
the edges, and the intersections that generate the points A through F are exactly the same
as in the example of figure 4. However, the identities of the points A through F are much
different in this transformed coordinate system. In this case, all of the points lie within the
cone, and identify a generally preferable collection of candidate solutions. Moreover, the
cutting plane that results is considerably stronger than the one of figure 4. (Fuller details
of this example can be verified by generating a larger graph, which is not to be confined to
the limited space available for figure 5.)
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Another benefit of the transformed coordinate system is worth noting. If a single ray
is extended approximately through the middle of the cone in figure 4, and stopped shortly
after passing point D of this figure, then point D is the only point generated. However, if
this same ray is extended the same distance in figure 5 (roughly in the direction of point F,
which is the same as the point D of figure 4), then it will generate all six of the points A
through F of this figure. The transformed system gives a richer set of possibilities from the
standpoint of searching as well as cutting.

A framework for determining such a unimodular transformation of coordinates (and the
inverse transformation for recovering the associated values of the original variables) is given
in Glover (1964), together with rules to assure that the variables that define the new system
are nonnegative. The “corner polyhedron” (group theory) development of Gomory (1965)
and Gomory and Johnson (1969) also introduces considerations related to determining
such a transformation. (Expanded details of how such a transformed system can be created,
together with observations for supplementing the process of probing the hyperplanes, are
given in Glover and Laguna (1997).)

Observation7. The structure of the set X (C), and more particularly the sets V; as identified
in Lemma A, suggests an alternative approach that defers examination of new members of
X(C). A best element of X(C) can be determined in a single step by solving an MIP
problem which imposes the restrictions

JCjEVj fOI'jEI.

These restrictions can be controlled by limiting the set of rays selected to be extended,
and by limiting their extensions ( just as normally would be done in a process that examines
elements of X (C) as they are generated). However, the resulting MIP problem to dispose of
X (C) as an aggregate, without examining its members individually, may be able to handle a
set X (C) that is much too large to be examined by a process of “itemization”. For example,
in a 0-1 MIP problem, if the restriction x; € V; for j € I permits 20 integer variables to
receive either the value O or 1, while constraining other variables to a single value, then the
set X (C) will contain approximately a million members, which is likely more than can be
conveniently examined individually. Yet an MIP problem with only 20 zero-one variable
can typically be solved very quickly. The resulting solution provides a candidate for an
optimal solution (if the problem contains a feasible solution), while permitting the cutting
plane of the Cut Search Theorem to be imposed.

To facilitate such a process, the restricted MIP problem can be solved by post-optimizing
from the current LP basic solution. Basic variables x; that receive fractional values and
whose sets V; contain a single integer value effectively impose a collection of “fixed branch”
steps. The approach can be applied recursively (since the restricted problem is an MIP prob-
lem that may be further restricted). The potential speed of solving the restricted problems
suggests that several different problems may be generated and solved at each LP vertex
produced by a heuristic or exact branching process.

The preceding observations disclose that the goals of finding good solutions and generat-
ing good cutting planes are interrelated in a variety of subtle ways. The connections provide
the first stage of our framework for creating general purpose heuristics for IP problems. As



358 GLOVER AND LAGUNA

can be seen, by itself this stage yields an extensive range of general purpose strategies. In
Part 11, which appears in a forthcoming issue, we further extend these ideas to give theorems
and strategies for probing the solution space in additional ways.

References

Aboudi, R. and K. Jornsten. (1994). “Tabu Search for General Zero-One Integer Programs Using the Pivot and
Complement Heuristic,” ORSA Journal on Computing 6(1), 82-93.

Balas, E. (1971). “The Intersection Cut—A New Cutting Plane for Integer Programming,” Operations Research
19, 19-39.

Beasley, J.E. (1996). Advances in Linear and Integer Programming. Oxford Science Publications.

Glover, F. (1964). “A Bound Escalation Method for the Solution of Integer Linear Programs,” Cahiers de Recherche
Opérationelle 6(3), 131-168.

Glover, F. (1972). “Cut Search Methods in Integer Programming,” Mathematical Programming 3(1), 86-100.

Glover, F.'and A. Lgkketangen. (1996). “Solving Zero-One Mixed Integer Programming Problems Using Tabu
Search,” in European Journal of Operational Research (to appear).

Glover, F, and M. Laguna. (1997). Tabu Search. Kluwer Academic Publishers (forthcoming).

Gomory, R.E. (1965). “On the Relation between Integer and Non-Integer Solutions to Linear Programs.” Proceed-
ings of the National Academy of Science, vol. 53, pp. 260-265.

Gomory, R.E. (1967). “Faces of an Integer Polyhedron.” Proceedings of the National Academy of Science, vol. 57,
pp. 16-18.

Gomory, R.E. (1996). “An Algorithm for the Mixed Integer Problems,” Research Memorandum RM-2597, Rand
Corporation, Santa Monica.

Gomory, R.E. and E.L. Johnson. (1972). “Some Continuous Functions Related to Corner Polyhedra,” Mathematical
Programming 3, 23-85.

Magee, T.M. and E Glover. (1996). “Integer Programming.” In M. Avriel and B. Golany (eds.), Mathematical
Programming for Industrial Engineers. New York: Marcel Dekker, Inc., pp. 123-270.

Nemhauser, G.L. and L.A. Wolsey. (1988). Integer and Combinatorial Optimization. New York: John Wiley &
Sons.

Parker, G. and R. Rardin. (1988). Discrete Optimization. New York: Academic Press.

Sharda, R. (1995). “Linear Programming Solver Software for Personal Computers: 1995 report,” OR/MS Today
22(5), 49-51.

Sherali, H.D. and C.M. Shetty. (1980). “A Finitely Convergent Algorithm for Bilinear Programming Problems
Using Polar Cuts and Disjunctive Face Cuts,” Mathematical Programming 19, 14-31.

Tuy, H. (1964). “Concave Programming Under Linear Constraints,” Soviet Mathematics, pp. 1437-1440.

Young, R.D. (1971). “Hypercylindrically Deduced Cuts in Zero-One Integer Programming,” Operations Research
19, 1393-1405.



