Corporate Finance

MBAC 6060

Solutions:
Problem Set #6

(1)
This problem can be approached in two ways.  First you have the probability distribution of the returns on the two stocks.  The expected returns and standard deviations of the stocks can be derived from these by the formulas.  Given these distributions you can find the probability distributions of the two portfolios in parts (A) and (B) and use the formulas for E(R) and STD(R).  Alternatively given the expected returns and standard deviations of the two securities (and noting that one of the securities is risk free so the covariance of their returns is zero) you can use the formulas for the expected returns and standard deviations of portfolios in terms of the expected returns and standard deviations of individual assets.
(A) E(RA) = .4(3%) + .6(15%) = 10.2%, E(RB) = .4(6.5%) + .6(6.5%) = 6.5%, Var(RA) = .4(.03 – .102)2 + .6(.15 – .102)2 = .003456 so STD(RA) = (.003456 = .05879.  Var(RB) = 0 so STD(RB) = (0 = 0.  Note also that Cov(RA, RB) = 0, the covariance of anything with a constant (RB) is zero.
(B) Total investment is $6,000.  The investment in asset A is $2,500/$6,000 = .417 and in B then is .583.  The portfolio return in the bear state is then RP = .417(3%) + .583(6.5%) = 5.0405% and in the bull state is RP = .417(15%) + .583(6.5%) = 10.0445% now we can repeat the analysis in part (A):  E(RP) = .4(5.0405%) + .6(10.0445%) = 8.0429%, and Var(RP) = .4(.050405 – .080429)2 + .6(.100445 – .080429)2 = .00060096 so STD(RA) = (.00060096 = .02451.  That is the first approach.
(C) Total investment is still $6,000.  The short sale provides $50(40 = $2,000.  Investment in asset A is ($6,000 + $2,000)/$6,000 = 4/3.  Investment in B is (-$2,000)/$6,000 = -1/3.  Note the weights add to 1.0 (or 100%) as they must.  E(RP) = 4/3 (10.2%) – 1/3 (6.5%) = 11.43% and Var(RP) = (4/3)2(.003456) + (-1/3)2(0) + (4/3)(-1/3)(0) = (4/3)2(.003456) = .006144 and STD(RP) = (.006144 = .0784.  This is the second approach.
(2)
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The difference stems from the diversifying aspects of the portfolio.  Since the three assets are not perfectly correlated, the portfolio variance will be lower due to diversification.  Note that in this way risk is reduced without having to sacrifice expected return.

(B)
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The difference here stems from the fact that while the returns on assets A and C are positively correlated, asset B’s return is negatively correlated with the return of both A and C.  This means that asset B is particularly powerful in reducing risk and in moving from the portfolio weights in part (A) to those in part (B) we are using asset B more heavily.  The expected return didn’t change here only because I rigged it so that as long as assets B and C are held in the same proportion the expected return on the portfolio will be 10%.

(3)
In the case of an index fund (or a single risky asset) “mixed” with a risk free asset the calculation for the standard deviation of the portfolio becomes easy, it works just like the expected return (even simpler).  This occurs because not only is the variance of the return on a risk free asset zero but obviously the covariance of the return on a risk free asset and any other risk free asset is also zero.
(A) 100% in the index is just the index, E(RP) = 12% and STD(RP) = 20%.  For the 75/25 portfolio E(RP) = ¾ (12%) + ¼ (4%) = 10% and STD(RP) = ¾ (20%) = 15%.  For the 50/50 portfolio E(RP) = ½ (12%) + ½ (4%) = 8% and STD(RP) = ½ (20%) = 10%.

(B) The beta of the market index can be assumed to be 1.0.  Betas of portfolios are just weighted averages of the asset betas.  (100 = 1.0, (75/25 = ¾ (1.0) + ¼ (0) = 0.75, and (50/50 = ½ (1.0) + ½ (0) = 0.5.  Note that the expected returns and the betas both decrease as they must.

(C) The risk premium on this index portfolio is 8%.

(D) Assuming that this index is on the frontier, i.e. is an efficient portfolio, the only way to choose between these portfolios would be personal preference.  A very risk averse investor might be more inclined to choose the 50/50 portfolio while an aggressive investor not willing to sacrifice the expected return for a reduction in risk would choose one of the others.

(E) This isn’t any more difficult than what you just did once you find the portfolio weights.  Your wealth is $100,000 that is the “base.”  You have an investment of $200,000 in the index so $200,000/$100,000 = 2.0.  You have borrowed $100,000 at the risk free rate, this is a short position in T-bills.  The weight is -$100,000/$100,000 = -1.0.  Note 2.0 – 1.0 =1.0 so the weights sum to one.  E(RP) = 2 (12%) - 1 (4%) = 20%.  STD(RP) = 2 (20%) = 40%.  (75/25 = 2 (1.0) - 1 (0) = 2.0.  This is referred to as levering up the index.

(4)
The portfolio beta is just the weighted sum of the betas of the individual assets and the portfolio expected return is determined by the SML.
(A) (P = w1(1 + w2(2 + w3(3 + w4(4 + w5(5 + w6(6 = 1.0

(B) An individual asset’s contribution to the risk of a portfolio is determined by that asset’s beta (and, of course, how much of the asset is included in the portfolio).

(C) SML: E(RP) = 5% + (P(13% - 5%) = 13%

(D) You know that your portfolio has the same amount of systematic risk as the market portfolio and that the variance of this component of the risk is the .0441 that is the market portfolio’s total risk.  Your portfolio of six stocks is not likely to be fully diversified so you should think there is some nonsystematic risk your portfolio is exposed to.  The total risk of your portfolio will be greater than the total risk of the market portfolio.

(E) (P = w1(1 + w2(2 + w3(3 + w4(4 + w5(5 + w6(6 = 1.033  SML: E(RP) = 5% + (P(13% - 5%) = 13.264%  The expected return increased because the systematic risk of the portfolio is larger.
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