CORPORATE FINANCE:

AN INTRODUCTORY COURSE

DISCUSSION NOTES

MODULE #20

OPTIONS AND OPTION PRICING: AN INTRODUCTION
I.  The life story of a call option:  A review of vocabulary
An option contract is a financial contract giving the owner of the option the right (not the obligation) to buy (call option) or sell (put option) a pre-specified asset (the underlying asset) on (or before) a pre-specified date (the expiration date) for a pre-specified price (the exercise price).  We can clear up a lot of the usual misunderstandings of those thinking about options for the first time if we discuss a “usual” history of a call option contract.  Due to the introductory nature of this note I will concentrate on call options.
Suppose you believe that the price of Cisco Systems stock is going to rise over the next several months.  It is now November 27th, just to provide a time frame.  One way to act on this belief is to simply buy Cisco’s stock and enjoy the capital gain.  This may not be the most effective way for several reasons that will become clear.  The second way is to purchase a call option on Cisco stock.  You decide to follow this second strategy.  You purchase a call option contract on 100 shares (the typical size of option contracts)
 of Cisco stock with an exercise price of $15 that matures on April 15th (the expiration date).  Yesterday Cisco closed at $14.45 (the current stock price) and your option contract cost you $1.70 per share for a total cost to the contract of $170.00.  This $1.70 is the current price of the option.  It is what you pay the seller in order to obtain the right to buy a share of Cisco stock from him/her for an additional payment of $15 (the exercise or strike price) at anytime (exchange traded options in the U.S. are American options, a European option would be exercisable only on April 15th) over the next several months.  So just before the Thanksgiving holiday you are $1.70 poorer but you are now the proud owner of a very valuable right.
Several months have passed and it is now April 15th.  You are older, not much wiser, but in possession of some very important information that you did not have before.  What is that information?  You now know what actually happened to the price of Cisco stock.  Let’s suppose that Cisco stock is now trading at $22.55 per share (whenever the stock price is above the exercise price of a call option that option is referred to as being in the money).  Being the owner of a call option you have a certain right, implying you have a choice to make at this time.  The choice is to exercise the option or not.  What do you do?  Looking back at the last paragraph, ownership of the option gives you the right to buy one share of Cisco stock for $15.  Given that the option is in the money this is a valuable right to own.  More simply here is something that everyone else has to pay $22.55 for and you can pay $15 for it.  That is something good. You should exercise the option and pay the seller $15 and get a share of Cisco stock.  You don’t even have to want to own Cisco stock for this to be a good thing.  Remember the stock market is a market so if you exercise the option and get the stock you can immediately sell it for $22.55.  Buy low ($15) and sell high ($22.55) the only really well known tenet in finance.  At this point in time your ownership of the option is then worth $7.55.  This $7.55 is your payoff at expiration but is of course not your total return.  Remember you paid $1.70 for the option back in November.  Note however, the decision to exercise is made independently of the price you paid to purchase the call.  Any time the call option is in the money, to any extent (ignoring transactions costs), you exercise the option.
Suppose instead that Cisco stock is trading at $12 per share (out of the money).  What do you do?  Exercising the option seems like a silly thing to do.  You would immediately lose $3 if you did.  Are you stuck with the loss?  No, remember that ownership of the call option conveys a right to purchase not an obligation to purchase.
  If the option is out of the money you simply wad it up in disgust and throw it away giving you a payoff at expiration of zero.  If Cisco were trading at $15 per share (or at the money) it would be just worth zero.  If the call is out of the money you would choose not to exercise, there is a cheaper way to buy the underlying asset than by exercising the call option.
There are lots of prices running around in that story and lots of dates but it is really quite simple when you get used to it.

II.   Call Options
American call options are the most common types of options.  An American call option gives the owner the right to purchase the underlying asset for a fixed price on or before the expiration date of the contract.  To think about option contracts it helps to “work backwards.”  Let’s think about the value of a call option at expiration of the contract.  
Continuing with the above example we saw that if Cisco was trading at $22.55 per share (we will often denote the stock price as “S” as shorthand) on April 15th (options commonly expire at the end of the month, I was fixated on this date for some reason) the value of the call at expiration was $7.55.  This is just the difference between the prevailing stock price (S) and the exercise price (E) of the call, provided that the option is in the money at the expiration date (T) (remember it is a right not an obligation).  If instead the stock price were $35 per share at the expiration of the call its value would be S – E = $35 – $15 = $20.  As long as the call expires in the money its value at expiration increases dollar for dollar with increases in the price of the underlying stock.
If the option expires out of the money, the value of the option at expiration is zero.  This is true not matter what the price of the underlying stock is as long as it is out of the money.  Thus whether Cisco is trading for $14.99 or it is trading for $4.99 on April 15th, the value of the call at expiration is zero.

This gives the famous “hockey stick” diagram for the value of a call option at expiration as a function of the stock price.  Remember, a call option is a derivative security.  This means it derives its value solely from the value of the underlying asset.  Thus, at expiration the only thing determining the value of the call is the price of the underlying stock compared to the exercise price.
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Symbolically we can write the value of the call (CT)
 at exercise as a function of the stock price (S) and the exercise price (E) as CT = max(S – E, 0).  This figure shows us that the call option has limited liability; once you purchase it you can never face a situation where you will lose further value.  The worst you do at expiration is zero and the value of the call increases dollar for dollar with the stock price when the stock price is above the exercise price of the option.

III.   Put Options
An American put option gives the owner the right to sell the underlying asset for a fixed price on or before the expiration date of the put.  Again, let’s describe the value of a put option at expiration.
Suppose instead of a call option in our Cisco example we were talking about a put option with the same parameters (i.e. the same expiration date and exercise price).  If you own the put option you have the right to sell a share of Cisco for $15 on or before the expiration date.
The value of this right at expiration is very different from a call’s value.  Suppose that Cisco’s stock price is indeed $35 on April 15th.  What is the put worth?  What is the right to sell for $15 something that can be sold (or bought) for $35?  Zero.  This is a put option that is out of the money.  For a put option at expiration, when the stock price is greater than the strike price the put is out of the money and has no value.  

When the stock price is less than the exercise price the put is in the money and has value.  Suppose Cisco’s stock price is instead $5 on April 15th.  Now the put allows you to sell a share of Cisco stock for $15 instead of the $5 market price.  This is a $10 value.  Do you need to own Cisco stock to take advantage of this value?  No, buy a share for $5 and exercise the put, selling the share for $15, realizing a gain of $10 on the transaction.  Buy low and sell high.  The lower is the stock price the higher is the value of the put at expiration.
The value of the put at expiration (P) can be written: P = max(E – S, 0).  If the exercise price is higher than the stock price E – S is positive and higher than 0 so the value of the put is the higher value, E – S.  If the exercise price is lower than the stock price E – S is negative and 0 is the higher of the two values and thus the value of the put.  Graphically:
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The put option has positive value at expiration on exactly that set of stock prices for which the call option has no value at expiration.  This is why they are so powerful in combination.  Note that ownership of the stock is just a 45o line from the origin.
IV.   The Short Side
It is important to recall that the seller (short side) of the option contract incurs an obligation.  If the owner of the option wishes to exercise it, the seller is obligated to comply.  The seller’s value at expiration is then just the negative of the owner’s value.  We can see this most easily in pictures.
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Note that the seller’s value at expiration will be negative when the option is in the money.  This is simply because options are a “side bet” between the buyer and the seller of the option about what will happen to the stock price relative to the exercise price (a bet where the buyer can never lose any money at expiration).  Thus when the buyer (owner) wins the seller loses.
V.   Put-Call Parity
A very useful skill to have is to be able to evaluate the payoff to portfolios of options and other instruments and to use these payoffs to evaluate current prices.  The text has a good discussion of this.  We will illustrate this process by deriving a very important relation called put-call parity.

Let’s consider the value of a portfolio of two options written on the same underlying stock.  One option is a put option with a strike price of $20 and one year to expiration and the other is a call option with the same strike price and expiration date.  What is the payoff at expiration of a portfolio that is long the call and short the put?
What is the portfolio payoff as a function of the stock price at expiration?  It “centers” a round the exercise price.  When the stock price is below the exercise price the call has no value but the put has value.  Since we are short the put we own the negative of this value (think of the first part of the “sell a put” diagram).  The portfolio value looks just like a short position in a put when the stock price is below $20.  When the stock price is above the $20 exercise price the put has no value so our short position doesn’t cost us anything.  However, when the stock price is above $20 the call we own is valuable.  Our portfolio, for stock prices above $20, looks like a long position in a call.
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Note that this looks suspiciously like (but for one thing) the description I gave of an ownership position in the stock itself.

Consider a different portfolio, one that is long the stock and is short a risk free bond with face value $20 and one year to maturity.  This short position is the same as borrowing at the risk free rate so that in one year you are required to pay back $20.  Note that the two components of this portfolio can be thought to depend only on what happens to the price of the stock.  The stock itself clearly has a value in one year dependent on what happens to the stock price.  The bond is risk free so doesn’t change no matter what and is trivially a function of the stock price in one year.  Draw the picture.  Practice drawing others.
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The short position in the bond just serves to shift the stock position down by $20 at each point.  See any similarity between the payouts of the two portfolios at the end of the year?  Because the final payouts on the two portfolios will be the same no matter what happens their current prices must be the same.  We used C, P, and S for the current prices of the call, put, and the stock respectively.  The current value of the bond that pays off the exercise price of the put and the call in one year is just E/(1+r).  Our pictures tell us that the following must be true:  C – P = S – E/(1+r).  This is the absence of arbitrage.
This is more commonly written S + P = C + E/(1+r) or the current price of the stock plus the price of a put must equal the price of a call plus the discounted value of the (common) exercise price (for the put and the call).
VI.   Reading the Option Quotes:
This is a copy of a small section of the WSJ options quotes pages from 11/27/02.  Let’s see what we can learn from it.

The first thing to notice is that we are focusing on the traded options for BestBuy.  Best buy has 7 calls and 7 puts trading on the market (the most active is Chicago).  Reading from left to right we see that the underlying stock is BestBuy and BestBuy closed yesterday 11/26/02 at $25.62.  The first line denotes the options with the lowest strike price, here $22.50, and the earliest expiration, here the end of December.  The call saw 1044 contracts (each for 100 shares) trade and the closing price on the call was $4.10.  The put was more thinly traded at 712 contracts and closed at $0.85.  The dots for the last put indicate the put with a strike price of $30 expiring at the end of December did not trade on 11/26/02.
There is actually a lot illustrated here but I will refer back to much of it later.  Note now that for the December expirations, the call options decline in value and the put options increase in value as the strike price rises.  Make sense?  Also the January contracts are always more valuable than the December contracts.  Why?  See below.
VII.   Pricing Call Options

We will approach this in stages in an attempt to keep consistent with the textbook.
Bounding the call value
Think about an American call option, how low can its current price be and still be rational?  It turns out that at any point from the initiation of the contract till expiration the call’s price cannot fall below the value of the call if it were immediately “exercised.”  For example, if the call is in the money, this value is the difference between the current stock price and the strike price.  If the call is out of the money its “exercised” value would be zero (hence the quotes around the term).  Why do I think this is a lower bound on the price of the call?  Suppose the stock price is $30 and the exercise price is $20 with 2 months before expiration of the call.  Why must the price of the call at that time be more than $10?  Suppose its price was $8.  Then do the following, buy the call, immediately exercise it, and sell the stock.  This strategy costs you $8 and gets you $10 for an arbitrage profit of $2.  Note also that the price of the call can never be less than zero.  This must be true because it can never cost you anything and it might provide some value at expiration.
An easily established upper bound on the price of the call is the price of the stock.  Remember the call represents a way to purchase the stock for the exercise price.  If the price of the call were higher than the price of the stock it would represent a truly expensive to purchase the stock.
As a function of the current stock price the current price of the call can be represented by a curve that falls within these bounds.
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What we can notice is that as the stock price gets very high the current price of the call approaches the stock price minus the exercise price.  We can also notice that the slope of the call price function (how much the call price changes for small changes in the stock price) is greater the higher is the stock price and that this slope is higher in the “positive” direction than the “negative” direction.  These points are important when considering executive stock options for understanding the incentive effects of option compensation.  This is however a bit imprecise when we are thinking about trading options.  Let’s try and do better.
Factors determining the price of an American call
There are 5 basic factors that influence the price of an American call option.  The factors and their influences on the call price, C, are listed below.
· The exercise price, E:  all else equal, the higher the exercise price the lower is the price of the call.  This is because the exercise price is what you have to pay for the stock when you exercise the option.  Call value at expiration is S – E.  This is lower, the higher is E when the call is in the money, and with a higher E it is less likely the call will be in the money.

· The expiration date, T:  all else equal, the longer the time to expiration the more valuable is the call.  Think of it this way.  If I am choosing between a 6 month American call and an 8 month American call with the same exercise price I would always choose the 8 month call.  Why?  Worst comes to worst I can treat the 8 month call just as I would the 6 month call and ignore the extra 2 months.  Thus the price of the 8 month call must be at least as high as the 6 month call.  However, given that this is an option and there is no obligation on the owner’s part the extra 2 months have positive value.

· The stock price, S:  all else equal, because the call is an instrument that allows you to buy the stock, the higher the stock price the more valuable is this instrument, look at the picture just above.  This just says that the curve is always going up as we go to the right.

· The risk free rate, rf:  all else equal, the higher is the risk free rate the more valuable is the call.  This is true because the call lets you buy the stock for a fixed price.  Thus, part of the value of the call is the fact that you payout a fixed amount E sometime in the future to get the stock.  In determining the current price of the call, one component must be the present value of this payout.  The higher is the discount rate the lower is the present value of the payout and so the higher is the value of the call.
· The volatility of the price of the underlying stock, (2:  This is sometimes tricky intuition till you remember that the call is an option and ownership of it conveys a right.  The riskier is that stock, the higher is the probability that the stock price will be very far from what we expect.  Increased probability that the stock price will be very high clearly improves the value of the call.  What about the associated increased probability that the stock price will be very, very low?  It’s an option!  If the stock price is below the exercise price of the option the option has zero value and it doesn’t matter how low it goes the option value is still zero.  One way to think of this that is often helpful is that the call option benefits from the upside risk and is protected from the downside risk, so risk is good.
Binomial option pricing model
Lets think about the price of a one year call option written on a stock with a very simply probability distribution for what its price will be one year from now.  This distribution will seem silly but it makes the analysis easy, is educational, and can be extended to something very useful.
The binomial model for a stock price says that over a given period of time (we’ll say a year for ease of intuition) the stock price can move from its current level, S, only either up to say S + ( or down to S - (.  For example, suppose that the current price of ABC stock is $50.  Further suppose that one year from now its price will be either $70 (with probability p) or $20 (with probability 1 - p).  The risk free rate is 10%.  What we want to be able to do with this information is to find the current price of a call option that expires in one year and has a strike price of $50 (the call is written at the money).
The way we will find the price of the call, C, is to follow the same approach we used in establishing the put-call parity relationship.  If we can find of portfolio of things for which we know the current price (the underlying stock and borrowing), and we can make the payoff on the portfolio exactly equal to the payoff on the call option, regardless of what happens, then we can price the call.  Remember since the call is a derivative security, the regardless of what happens is easy to determine.  The only thing that will change the payoff on the call option is if the price of the underlying stock changes.

What is the payoff at expiration of this call option, i.e. what do we have to replicate?  If the stock price rises to $70 then the value of the call is $20 ($70 - $50).  If the value of the stock falls to $20, then the call expires out of the money, is not exercised, and its value will be $0.  Thus we need a portfolio worth $20 if the stock price rises and $0 if the stock price falls.  Break this into easier pieces.  We need a portfolio that is perfectly correlated with the stock price and has a total change of $20 ($20 - $0) across the possibilities.  Well the stock itself is certainly perfectly correlated with itself but it has a total change from good state to bad state of $50 ($70 - $20).  There is too much risk in one share of stock to match the risk of the call option.

But if we use a little thought, and calculate what is called the delta or the hedge ratio of the call option we can see that $20/$50 = 2/5ths of a share of stock will have the same risk as the call option and is perfectly correlated with its payoff.  If the stock price rises to $70 then the value of 2/5ths of a share is $28.  If the stock price falls to $20 then the value of 2/5ths of a share is $8.  The risk of this partial share of stock is indeed $20 ($28 - $8).  The 2/5ths of a share right now costs us $20 (2/5 * $50).

We are on our way but we have now a “portfolio” that has a payoff of $28 if the stock price rises and $8 if the stock price falls, not exactly what we are looking for.  Notice however that all is not lost.  Each of these payoffs is exactly $8 larger than we want.  So if we arrange to also have to payout $8, regardless of what happens to the stock price, we will have the portfolio payoff we are looking for.  That’s easy to do, borrow money now so that the required principal and interest payment equals $8 in a year.  This loan is the second part of our portfolio.  The appropriate loan brings in $7.27 ($8/(1.10)) now and requires us to payout $8 in a year.
Thus we now have a portfolio that is long 2/5ths of a share of the underlying stock and a loan that currently costs $12.73 ($20 - $7.27).  The portfolio has a payoff of $20 ($28 - $8) if the stock price rises and $0 ($8 - $8) if the stock price falls.  Since this portfolio exactly replicates the payoff of the call option, the current cost of the portfolio must be the current price of the call or there would be a simple arbitrage.

Let’s write down the simple formula we implicitly used to find this.  We formed a portfolio of a part of a share of stock and a loan.  The portion of a share we used was the “Delta” of the call option.  The amount of the loan was just the discounted value of what we need to repay to replicate the call payoff.  We can write the call price as:


Current price of the call = Current price of the stock ( Delta – Amount Borrowed




$12.73   = $50 ( 2/5



 –    $7.27
We can even think of the amount borrowed in a more illuminating way.  The $7.27 is the discounted value of the payout we want to make of $8.  To look ahead we could also of course represent the $8 as a fraction of the exercise price of the call.  Thus we can write this last term in the above formula as a fraction of the discounted value of the exercise price on the call.


Price of the call = Price of the stock ( Delta – E/(1+rf) ( 1/K
Where I am just using 1/K as a way to denote the idea that we can represent the amount we want to payback as a fraction of the exercise price.  We’ll see why we would want to do this in a bit.
The Black-Scholes model
Fisher Black and Myron Scholes developed this simple intuition of a replicating portfolio in a much richer model.  They assumed that the stock price followed a Brownian motion.  They then went on to show that despite the fact that this means the stock price can wander all over and imposes a normal distribution over the possible future price realizations the same simple intuition can be used.  The nice thing is that, unlike the binomial model, this is in fact a very useful way to portray the movement of the stock price over time.
The way to think about the Brownian motion is that we are just taking the binomial model of the stock price movement and making the period very, very small.  At each instant in time we assume that the stock price can go up or down by a fixed amount (these days a penny).  Over a year, there are lots and lots of “instants” of time and there are lots and lots of combinations of “first step is up, next step is down, next step is down…”  Think of a decision tree spreading out at each successive instant.  How can we make it all work?  
We can set up the replicating portfolio at the beginning or now and we can determine its current price but this portfolio will only perfectly replicate the call over the first instant of time.  After the price moves, either up or down, we have the wrong portfolio going forward.  What we have to do then is rebalance our portfolio.  If the first step is for the stock price to go down, the call is less in the money than it was at the start.  This will mean that over the next instant there is less variability in the payoff of the call.  This lowers the delta and reduces the amount we want to borrow.  To accomplish the required rebalancing we can sell some stock and repay some of our loan with the proceeds.  Conversely, if the stock price goes up, the call is more in the money.  This raises the delta and makes us need to payback more money to replicate the call over the next instant.  To accomplish this, from our beginning portfolio we can borrow more money and buy more stock.
The beauty of the Brownian motion is that each of the required rebalancings is self financing.  In other words, if we have to buy more stock and borrow more to replicate the call over the next instant because the stock price just went up, the amount we need to borrow is just enough to purchase the added shares of stock (at the new higher price) to achieve a replicating portfolio for the call over the next instant.  The same is true if the stock price falls.  Thus what we have to do is to set up an initial portfolio that will replicate the call payoff over the first instant in time and then while we have to continually rebalance this portfolio to make sure we replicate the call at each instant, all the successive rebalancings are self financing.  What this means is that the only out of pocket expense we face is the cost of the initial portfolio.  This portfolio along with the self financing rebalancing strategy will perfectly replicate the call at each instant in time.  This means that the cost of the initial portfolio must equal the price of the call.
How do we find the cost of this initial portfolio?  I’ll spare you the stochastic calculus required to develop the equation but the formula is reasonably simple.
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This is actually a relatively simple formula.  Remember however that its development did spawn an industry that is among the most active on the financial markets and won the Nobel prize in economics for Scholes (Black had passed away so unfortunately could not share in this richly deserved honor).
What does it say?  You can find the call price, C, if you know the current stock price, S, the exercise price, E, the risk free rate, r, the time to maturity (in years or fraction of years), t, and the variance of the stock price, (2.  Note that, except for the variance of the stock price, all these variables can be read off the call contract or out of the Wall Street Journal.  The variance we have to estimate from stock price data that is readily available.  The N(d) is just notation for the cumulative distribution function for the normal distribution and we can read this off a table in the text or have a spreadsheet calculate it for us.

Also look at the first line of the formula.  It says the current call price is just equal to the current stock price times some number (N(d1) is the delta in the Black-Scholes formulation) minus the discounted value (e-rt is used instead of 1/(1+r)) of the exercise price times some other fraction (N(d2) is just what I had used 1/K to indicate).  Thus it is exactly the same as the answer from the binomial model.  This is not surprising given our discussion of the Black-Scholes model being just an extension of the binomial model but it is comforting to see that that mess can actually be understood.
The textbook has several examples of the use of this formula and several problems for you to practice on.  Those of you planning to go on in finance, if there are any left after my course, are well advised to try a few.
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� This lecture module is designed to complement Chapters 20 and 21 in B&D.


� Typical option contracts on equity are for 100 shares.  Prices are quoted per share and we will usually talk in terms of an option on one share of equity as that is usually more understandable.


� The only way this right or option can have value is however if the seller of the option contract (the short side of the option) has an obligation to do what the owner (the long side of the contract) desires.  Thus if the option ends in the money and the owner decides to exercise the call, the seller is obligated to sell the underlying asset for the exercise price.


� We add the subscript “T” to highlight that it is the value of the call at the expiration date and not prior to the expiration date of the option.
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