CHAPTER 4
DISCOUNTED CASH FLOW VALUATION
Solutions to Questions and Problems

NOTE: All-end-of chapter problems were solved using a spreadsheet. Many problems require multiple steps. Due to space and readability constraints, when these intermediate steps are included in this solutions manual, rounding may appear to have occurred. However, the final answer for each problem is found without rounding during any step in the problem.

1.
The simple interest per year is:


$5,000 × .07 = $350


So, after 10 years, you will have: 


$350 × 10 = $3,500 in interest. 


The total balance will be $5,000 + 3,500 = $8,500


With compound interest, we use the future value formula:


FV = PV(1 +r)t 


FV = $5,000(1.07)10 = $9,835.76


The difference is: 


$9,835.76 – 8,500 = $1,335.76
2.
To find the FV of a lump sum, we use:


FV = PV(1 + r)t

a.
FV = $1,000(1.05)10
= $1,628.89



b. 
FV = $1,000(1.07)10
= $1,967.15


c.
FV = $1,000(1.05)20
= $2,653.30

d.
Because interest compounds on the interest already earned, the future value in part c is more than twice the future value in part a. With compound interest, future values grow exponentially.
3.
To find the PV of a lump sum, we use:


PV = FV / (1 + r)t


PV = $15,451 / (1.05)6
= $11,529.77

PV = $51,557 / (1.11)9
= $20,154.91

PV = $886,073 / (1.16)18
= $61,266.87

PV = $550,164 / (1.19)23
= $10,067.28
4.
To answer this question, we can use either the FV or the PV formula. Both will give the same answer since they are the inverse of each other. We will use the FV formula, that is:


FV = PV(1 + r)t

Solving for r, we get:


r = (FV / PV)1 / t – 1


FV = $307 = $265(1 + r)2;
r = ($307 / $265)1/2 – 1  

=  7.63%


FV = $896 = $360(1 + r)9;
r = ($896 / $360)1/9 – 1  

= 10.66%


FV = $162,181 = $39,000(1 + r)15;  
r = ($162,181 / $39,000)1/15 – 1 
=  9.97%


FV = $483,500 = $46,523(1 + r)30;
r = ($483,500 / $46,523)1/30 – 1
=  8.12%

5.
To answer this question, we can use either the FV or the PV formula. Both will give the same answer since they are the inverse of each other. We will use the FV formula, that is:


FV = PV(1 + r)t

Solving for t, we get:


t = ln(FV / PV) / ln(1 + r) 


FV = $1,284 = $625(1.08)t;
t = ln($1,284/ $625) / ln 1.08 
= 9.36 yrs


FV = $4,341 = $810(1.07)t;
t = ln($4,341/ $810) / ln 1.07 
= 24.81 yrs


FV = $402,662 = $18,400(1.21)t;
t = ln($402,662 / $18,400) / ln 1.21 = 16.19 yrs


FV = $173,439 = $21,500(1.29)t;
t = ln($173,439 / $21,500) / ln 1.29 = 8.20 yrs

6.
To find the length of time for money to double, triple, etc., the present value and future value are irrelevant as long as the future value is twice the present value for doubling, three times as large for tripling, etc. To answer this question, we can use either the FV or the PV formula. Both will give the same answer since they are the inverse of each other. We will use the FV formula, that is:


FV = PV(1 + r)t

Solving for t, we get:


t = ln(FV / PV) / ln(1 + r) 


The length of time to double your money is:


FV = $2 = $1(1.07)t


t = ln 2 / ln 1.07 = 10.24 years


The length of time to quadruple your money is:


FV = $4 = $1(1.07)t       


t = ln 4 / ln 1.07 = 20.49 years


Notice that the length of time to quadruple your money is twice as long as the time needed to double your money (the difference in these answers is due to rounding). This is an important concept of time value of money.

7.
To find the PV of a lump sum, we use:


PV = FV / (1 + r)t


PV = $800,000,000 / (1.095)20 = $130,258,959.12

10.
To find the future value with continuous compounding, we use the equation:


FV = PVeRt


a.
FV = $1,000e.12(5)
= $1,822.12



b. 
FV = $1,000e.10(3)
= $1,349.86



c.
FV = $1,000e.05(10)
= $1,648.72


d.
FV = $1,000e.07(8)
= $1,750.67

16.
Here, we are given the EAR and need to find the APR. Using the equation for discrete compounding:


EAR = [1 + (APR / m)]m – 1

We can now solve for the APR. Doing so, we get:


APR = m[(1 + EAR)1/m – 1]

EAR = .081 = [1 + (APR / 2)]2 – 1
APR = 2[(1.081)1/2 – 1]
= 7.94%


EAR = .076 = [1 + (APR / 12)]12 – 1
APR = 12[(1.076)1/12 – 1]
= 7.35%


EAR = .168 = [1 + (APR / 52)]52 – 1
APR = 52[(1.168)1/52 – 1]
= 15.55%


Solving the continuous compounding EAR equation:


EAR = eq – 1

We get:


APR = ln(1 + EAR)


APR = ln(1 + .262)


APR = 23.27%

17.
For discrete compounding, to find the EAR, we use the equation:


EAR = [1 + (APR / m)]m – 1

So, for each bank, the EAR is:



First National:   EAR = [1 + (.122 / 12)]12 – 1 = 12.91%


First United:      EAR = [1 + (.124 / 2)]2 – 1 = 12.78%


Notice that the higher APR does not necessarily mean the higher EAR. The number of compounding periods within a year will also affect the EAR.

20.
Here, we are trying to find the interest rate when we know the PV and FV. Using the FV equation:


FV = PV(1 + r)

$4 = $3(1 + r)   

 r = 4/3 – 1 = 33.33% per week

The interest rate is 33.33% per week. To find the APR, we multiply this rate by the number of weeks in a year, so:


APR = (52)33.33% = 1,733.33%

And using the equation to find the EAR:


EAR = [1 + (APR / m)]m – 1

EAR = [1 + .3333]52 – 1 = 313,916,515.69%


Intermediate
23.
We need to find the annuity payment in retirement. Our retirement savings ends at the same time the retirement withdrawals begin, so the PV of the retirement withdrawals will be the FV of the retirement savings. So, we find the FV of the stock account and the FV of the bond account and add the two FVs.


Stock account: FVA = $700[{[1 + (.11/12) ]360 – 1} / (.11/12)] = $1,963,163.82


Bond account: FVA = $300[{[1 + (.07/12) ]360 – 1} / (.07/12)] = $365,991.30


So, the total amount saved at retirement is: 

$1,963,163.82 + 365,991.30 = $2,329,155.11

Solving for the withdrawal amount in retirement using the PVA equation gives us:


PVA = $2,329,155.11 = C[1 – {1 / [1 + (.09/12)]300} / (.09/12)]

C = $2,329,155.11 / 119.1616 = $19,546.19 withdrawal per month

24.
Since we are looking to triple our money, the PV and FV are irrelevant as long as the FV is three times as large as the PV. The number of periods is four, the number of quarters per year. So:


FV = $3 = $1(1 + r)(12/3) 

r = 31.61%

29.
We need to find the present value of an annuity. Using the PVA equation, and the 15 percent interest rate, we get:


PVA = C({1 – [1/(1 + r)]t } / r )

PVA = $500({1 – [1/(1 + .15)]15 } / .15)


PVA = $2,923.69


This is the value of the annuity in Year 5, one period before the first payment. Finding the value of this amount today, we find:


PV = FV/(1 + r)t

PV = $2,923.69/(1 + .12)5

PV = $1,658.98
30.
The amount borrowed is the value of the home times one minus the down payment, or:


Amount borrowed = $400,000(1 – .20)


Amount borrowed = $320,000


The monthly payments with a balloon payment loan are calculated assuming a longer amortization schedule, in this case, 30 years. The payments based on a 30-year repayment schedule would be:


PVA = $320,000 = C({1 – [1 / (1 + .08/12)]360} / (.08/12))   

C = $2,348.05
Now, at time = 8, we need to find the PV of the payments which have not been made. The balloon payment will be:


PVA = $2,348.05({1 – [1 / (1 + .08/12)]22(12)} / (.08/12)) 

PVA = $291,256.63

32.
The company would be indifferent at the interest rate that makes the present value of the cash flows equal to the cost today. Since the cash flows are a perpetuity, we can use the PV of a perpetuity equation. Doing so, we find:


PV = C / r

$240,000 = $21,000 / r


r = $21,000 / $240,000


r = .0875 or 8.75%

33.  
The company will accept the project if the present value of the increased cash flows is greater than the cost. The cash flows are a growing perpetuity, so the present value is:


PV = C {[1/(r – g)] – [1/(r – g)] × [(1 + g)/(1 + r)]t}   

PV = $12,000{[1/(.11 – .06)] – [1/(.11 – .06)] × [(1 + .06)/(1 + .11)]5}

PV = $49,398.78


The company should not accept the project since the cost is greater than the increased cash flows.
35.
The relationship between the PVA and the interest rate is:


PVA falls as r increases, and PVA rises as r decreases


FVA rises as r increases, and FVA falls as r decreases

The present values of $5,000 per year for 10 years at the various interest rates given are:


PVA@10% = $5,000{[1 – (1/1.10)10] / .10} 
= $30,722.84

PVA@5%   = $5,000{[1 – (1/1.05)10] / .05} 
= $38,608.67

PVA@15% = $5,000{[1 – (1/1.15)10] / .15} 
= $25,093.84
36.
Here, we are given the FVA, the interest rate, and the amount of the annuity. We need to solve for the number of payments. Using the FVA equation:


FVA = $20,000 = $125[{[1 + (.10/12)]t – 1 } / (.10/12)]

Solving for t, we get:

1.00833t = 1 + [($20,000)(.10/12) / 125]

t = ln 2.33333 / ln 1.00833 = 102.10 payments

40.
To solve this problem, we simply need to find the PV of each lump sum and add them together. It is important to note that the first cash flow of $1 million occurs today, so we do not need to discount that cash flow. The PV of the lottery winnings is: 


$1,000,000 + $1,400,000/1.10 + $1,800,000/1.102 + $2,200,000/1.103 + $2,600,000/1.104 +


   
$3,000,000/1.105 + $3,400,000/1.106 + $3,800,000/1.107 + $4,200,000/1.108 + 
$4,600,000/1.109 + $5,000,000/1.1010 = $18,758,930.79

43.
We want to find the value of the cash flows today, so we will find the PV of the annuity, and then bring the lump sum PV back to today. The annuity has 17 payments, so the PV of the annuity is: 


PVA = $2,000{[1 – (1/1.12)17] / .12} = $14,239.26

Since this is an ordinary annuity equation, this is the PV one period before the first payment, so it is the PV at t = 8. To find the value today, we find the PV of this lump sum. The value today is:


PV = $14,239.26 / 1.128 = $5,751.00
48.
The cash flows in this problem are semiannual, so we need the effective semiannual rate. The 


interest rate given is the APR, so the monthly interest rate is:


Monthly rate = .12 / 12 = .01

To get the semiannual interest rate, we can use the EAR equation, but instead of using 12 months as the exponent, we will use 6 months. The effective semiannual rate is:


Semiannual rate = (1.01)6 – 1 = 6.15%

We can now use this rate to find the PV of the annuity. The PV of the annuity is:

PVA @ t = 9: $6,000{[1 – (1 / 1.0615)10] / .0615} = $43,844.21 

Note, that this is the value one period (six months) before the first payment, so it is the value at t = 9. So, the value at the various times the questions asked for uses this value 9 years from now. 


PV @ t = 5: $43,844.21 / 1.06158 = $27,194.83

Note, that you can also calculate this present value (as well as the remaining present values) using the number of years. To do this, you need the EAR. The EAR is:


EAR = (1 + .01)12 – 1 = 12.68% 


So, we can find the PV at t = 5 using the following method as well:


PV @ t = 5: $43,844.21 / 1.12684 = $27,194.83
The value of the annuity at the other times in the problem is:


PV @ t = 3: $43,844.21 / 1.061512 
= $21,417.72


PV @ t = 3: $43,844.21 / 1.12686  
= $21,417.72


PV @ t = 0: $43,844.21 / 1.061518 
= $14,969.38


PV @ t = 0: $43,844.21 / 1.12689 
= $14,969.38

50.
We need to use the PVA due equation, that is:


PVAdue = (1 + r) PVA

Using this equation:


PVAdue = $56,000 = [1 + (.0815/12)] × C[{1 – 1 / [1 + (.0815/12)]48} / (.0815/12)

$55,622.23 = C{1 – [1 / (1 + .0815/12)48]} / (.0815/12)

C = $1,361.82


Notice, that when we find the payment for the PVA due, we simply discount the PV of the annuity due back one period. We then use this value as the PV of an ordinary annuity. 


Challenge
51.
The monthly interest rate is the annual interest rate divided by 12, or:


Monthly interest rate = .12 / 12


Monthly interest rate = .01


Now we can set the present value of the lease payments equal to the cost of the equipment, or $4,000. The lease payments are in the form of an annuity due, so:


PVAdue = (1 + r) C({1 – [1/(1 + r)]t } / r )


$4,000 = (1 + .01) C({1 – [1/(1 + .01)]24 } / .01 )


C = $186.43
52.
First, we will calculate the present value if the college expenses for each child. The expenses are an annuity, so the present value of the college expenses is:


PVA = C({1 – [1/(1 + r)]t } / r )


PVA = $23,000({1 – [1/(1 + .065)]4 } / .065)


PVA = $78,793.37

This is the cost of each child’s college expenses one year before they enter college. So, the cost of the oldest child’s college expenses today will be:


PV = FV/(1 + r)t

PV = $78,793.37/(1 + .065)14

PV = $32,628.35


And the cost of the youngest child’s college expenses today will be:


PV = FV/(1 + r)t

PV = $78,793.37/(1 + .065)16

PV = $28,767.09


Therefore, the total cost today of your children’s college expenses is:


Cost today = $32,628.35 + 28,767.09


Cost today = $61,395.44


This is the present value of your annual savings, which are an annuity. So, the amount you must save each year will be:


PVA = C({1 – [1/(1 + r)]t } / r )


$61,395.44 = C({1 – [1/(1 + .065)]15 } / .065)


C = $6,529.58
