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Abstract

I re-examine the debt overhang problem where the flexible investment level, rather than the irre-

versible decision whether or not to operate, is used to measure the underinvestment caused by debt

financing. I measure a large overhang cost with long-term debt or short-term debt. As is standard,

underinvestment with long-term debt is more severe when investment opportunities are poor and

is mitigated as opportunities improve. In contrast, underinvestment with short-term debt remains

significant even when investment opportunities are good. Firms lever up as opportunities improve

to take advantage of tax shields, so that equity claimants still face the incentive to underinvest.
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1. Introduction

How big is the debt overhang problem? To answer this question, I examine firms’ investment and

financing decisions in a dynamic stochastic framework with an interest tax deduction benefit and
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a deadweight default cost of debt. Using this framework, I quantify Myers’s (1977) debt overhang

problem, according to which equity claimants invest less when the proceeds of that investment are

likely to accrue to debt claimants upon default. The qualitative result is well-known: the equity-

value-maximizing investment level is lower than the level that maximizes the value to all claimants.

The underinvestment is costly to the firm.

The existing literature, including Mauer and Ott (2000), Mello and Parsons (1992), and Parrino

and Weisbach (1999), already provides debt overhang cost estimates. Their estimates quantify the

overhang problem to no more than 1.54 percent of firm value. These studies however describe the

investment decision either as an exogenous rule or as a choice whether or not to operate/expand.

I contribute to this literature by allowing the firm to choose its optimal investment level each pe-

riod. I characterize the magnitude of the underinvestment rather than the distortion in investment

timing. I also consider two types of capital structure. Following the existing literature, the first

type of capital structure assumes a fixed coupon rate – long-term debt. The second type allows for

a time-varying coupon rate – short-term debt. To quantify equity claimants’ underinvestment, I ex-

amine two benchmarks. The first benchmark consists of the unlevered firm, where investment does

not depend on financing. The second benchmark consists of the total-value-maximizing firm, where

investment and financing are jointly determined. The two benchmarks differ by the tax benefit and

default cost. Only the total-value-maximizing firm takes into account the probability of losing

the tax benefit and paying the deadweight cost upon default. The total-value-maximizing firm

is therefore the appropriate benchmark to measure debt overhang. The unlevered firm neverthe-

less provides an interesting measure of the underinvestment. Finally, the income shock represents

the underlying investment opportunities facing the firm in my model. Because the income shock

changes over time, I am able to quantify the debt overhang problem throughout the various shocks.

Using the unlevered firm benchmark, the equity claimants’ underinvestment generates a value
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loss from operations that is similar to that reported in the literature. With long-term debt, the

value loss from operations represents 0.49 percent of the unlevered firm value. The loss is slightly

smaller than in Mello and Parsons. Mello and Parsons examine a mine’s decision whether or not

to operate in a real options framework and measure the underinvestment cost to 0.8 percent of the

unlevered firm value. When equity claimants can vary their investment level through time, they

underinvest only in the worst income shocks, which explains the smaller value loss from operations.

With short-term debt, the value loss from operations remains about the same, at 0.46 percent

of the unlevered firm value. Short-term debt however redistributes the value loss from operations

across income shocks, compared to the case with long-term debt. The equity-value-maximizing firm

with short-term debt decreases leverage in bad income shocks, reducing the default probability and

underinvestment compared to the case with long-term debt. However, the firm increases leverage

in better income shocks to take advantage of the tax benefit, raising the default probability and

underinvestment. The value loss from operations is in part shifted from bad income shocks to

better shocks.

Using the total-value-maximizing firm benchmark, the equity claimants’ underinvestment gen-

erates larger losses. In contrast to the unlevered firm, the total-value-maximizing firm takes into

account the interaction between its investment and financing decisions. While the capital invest-

ment level chosen by the unlevered firm only responds to the marginal product of capital, the capital

investment level of the total-value-maximizing firm is also sensitive to the default probability and

its deadweight costs. The firm invests more than the unlevered firm to reduce its probability of

default. More investment, up to the point of not defaulting this period, generates more revenues

next period, thereby reducing the probability of defaulting and the probability of losing the tax

benefit and paying the deadweight cost upon default. This significantly raises the benchmark from

which the underinvestment is measured.
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With long-term debt, the value loss from operations represents 2.61 percent of the total-

maximizing firm value. The debt overhang cost, measured by the loss in firm value which includes

the loss of tax shield, adds up to 4.70 percent of the total-maximizing firm value. The debt over-

hang cost with long-term debt is larger than reported in the literature. Mauer and Ott examine a

firm’s decision whether or not to expand operations using a real options framework and measure the

debt overhang cost to no more than 1.54 percent of the equity-maximizing firm value. Titman and

Tsyplakov (2003) report that the equity-maximizing firm value differs from the total-maximizing

firm value by 2.1 percent of the untaxed, unlevered firm value with long-term debt. The different

degrees of investment flexibility explain the different results. Mauer and Ott model an irreversible

decision whether or not to expand, Titman and Tsyplakov constrain investments into the capital

stock to be irreversible, while I allow for full investment flexibility. With more flexibility to manage

its default probability, the total-value-maximizing firm is able to accumulate a larger tax shield

and control its probability of default by investing more in bad income shocks. The total-value-

maximizing firm that benchmarks debt overhang is greatly affected by investment flexibility. More

investment flexibility magnifies the debt overhang cost.

With short-term debt, the value loss from operations represents 4.98 percent of the total-

maximizing firm value and the debt overhang cost adds up to 5.12 percent. The debt overhang cost

with short-term debt is larger than reported in the literature. Titman and Tsyplakov quantify the

overhang cost with short-term debt at 5.9 percent of the unlevered, untaxed firm value, but their

short-term debt has an average maturity of 20 years. With a maturity of five years, their debt

overhang cost decreases to 2.2 percent. Reducing the debt maturity from 20 to five years reduces

the overhang due to the long maturity debt structure. My larger debt overhang cost again arises

because I allow for full investment flexibility.

The results in my paper complement the existing literature. The paper most closely related to
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mine is the contemporaneous work of Titman and Tsyplakov. Titman and Tsyplakov and my study

quantify the debt overhang problem in a dynamic framework. Together, the papers clearly show

that overhang increases with investment flexibility and remains a problem with short-term debt.

My study draws attention to the overhang under various income shocks. Overhang with long-term

debt is more important in worse income shocks, and is surpassed by overhang with short-term debt

in good shocks.

Mauer and Ott and Mello and Parsons examine the operating distortion cost of debt in a real

options framework. Following Brennan and Schwartz (1984), the binary decision whether or not to

operate depends on an underlying price process related to the firm’s revenues. Mello and Parsons

examine the option whether or not to operate, while Mauer and Ott focus on the decision whether

or not to expand operations. In addition, Mauer and Ott find that the agency cost can be lowered

by partially financing the expansion with a debt issue.

Parrino and Weisbach conduct Monte Carlo experiments to quantify the debt overhang problem,

along with the asset substitution problem.1 They quantify the wealth transfer from equity claimants

to debt claimants arising from the adoption of low-risk positive-net-present-value projects, and the

converse transfer arising from the adoption of high-risk negative-net-present-value projects. The

Monte Carlo experiments suggest that these agency costs are unlikely to be important. In contrast

to the other papers in this literature, investment and debt decisions are described by exogenous

rules.

Hennessy (2004) demonstrates that agency costs are empirically relevant. Hennessy compares

an equity-value-maximizing firm with debt in place to an unlevered firm. The theoretical analysis

emphasizes that overhang distorts not only the level of investment but also its composition, with
1Studies that quantify the asset substitution problem include Leland (1998) and Ericsson (2000). In addition,

Morellec (2004) and Parrino, Poteshman, and Weisbach (2005) quantify another agency conflict, the conflict between
equity claimants and their managers.
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firms underinvesting more severely in longer-lived assets. Hennessy also develops an empirical proxy

for Tobin’s marginal q, equal to average Q minus a debt overhang correction term (the ratio of

bondholders’ recovery in default over capital). This proxy along with other assumptions, notably

assumptions on the adjustment cost function, yields a linear investment regression specification.

The specification is estimated including cash flow terms and using the GMM procedure of Erickson

and Whited that accounts for possible errors in measuring average Q. The investment-cash flow

sensitivity estimation results reveal that the debt overhang correction term behaves as expected:

it reduces investment.

Consistent with Hennessy, my debt overhang estimates are significant. However, I argue that

debt overhang needs to be benchmarked against the total-value-maximizing firm, which accounts for

the interaction between investment and financing decisions. I focus on quantifying the loss in firm

value from the underinvestment within a calibrated framework of dynamic investment and financing

decisions. My analysis shows that, contrary to conventional wisdom, the overhang problem is not

mitigated by shortening the debt maturity. As expected, the firm with short-term debt reduces

its leverage in worse income shocks. Short-term debt overhang is therefore smaller than long-

term debt overhang in worse income shocks. However, the firm levers up in better shocks to take

advantage of tax shields. The default probability, and consequently the overhang problem, remain

present as income shocks improve. Short-term debt overhang surpasses long-term debt overhang in

better income shocks. Averaging over all shocks, the overhang problem is just as important with

short-term debt as with long-term debt.

More generally, this paper contributes to the literature on investment and financing decisions

that began with Modigliani and Miller’s (1958) demonstration that a firm’s investment decision is

independent of its financing decisions. Many studies of a firm’s recapitalization decision take the
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investment decision as given.2 In contrast, this paper emphasizes precisely the interaction between

investment and financing decisions.3 Investment interacts with financing through the traditional

debt financing frictions – a tax benefit and a default cost – in a framework that is dynamic, allows

for recapitalizations through time, and imposes fair pricing.

The next section describes the different models used to measure the debt overhang problem.

Section 3 presents the calibration necessary to solve the models. Section 4 quantifies the debt

overhang cost. The last section concludes.

2. The Models

If equity claimants could commit to maximizing their value subject to fairly pricing any debt issue,

they would invest in all positive net present value projects. To be clear, maximizing the equity value

subject to fairly pricing the debt is equivalent to maximizing the total firm value. Under total-

value-maximization, equity claimants would occasionally invest in projects that trigger default,

where investment proceeds accrue to debt claimants.

Myers recognized that equity claimants cannot commit to maximizing the total firm value. In

reality, once the debt is issued, they have the incentive to disregard the debt value and maximize

their own value. Maximizing the equity value without regard to the debt already in place is not

equivalent to maximizing the equity value subject to fairly pricing the debt. Equity claimants thus

invest in projects that are less likely to trigger default. In turn, debt claimants rationally anticipate

equity claimants’ underinvestment and do not lend as much funds. The resulting firm value is lower
2Dynamic recapitalization studies include Fischer, Heinkel, and Zechner (1989); Kane, Marcus, and McDonald

(1984, 1985); and Wiggins (1990).
3Other papers examining the interaction between investment and financing decisions include Bernanke and Gertler

(1989, 1990); Brennan and Schwartz (1978); Calomiris and Hubbard (1990); Dammon and Senbet (1988); Décamps
and Faure-Grimaud (2002); Dotan and Ravid (1985); Faig and Shum (1999); Froot, Scharfstein, and Stein (1993);
Leland (1994); Leland and Toft (1996); Mayer (1986); Mella-Barral and Perraudin (1997); and Myers and Majluf
(1984), among others. Most of these papers are either developed within a static framework, do not allow for changes
in the debt level through time, or do not solve for endogenous claims prices.
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than under total-value-maximization.

I measure debt overhang as the value lost when a levered firm chooses investment to maximize

its equity value rather than its total value, where each firm’s total-value-maximizing leverage trades

off a tax benefit of debt against a default cost of debt.4 I also measure the difference in firm values

between a levered equity-maximizing firm and an unlevered firm, accounting for the tax benefit

and default cost of the levered firm.

The cost of the debt overhang problem is measured first under the assumption that the firm’s

capital structure consists of a fixed coupon rate – long-term debt. This cost is then measured

assuming that the firm’s capital structure allows for a time-varying coupon rate – short-term debt.

The two extreme debt structures provide information on how the overhang problem varies with

flexibility in the capital structure.

Five different models are needed to compute the measures of debt overhang. The first model

does not include debt financing, and represents an unlevered firm. The next two models include

long-term debt, and represent a total-value-maximizing firm and an equity-value-maximizing firm.

The last two models include short-term debt, and also represent a total-value-maximizing firm

and an equity-value-maximizing firm. These five dynamic stochastic infinite-horizon models are

presented below.

2.1. No Debt

2.1.1. Unlevered Firm

Without financing frictions such as a tax benefit and a default cost, the capital structure becomes

irrelevant to the firm value. Without loss of generality, I focus on the specific case of the unlevered

firm. Because the unlevered firm value depends only on investment and production activities, it
4Because I focus on the debt overhang problem, I do not model the additional agency problem between managers

and equity claimants.
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provides a benchmark for measuring overhang that is free of financing concerns.

The firm produces income before depreciation

f(Kt; θt) = θtK
α
t − F, (1)

where the underlying investment opportunities are represented by an income shock θt and the

capital stock is denoted by Kt. The firm’s income before depreciation exhibits decreasing returns

to scale when 0 < α < 1. To avoid modeling the labor decision, labor (and other) expenses are

represented by a fixed cost F .

This period’s depreciated capital stock and investment constitute next period’s capital stock.

The capital accumulation is thus represented as

Kt+1 = (1 − δ)Kt + It, (2)

where δ is the depreciation rate and It is investment.5 The firm is allowed to sell some assets, so

that investment can be negative.6

The income shock follows a first-order autoregressive process with persistence ρ and volatility

σ

ln θt+1 = ρ ln θt + σεt+1, (3)

where εt ∼ iid N(0, 1).

The firm maximizes its total value by choosing how much to invest It, after observing the

beginning-of-the-period value for the income shock θt and last period’s choice of capital stock Kt.

The total firm value J consists of the after-tax income and depreciation tax shield net of the
5The depreciation tax shield rate is assumed to be equal to the true economic depreciation rate of the capital

stock.
6There is no stock of cash in the model. The use of precautionary cash balances is ruled out without loss of

generality because the firm can effectively manage its probability of default by buying and selling its capital stock.
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investment plus the expected discounted firm value next period. The Bellman equation is

JU (Kt; θt) = max
{It}

(1 − τ)f(Kt; θt) + τδKt − It +
1

1 + r
Et

[
JU (Kt+1; θt+1)

]
, (4)

where the superscript U indicates a functional form specific to the case of the unlevered firm, τ is

the firm’s tax rate, r is the discount rate, and Et is the conditional expectation at period t.

The unlevered firm’s investment decision is characterized by

1
1 + r

Et

[
(1 − τ)θt+1αKα−1

t+1 + (1 − (1 − τ)δ)
]

= 1. (5)

Equation (5) states that the firm invests up to the point where the cost of one unit of asset equals

next period’s expected discounted marginal product of capital. The marginal product includes the

marginal after-tax income and the asset resale price.

The unlevered firm’s decision may be explicitly written as

Kt+1 =
(

(1 − τ)α Et[θt+1]
r + (1 − τ)δ

) 1
1−α

, (6)

where the optimal capital stock level Kt+1 increases monotonically with the income shock.

2.2. Long-term Debt

2.2.1. Total-value-maximizing Firm

In this model, the firm maximizes the value of its equity, subject to the constraint that any

debt issue is fairly priced. All claimants, debt and equity, are risk neutral.7 The equity value V is

Vt = max{0, Dt +
1

1 + r
Et[Vt+1]}, (7)

7Consistent with the existing debt overhang literature, the model does not specify risk averse preferences. Ac-
counting for a risk premium is admittedly relevant when pricing risky payoffs. Correctly modeling the risk premium
would involve modeling the consumption problems of debt and equity claimants, which would greatly add to the
dimensionality of the debt overhang analysis. Instead, the analysis should be viewed as a partial equilibrium exercise
to quantify the immediate effect of firms’ deviation from total-value-maximization.
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where the dividend is the residual of the firm’s sources and uses of funds

DL
t = (1 − τ)f(Kt; θt) + τδKt − It − (1 − τ)c, (8)

the superscript L indicates a functional form specific to the case with long-term debt, and c is the

coupon chosen ex ante to maximize total firm value.

Equation (7) shows that the equity value is the sum of the expected discounted stream of

dividends D. Equation (7) also shows that equity claimants are protected by limited liability.

Equity claimants default whenever Dt + 1
1+r Et[Vt+1] ≤ 0. The firm may ask its equity claimants

to contribute additional funds (Dt < 0), but it is sometimes not optimal for them to do so. In

the case where the equity issue is not justified by the expected discounted future equity value

(Dt + 1
1+r Et[Vt+1] ≤ 0), equity claimants exercise their option of not contributing additional funds

to the firm and trigger default instead.

Because the income shock θ is persistent, the firm can anticipate the income shock it will face

next period and chooses its dividend and investment policies accordingly. The firm however cannot

perfectly anticipate the income shock it will face next period. Default occurs when next period’s

income shock θt+1 turns out to be much lower than expected such that the equity claim becomes

worthless.8

The income shock at which equity claimants trigger default on their long-term debt obligation

θ
L(Kt, c) is defined by Vt = Dt + 1

1+r Et[Vt+1] = 0. Substituting equations (1), (2), and (8) in this

8In a continuous-time framework, it would always be optimal for the firm to reset its policies locally near the
boundary where the firm cannot pay its coupon. For example, the firm could move away from the boundary by
decreasing its short-term debt payment or selling some assets. In the discrete-time framework, the firm cannot
locally reset its policies so that default sometimes occurs. In accord with the existing debt overhang literature, I
also do not allow for renegotiation between equity and debt claimants. With renegotiation to avoid default and its
associated costs, the debt overhang problem would be mitigated. In fact, I do not discuss the optimal design of the
debt contract, but take as given the typical corporate debt contract of coupon payments when equity claimants do
not default and the net residual value upon default.
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expression, the default point is implicitly defined by

(1 − τ)θL(Kt, c)Kα
t + (1 − (1 − τ)δ)Kt − Kt+1 − (1 − τ)c +

1
1 + r

Et[Vt+1|θt = θ
L(Kt, c)] = 0. (9)

Because εt is normally distributed, the income shock θt follows a log-normal distribution. Hence,

the probability of default is represented by Φ[θL(Kt, c)], where Φ[·] is the log-normal cumulative

distribution function.

The long-term debt value is constructed as the sum of all expected discounted future coupon

payments c if equity claimants do not default or the residual value R net of a deadweight default

cost X if equity claimants default:

Lt = c1(Vt>0) + 1
1+r Et

[
c1(Vt+1>0)1(Vt>0)

]
+ · · · (10)

+(RL
t − X)(1 − 1(Vt>0)) + 1

1+r Et

[
(RL

t+1 − X)(1 − 1(Vt+1>0))1(Vt>0)

]
+ · · ·

where 1(V >0) indicates no default. The residual accruing to debt claimants upon default R is the

reorganized value of the firm9

RL
t = (1 − τ)f(Kt; θt) + τδKt − It +

1
1 + r

Et[Vt+1]. (11)

When equity claimants default on their coupon payment, debt claimants receive the residual firm

value and pay a default cost to reorganize the firm.10 Default triggers a reorganization, not an

inefficient liquidation. The firm is subsequently recapitalized. Default therefore triggers two types

of costs borne by debt claimants at reorganization: the deadweight default cost X and a one-period

forgone tax benefit τc. Consistent with the debt overhang literature, the default cost X is assumed

to be a fixed cost.
9By definition, the net residual RL(Kt; θt)−X accruing to debt claimants is always less than the no-default coupon

payment c accruing to debt claimants when default occurs (when DL
t + 1

1+r
Et[Vt+1] ≤ 0). Using the definition of

the residual RL(Kt; θt) where DL
t + 1

1+r
Et[Vt+1] = RL(Kt; θt)− (1− τ)c, default implies that RL(Kt; θt) ≤ (1− τ)c.

Given the tax benefit of debt τ > 0, RL(Kt; θt) < c. Thus, RL(Kt; θt) − X < c.
10In reality, debt claimants rarely manage firms in or emerging from bankruptcies. Debt claimants can be viewed

as intermediaries who sell the reorganized firm value to a new group of equity claimants.
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The long-term debt is chosen initially to maximize the total firm value at time 0. Because

this one-time decision involves a tradeoff of expected tax benefit and default cost over an infinite

number of periods, I do not characterize the decision with an Euler equation. Instead, the model

is solved assuming a given value for the coupon c. I then iterate over values for the coupon c. The

optimal coupon c is the one that corresponds to the highest initial firm value.

With debt in place, the firm’s problem becomes recursive. The firm maximizes its total value

by choosing how much to invest It after observing the long-term debt coupon c, last period’s choice

of capital stock Kt, and the beginning-of-the-period value for the income shock θt. The total firm

value JL is the sum of the equity V and debt L values. It consists of the after-tax income and

depreciation tax shield net of investment, plus the tax benefit τc if equity claimants do not default,

minus the default cost X if they default, plus the expected discounted firm value next period. The

Bellman equation is

JL(Kt; θt, c) = max{It} Vt + Lt = max{It}(1 − τ)f(Kt; θt) + τδKt − It (12)

+τc1(Vt>0) − X(1 − 1(Vt>0)) + 1
1+r Et

[
JL(Kt+1; θt+1, c)

]
.

The firm’s investment decision is characterized by

1
1 + r

Et

[
(1 − τ)θt+1αKα−1

t+1 + (1 − (1 − τ)δ)
]
− 1

1 + r
(τc + X)

∂Φ[θL(Kt+1, c)]
∂Kt+1

= 1. (13)

Equation (13) states that the firm invests up to the point where the cost of one unit of asset

equals next period’s expected discounted marginal product of capital. This marginal product is

valued irrespective of the solvency of the firm, because the total firm value is being maximized. The

investment proceeds accrue to equity claimants if default has not occurred, or to debt claimants if

default has occurred.

Equation (13) also shows that the firm considers the benefit of not defaulting when making

its investment decision. The firm knows that increasing its investment this period reduces its
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probability of defaulting next period. The effect of investment on the probability of defaulting,

∂Φ[θ
L
(Kt+1,c)]

∂Kt+1
, is defined in the appendix. In the event of default, the firm forgoes a one-period tax

benefit and pays the default cost (τc + X).

Without a tax benefit τ = 0 and a default cost X = 0, the firm’s investment decision would

not be affected by its capital structure, as in Modigliani and Miller, and its investment policy

in equation (13) would revert to the policy of the unlevered firm in equation (5). With a tax

benefit τ �= 0 or a default cost X �= 0, the levered total-value-maximizing firm has the incentive

to invest more than the unlevered firm to avoid the default costs (τc + X). The equity claimants’

underinvestment is expected to be higher using the levered total-value-maximizing firm benchmark

than using the unlevered firm benchmark.

2.2.2. Equity-value-maximizing Firm

In this model, the firm cares about equity claimants only. The firm maximizes the equity value

by choosing how much to invest It after observing the long-term debt coupon c, last period’s choice

of capital stock Kt, and the beginning-of-the-period value for the income shock θt. The Bellman

equation is

V (Kt; θt, c) = max
{It}

max{0, Dt +
1

1 + r
Et[V (Kt+1; θt+1, c)]}, (14)

subject to the income, investment, and dividend equations (1), (2), and (8), and where the long-term

debt coupon is chosen initially to maximize the total firm value at time 0.

The firm’s investment decision is characterized by

1
1 + r

Et

[
{(1 − τ)θt+1αKα−1

t+1 + (1 − (1 − τ)δ)}1(Vt+1>0)

]
= 1. (15)

Equation (15) differs from the unlevered firm benchmark of equation (5). The equity-value-

maximizing firm values next period’s contribution to dividends in the no-default states only. The

equity-value-maximizing firm therefore invests less than the unlevered firm.
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Equation (15) also differs from the total-value-maximizing firm benchmark of equation (13).

Not only do equity claimants value next period’s contribution to dividends in the no-default states

only, but they do not bear any cost upon default (such as τc + X for debt claimants) because

of the limited liability protection. Comparing equations (13) and (15) suggests that the equity-

value-maximizing firm invests less than the total-value-maximizing firm. In equation (15), the

marginal product of capital (1− τ)θt+1αKα−1
t+1 + (1− (1− τ)δ) of the equity-value-maximizing firm

is greater than 1 + r on average, assuming that the no-default probability is less than one and its

covariance with the marginal product is minimal. In equation (13), the marginal product of the

total-value-maximizing firm is smaller than 1+ r on average, given that investing more reduces the

probability of defaulting next period. Because of decreasing returns to scale, a greater marginal

product implies a smaller capital stock level. Equations (13) and (15) therefore show that the

equity-value-maximizing firm invests less than total-firm-maximizing firm.

2.3. Short-term Debt

2.3.1. Total-value-maximizing Firm

This model is similar to the total-value-maximizing firm model with long-term debt but replaces

long-term debt with short-term debt. The firm can now respond to its financing needs by issuing

or retiring short-term debt every period. The new debt issue ΔBt+1 is the difference between the

new debt level chosen this period Bt+1 and the beginning-of-the-period debt level Bt

ΔBt+1 = Bt+1 − Bt. (16)

The short-term debt has a maturity of one period. Each period, the firm can roll over its existing

debt ΔBt+1 = 0, retire some debt ΔBt+1 < 0, or issue more debt ΔBt+1 > 0 at the current

short-term coupon rate ιt+1.
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Equation (7) still defines the equity value, but the sources and uses of funds equation now

recognizes that dividends may be increased by a short-term debt issue

DS
t = (1 − τ)f(Kt; θt) + τδKt − It + ΔBt+1 − (1 − τ)ιtBt, (17)

where the superscript S indicates a functional form specific to the case with short-term debt.

When making its short-term debt financing decisions, the firm must take into account the

pricing schedule at which the debt can be financed. Debt claimants require a coupon rate ιt+1 such

that the bond selling at par is fairly priced:

1
1 + r

Et[(1 + ιt+1)Bt+11(Vt+1>0)] +
1

1 + r
Et[(RS

t+1 − X)(1 − 1(Vt+1>0))] = Bt+1, (18)

where the residual accruing to debt claimants upon default is

RS
t = (1 − τ)f(Kt; θt) + τδKt − It + Bt+1 +

1
1 + r

Et[Vt+1]. (19)

Equation (18) shows that debt claimants require a coupon rate such that one unit of debt lent to

the firm equals next period’s expected discounted payoff. The payoff on the debt claim consists of

the face value and the coupon payment if equity claimants do not default on their debt obligation,

or the net residual value if equity claimants default.

The income shock at which equity claimants trigger default on their short-term debt obligation

θ
S(Kt, Bt, ιt) is implicitly defined by

(1 − τ)θS(Kt, Bt, ιt)Kα
t + (1 − (1 − τ)δ)Kt − Kt+1 + Bt+1 − (1 + (1 − τ)ιt)Bt (20)

+ 1
1+r Et[Vt+1|θt = θ

S(Kt, Bt, ιt)] = 0.

The firm maximizes the equity value subject to the fair bond pricing equation (18) by choosing

how much to invest It and how much debt to issue ΔBt+1 after observing the beginning-of-the-

period value for the income shock θt and last period’s choices of capital stock Kt and debt Bt,
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where the fair bond pricing constraint is substituted in the maximand and is summarized by the

coupon rate schedule ιt+1 = ι{Kt+1, Bt+1; θt}.

The total firm value JS is the sum of the equity V and debt S values. It consists of the after-tax

income and depreciation tax shield net of investment, plus the tax benefit if equity claimants do

not default, minus the default cost if they default, plus the expected discounted firm value next

period. The Bellman equation is

JS(Kt, Bt; θt) = max{It,ΔBt+1} Vt + St = max{It,ΔBt+1}(1 − τ)f(Kt; θt) + τδKt − It (21)

+τι{Kt, Bt; θt−1}Bt1(Vt>0) − X(1 − 1(Vt>0)) + 1
1+r Et

[
JS(Kt+1, Bt+1; θt+1)

]
,

where the short-term debt value St is

St = (1 + ι{Kt, Bt; θt−1})Bt1(Vt>0) + (RS
t − X)(1 − 1(Vt>0)). (22)

The firm’s investment decision is characterized by

1
1+r Et

[
(1 − τ)θt+1αKα−1

t+1 + (1 − (1 − τ)δ)
]
+ 1

1+r Et

[
τBt+11(Vt+1>0)

]
∂ι{Kt+1,Bt+1;θt}

∂Kt+1
(23)

− 1
1+r (τι{Kt+1, Bt+1; θt}Bt+1 + X)

(
∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

+∂Φ[θ
S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1

∂ι{Kt+1,Bt+1;θt}
∂Kt+1

)
= 1,

where the effects of investment on the firm’s coupon rate and on the probability of defaulting are

defined in the appendix.

Equation (23) states that the firm invests up to the point where the cost of one unit of capital

equals next period’s expected discounted marginal benefit. In contrast to equation (13) with long-

term debt, equation (23) shows that the firm also accounts for the effects of its investment decision

on next period’s coupon rate requested by debt claimants through the term ∂ι{Kt+1,Bt+1;θt}
∂Kt+1

.

The firm’s optimal short-term debt level is characterized by
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1
1+r Et

[
τι{Kt+1, Bt+1; θt}1(Vt+1>0)

]
+ 1

1+r Et

[
τBt+11(Vt+1>0)

]
∂ι{Kt+1,Bt+1;θt}

∂Bt+1
(24)

− 1
1+r (τι{Kt+1, Bt+1; θt}Bt+1 + X)

(
∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Bt+1

+∂Φ[θ
S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1

∂ι{Kt+1,Bt+1;θt}
∂Bt+1

)
= 0,

where the effects of debt on the firm’s coupon rate and on the probability of defaulting are defined

in the appendix.

2.3.2. Equity-value-maximizing Firm

This model is similar to the equity-value-maximizing firm model with long-term debt but re-

places long-term debt with short-term debt. As in all models, the debt policy is chosen to maximize

the total firm value. It is the investment policy here that is chosen to maximize the equity value

only. The firm’s problem is sequential: each period the firm first chooses how much debt to issue

ΔBt+1 and at what price ιt+1 to maximize the value to all claimants, and then chooses how much

to invest It to maximize the equity value without regard to the debt claims. Ignoring the debt

already in place defines the overhang behavior.

The model is solved backwards. In the second stage, the investment decision is characterized

taking the debt policy (Bt+1 and ιt+1) as given. Both the debt level Bt+1 and the coupon rate ιt+1

are predetermined in the second stage, as they have been chosen in the first stage. Equity claimants

maximize their value by choosing how much to invest It after observing the beginning-of-the-period

value for the income shock θt, last period’s choices of capital stock Kt and debt (Bt and ιt), and

the first stage predetermined choices of debt (Bt+1 and ιt+1). The Bellman equation describing the

firm’s intertemporal investment problem is

V (Kt; Bt+1, ιt+1, Bt, ιt, θt) = max
{It}

max{0, Dt +
1

1 + r
Et[V (Kt+1; Bt+2, ιt+2, Bt+1, ιt+1, θt+1)]},

(25)
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subject to income, investment, and dividend equations (1), (2), and (17).

The investment decision is characterized by

1
1 + r

Et[{(1 − τ)θt+1αKα−1
t+1 + (1 − (1 − τ)δ)}1(Vt+1>0)] = 1. (26)

Similar to equation (15) with long-term debt, the equity-value-maximizing investment policy

with short-term debt shows that the firm disregards the effect of investment on the debt value. It

values next period’s contribution to dividends in the no-default states only.

In contrast to the total-value-maximizing investment policy of equation (23), the equity-value-

maximizing investment policy cannot include terms relating to the effect of investment on the

coupon rate. By definition of overhang, investment cannot affect the coupon rate as the debt

policy is determined prior to the investment decision. Equation (26) therefore has less terms than

equation (23) because investment in (26) is chosen without the constraint of the fair bond pricing

equation.

Equation (26) defines the second stage investment Kt+1 in terms of the first stage debt policy

variables (Bt+1, ιt+1) and the exogenous income shock θt. Investment Kt+1 becomes an implicit

function K{Bt+1, ιt+1; θt} when choosing the optimal debt policy in the first stage.

In the first stage, the firm anticipates that equity claimants will later ignore debt claimants

when choosing the investment policy Kt+1 = K{Bt+1, ιt+1; θt}. The firm maximizes the equity

value subject to the fair bond pricing equation (18) by choosing how much debt to issue ΔBt+1

after observing the beginning-of-the-period value for the income shock θt, last period’s choices of

capital stock Kt and debt Bt. The fair bond pricing constraint is substituted in the maximand and

is summarized by the coupon rate schedule ιt+1 = ι{Bt+1; θt}.

Note that the coupon rate ιt+1 is chosen in the first stage. To see this, the problem could have

been expressed as maximizing the equity value subject to the fair bond pricing equation (18) by

choice of both the debt issue ΔBt+1 and the coupon rate ιt+1. In this latter formulation, the fair
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bond pricing constraint is not substituted into the maximand and therefore the coupon rate is not

expressed as an implicit function summarizing the pricing equation.

The first stage coupon rate schedule is expressed only in terms of the simultaneously chosen

debt level Bt+1 and the exogenous state variable θt: ιt+1 = ι{Bt+1; θt}. Because the second stage

investment Kt+1 is a function of the first stage debt policy, investment Kt+1 is not an extra variable

to carry around in the first stage.

The Bellman equation describing the intertemporal debt problem is

JS(Bt; θt) = max{ΔBt+1} Vt + St (27)

= max{ΔBt+1}(1 − τ)f(K{Bt, ι{Bt; θt−1}; θt−1}; θt) + τδK{Bt, ι{Bt; θt−1}; θt−1} − It

+τι{Bt; θt−1}Bt1(Vt>0) − X(1 − 1(Vt>0)) + 1
1+r Et

[
JS(Bt+1; θt+1)

]
.

The short-term debt policy is characterized by

1
1+r Et

[{
(1 − τ)θt+1αK{Bt+1, ι{Bt+1; θt}; θt}α−1 + (1 − (1 − τ)δ)

}
(28)

(
∂K{Bt+1,ιt+1;θt}

∂Bt+1
+ ∂K{Bt+1,ιt+1;θt}

∂ιt+1

∂ι{Bt+1;θt}
∂Bt+1

)]

+ 1
1+r Et

[
τι{Bt+1; θt}1(Vt+1>0)

]
+ 1

1+r Et

[
τBt+11(Vt+1>0)

]
∂ι{Bt+1;θt}

∂Bt+1

− 1
1+r (τι{Bt+1; θt}Bt+1 + X)

{
∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

(
∂K{Bt+1,ιt+1;θt}

∂Bt+1

+∂K{Bt+1,ιt+1;θt}
∂ιt+1

∂ι{Bt+1;θt}
∂Bt+1

)
+ ∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Bt+1
+ ∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1

∂ι{Bt+1;θt}
∂Bt+1

}

=
(

∂K{Bt+1,ιt+1;θt}
∂Bt+1

+ ∂K{Bt+1,ιt+1;θt}
∂ιt+1

∂ι{Bt+1;θt}
∂Bt+1

)
.

Equation (28) of the equity-value-maximizing firm includes the same terms as in equation (24)

of the total-value-maximizing firm: the expected tax benefit, the default cost, and the effects of

the debt level on the firm’s coupon rate and on the default probability. However, note that the

effect of the debt level on the coupon rate, ∂ι{Bt+1;θt}
∂Bt+1

, now accounts for the effects of the first stage

debt policy on the second stage investment through the terms ∂K{Bt+1,ιt+1;θt}
∂Bt+1

and ∂K{Bt+1,ιt+1;θt}
∂ιt+1

,
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as described in equation (45) of the appendix. In addition, equation (28) directly includes these

effects. Equation (28) therefore contains additional terms because debt is chosen with the additional

constraint of anticipating the subsequent investment decision of equity claimants.

3. The Calibration

The last four models cannot be solved analytically, but the solution is approximated numerically.

The numerical method and its accuracy are described in the appendix. The method requires values

for the model parameters. All theoretical firms are calibrated to τ = 0.15, X = 0.5, F = 0.76,

r = 0.065, α = 0.25, δ = 0.14, ρ = 0.6, and σ = 0.14. The calibration aims to match the leverage

and investment statistics simulated from the equity-value-maximizing firm with short-term debt to

the statistics observed in reality.

The tax rate τ is set to 0.15 to represent the tax benefit of debt net of personal taxes. The

deadweight default cost of debt X is calibrated to 0.5. The value of 0.5 is chosen so that expected

default costs with long-term debt and short-term debt bound Warner’s (1977) estimate. Warner

measures the direct bankruptcy costs of eleven railroad firms seven years prior to the petition date

at one percent of firm value. As later reported in Tables 1 and 2, the expected default costs with

long-term debt are lower than one percent and the costs with short-term debt are higher than one

percent.

The fixed labor cost F is calibrated to 0.76 so that the average leverage ratio of the equity-

value-maximizing firm with short-term debt is reasonable, near fifty percent. Fixed costs decrease

the amount of debt that can be serviced by the firm. While U.S. firms have lower debt ratios, it

is difficult for dynamic capital structure models to replicate such low levels. For example, Titman

and Tsyplakov also obtain leverage ratios with dynamic debt around fifty percent. In addition,

the calibration F = 0.76 yields a realistic leverage ratio for the equity-value-maximizing firm with
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long-term debt at twenty-six percent.

Following Gomes (2001), the discount rate r is set to 0.065 to match the real interest rate over

the last century. The sensitivity of revenues to the capital stock α is set to 0.25. When added to the

sensitivity of revenues to labor (about two thirds during the post-war period), the firm’s returns

to scale are below one as documented in Burnside (1996). The depreciation rate δ, the persistence

ρ, and the volatility σ are set to 0.14, 0.6, and 0.14 so that the equity-value-maximizing firm with

short-term debt matches the mean (fifteen percent), autocorrelation (twenty-four percent) and the

standard deviation (fourteen percent) of the investment ratio I/K. Although I calibrate my model

to Gomes’s estimated moments of the investment series, my calibration differs slightly from his

(α = 0.3, δ = 0.12, ρ = 0.62, and σ = 0.15) because the two models are different.

The long-term coupon c is chosen to maximize the ex-ante total firm value. The optimal coupon

is 0.055 for the total-value-maximizing firm and 0.03 for the equity-value-maximizing firm.

Given these parameter values, the models are solved numerically as described in the appendix.

The appendix also reports on the accuracy of the numerical solution. The resulting series It and

Vt, including Bt+1 and ιt+1 for models with short-term debt, are simulated from random outcomes

of the income shock εt. A sample of 500 different time series over 500 periods is generated for each

model, where only the last twenty periods out of the 500 are examined. A firm is defined as a time

series in which no default occurs (positive equity value Vt > 0) for ten consecutive periods. About

0.4 percent of firms with long-term debt and 1.4 percent of firms with short-term debt experience

default from periods eleven to twenty.11 I keep a final panel of 500 simulated firms over ten periods.

500 firms over ten years provide a reasonable description of the data available in COMPUSTAT.
11In the long-run, all simulated series experience default at some point. However, default in the model is a one-

period event. Firms reorganized from last period’s default do not differ from firms not in default last period. Both are
owned by equity claimants who optimally decide on the optimal level of investment (and short-term debt). Likewise,
firms in reality do not exist forever. Firms go through well-documented life cycles. Moreover, the model is not meant
as a general equilibrium description of the economy. Firms in my model can default and reorganize but the whole
economy cannot.
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One can collect data on firms for more than ten years. However, as the number of years increases,

the number of surviving firms decreases.

4. Results

Tables 1 and 2 describe the overhang problem using three different panels of simulated firms: a

panel of unlevered firms, a panel of total-value-maximizing firms, and a panel of equity-value-

maximizing firms. For each panel, the tables report the means and standard deviations of key

variables, including the leverage ratio, the investment ratio, and the firm value. The leverage ratio

is the debt value (L for long-term debt or S for short-term debt) divided by the sum of equity (V )

and debt values. The investment ratio is investment I divided by capital stock K. The firm value

is the sum of equity and debt values. The means and standard deviations are computed for each

firm in a panel. Tables 1 and 2 report the average of these two moments over all firms in a panel.

Firm value is then disaggregated into three components: the value from operations, the tax

benefit, and the default cost. The value from operations is the expected discounted value derived

from the firm’s investment and production activities. The tax benefit is the expected discounted

value of the interest payment deduction. The default cost is the expected discounted value of the

deadweight default cost.

To quantify the overhang problem, the tables report the difference in values between the equity-

maximizing firm and the benchmark firm, standardized by the value of the benchmark firm. I mea-

sure the debt overhang cost as the difference in values using the total-maximizing firm benchmark.

Another interesting measure of underinvestment is the difference in values from operations using

the unlevered firm benchmark.

The last piece of information contained in the tables is the average income shock across all

three panels of firms. The sample excludes firm-year observations for which default occurs, because
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overhang is measured for firms not currently in default. Because of the sample selection, the average

income shock is slightly larger than one. Comparing across tables, a higher income shock indicates

a higher occurrence of default.

4.1. Overhang with Long-term Debt

4.1.1. Descriptive Statistics

Table 1 examines firms with long-term debt. The equity-value-maximizing firm has an average

leverage ratio of 25.59 percent. The firm has an average investment ratio of 14.89 percent with an

average standard deviation of 13.28 percent. Because model parameters are set so that the equity-

value-maximizing firm with short-term debt rather than with long-term debt matches the data,

the average investment ratio of the firm with long-term debt happens to be close to the calibration

target of 0.15 but its average standard deviation is lower than the target of 0.14. Table 1 shows that

the firm derives the bulk of its value, 96.33 percent, from its investment and production activities.

The expected tax benefits account for 3.87 percent of its value. This percentage is lower than

Graham’s (2000) empirical estimate of the tax benefit at 9.7 percent of firm value. The expected

default costs represent 0.20 percent. As targeted by the calibration, the expected discounted default

costs are lower than the one percent direct bankruptcy cost measured by Warner.

The total-maximizing firm value is by definition higher than the equity-maximizing firm value

(2.1091 > 2.0185). If equity claimants could commit to maximizing total value, the firm would

raise more funds from debt claimants. Accordingly, the leverage ratio of the total-value-maximizing

firm is much higher than the leverage ratio of the equity-value-maximizing firm (45.57 percent >

25.59 percent). The larger leverage ratio generates larger expected tax benefits (6.52 percent > 3.87

percent) and larger expected default costs (1.07 percent > 0.20 percent). The percentage of the firm

value derived from investment and production activities is smaller for the total-value-maximizing
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firm than for the equity-value-maximizing firm (94.56 percent < 96.33 percent). This does not

indicate that the total-value-maximizing firm derives less value from investment and production.

In fact, the smaller percentage (94.56 percent) of the larger total-maximizing firm value (2.1091)

yields a larger value derived from investment and production activities. Investment ratios can also

be misleading. The investment ratio is larger for the equity-value-maximizing firm than for the

total-value-maximizing firm (14.89 percent > 14.59 percent). The equity-value-maximizing firm

invests less I and generates a much lower capital stock K, resulting in a higher investment ratio

I/K. The equity-value-maximizing firm therefore shows a larger investment ratio only because it

has a smaller capital stock.

4.1.2. Unlevered Firm Benchmark

Underinvesting by the equity-value-maximizing firm generates a value loss from operations of

0.49 percent of the unlevered firm value. Equations (5) and (15) indicate that the equity-value-

maximizing firm invests less than the unlevered firm when default is likely. As expected, Figure

1 illustrates that the underinvestment occurs in lower income shocks where default becomes more

likely.

Figure 1 plots the capital investment policy function Kt+1 averaged over the capital state

variable Kt at the discretized values of the income shock state variable θt for the three types of

firms: the unlevered firm, the total-value-maximizing firm, and the equity-value-maximizing firm.

In better income shocks when the probability of default is negligible, the unlevered firm and the

equity-value-maximizing firm choose the same level of capital stock. Their decisions differ only in

the worst income shocks, where the equity-value-maximizing firm invests less because the proceeds

of that investment are likely to accrue to debt claimants upon default.

The value loss from operations of 0.49 percent is slightly lower than previously documented in

the literature. Mello and Parsons examine a mine’s decision whether or not to operate in a real
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options framework. They measure the value loss from operations at 0.8 percent of the unlevered

firm value. They also generate the larger loss from a lower leverage ratio (18 percent). When equity

claimants can vary their investment level through time, they underinvest only in the worst income

shocks. In better income shocks, equity claimants invest more to take advantage of the improved

marginal product of capital. The flexibility to change the investment level across income shocks

reduces equity claimants’ average underinvestment at a given debt level. In equilibrium, the firm

is able to raise more funds from the debt market. The value loss from operations therefore turns

out to be slightly lower than Mello and Parsons (0.49 percent < 0.8 percent) and generated with a

higher leverage ratio (25.59 percent > 18 percent).

4.1.3. Total-value-maximizing Firm Benchmark

Using the total-value-maximizing firm benchmark generates a larger value loss from operations.

Underinvesting by the equity-value-maximizing firm generates a value loss from operations of 2.61

percent of the total-maximizing firm value.

Equation (13) shows that the total-value-maximizing firm takes into account two marginal

benefits when deciding how much to invest. The first term on the left-hand-side of the equation

shows that more investment contributes to next period’s dividend through its marginal product of

capital. The second term shows that more investment reduces the default probability. In better

income shocks, the default probability is minimal and the firm increases its investment to take

advantage of the improved marginal product of capital through the first term. As income shocks

deteriorate, the firm invests less. In the worst income shocks, however, the firm invests more

than warranted by the marginal product of capital to reduce its probability of default through

the second term. More investment, up to the point of not defaulting this period, generates more

revenues next period, thereby reducing the probability of defaulting and the probability of losing

the tax benefit for one period and paying the deadweight cost (τc+X) upon default. The resulting
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capital investment decision Kt+1 of the total-value-maximizing firm is u-shaped across income

shocks. In contrast, the decision of the unlevered firm depends solely on the marginal product of

capital and is monotonically increasing with income shocks. The total-value-maximizing investment

policy of equation (13) indeed differs from the unlevered investment policy of equation (5) by the

second term, which reflects the incentive to invest more to avoid losing the one-period tax benefit

and paying the deadweight cost (τc+X) upon default. Ignoring the interaction between the firm’s

investment and financing decisions by using the unlevered firm benchmark therefore underestimates

the debt overhang problem.

Figure 1 illustrates that, in better income shocks when the probability of default is negligible, the

total-value-maximizing firm, the equity-value-maximizing firm, and the unlevered firm choose the

same level of capital stock. Their decisions differ only in the worst income shocks. The total-value-

maximizing firm invests more than the unlevered firm (and the equity-value-maximizing firm) to

reduce its probability of defaulting next period and therefore its probability of losing its tax benefit

and paying the deadweight cost.

In addition to the value loss from operations, the equity-value-maximizing firm with its lower

leverage than the total-value-maximizing firm also loses value from the lower expected tax benefits

(2.85 percent), but gains value from the lower expected default costs (0.77 percent). Adding it

up, the debt overhang cost measured by the loss in firm value averages to 4.70 percent of the

total-maximizing firm value.

Note that the measure of debt overhang does not correspond to a specific realization of the state

variables, but averages the percent value loss across the distribution of state variables generated in

the panels of simulated firms. By Jensen’s inequality, the average debt overhang cost (4.70 percent)

is not equal to the average difference between the total-maximizing and equity-maximizing firm

values (2.1091 − 2.0185) divided by the average total-maximizing firm value (2.1091).
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The debt overhang cost of 4.70 percent is larger than reported in the existing literature. Mauer

and Ott examine a firm’s decision whether or not to expand operations using a real options

framework. They measure the debt overhang cost to no more than 1.54 percent of the equity-

maximizing firm value, when the total-value-maximizing and equity-value-maximizing firms pay

the same coupon. Restating the cost in terms of the total-value-maximizing firm, their Table 9.3

shows an overhang cost of 1.32 percent of the total-maximizing firm value, with their basic calibra-

tion, a price of $2.50, and when the total-value-maximizing firm and equity-value-maximizing firm

pay the same coupon.12 When I set the coupon of the total-value-maximizing firm equal to that of

the equity-value-maximizing firm at 0.03 instead of its optimal level at 0.055, the total-maximizing

firm has a lower value (2.0312 instead of 2.1091), representing an overhang cost of 0.80 percent of

the total-maximizing firm value, well within the range of values obtained by Mauer and Ott.

In the real options framework of Mello and Parsons and Mauer and Ott, debt overhang occurs

when equity claimants delay operating/expanding beyond the point that maximizes the total firm

value. Equity claimants wait for a higher output price than optimal for the whole firm. For

example, in Mauer and Ott, the total-value-maximizing firm exercises sooner ($2.78) than the

unlevered firm ($3.06), which exercises sooner than the equity-value-maximizing firm ($3.16). It is

striking that the output price difference between the equity-value-maximizing firm ($3.16) and the

total-value-maximizing firm ($2.78) is much larger than the difference between the equity-value-

maximizing firm ($3.16) and the unlevered firm ($3.06). Table 1 and Figure 1 similarly show that

the underinvestment cost is much larger with the total-value-maximizing firm benchmark than with

the unlevered firm benchmark.

When the total-value-maximizing firm is allowed to choose its optimal coupon, Mauer and Ott

document an overhang cost of 2.15 percent of the total-maximizing firm value, up from 1.32 percent
12Table 9.3 reports values of 29.54 for the total-maximizing firm and 29.15 for the equity-maximizing firm, so that

the difference divided by 29.54 is 1.32 percent.
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with their basic calibration and output price of $2.50.13 The larger overhang cost arises because

the total-value-maximizing firm takes on a larger coupon than the equity-value-maximizing firm.

The coupon payment increases about 30 percent from 1.76 to 2.30. The percent increase in my

coupon payment is even larger, about 83 percent from 0.03 to 0.055.14 My larger overhang cost

of 4.70 percent arises because the total-value-maximizing firm is able to support a larger coupon

payment with investment flexibility.

To capitalize a larger expected tax benefit over all income shocks, the total-value-maximizing

firm with long-term debt has the incentive to take on more debt than it could otherwise afford in the

worst income shocks without investment flexibility. The firm with long-term debt cannot change

its leverage to decrease it in bad income shocks and increase it as shocks improve. With investment

flexibility, however, it can invest more in bad shocks, up to the point of not defaulting this period,

to reduce the probability of defaulting next period. More investment generates more revenues next

period, so that the firm may be able to avoid default and its associated costs. Therefore, when the

firm can change its level of investment through time, it uses the flexibility to accumulate a larger

tax benefit while managing its default probability.

In addition to Mauer and Ott and Mello and Parsons, Titman and Tsyplakov also quantify

the overhang cost with long-term debt. Titman and Tsyplakov report that the equity-maximizing

firm value differs from the total-maximizing firm value by 2.1 percent of the untaxed, unlevered

firm value. When expressed as a percentage of the taxed and levered total-value-maximizing firm,

their debt overhang cost increases to 2.9 percent. This cost is higher than Mauer and Ott’s, but

lower than my estimate. While Titman and Tsyplakov allow the firm to change its investment

through time, the investment into the capital stock is irreversible. Because of the irreversibility,
13Table 9.5 reports values of 29.79 for the total-maximizing firm and 29.15 for the equity-maximizing firm, so that

the difference divided by 29.79 is 2.15 percent.
14The two models do not share the same scale, so that only percentages are comparable.
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the total-value-maximizing firm’s incentive near the default point to invest more in bad income

shocks to reduce the default probability and its associated costs is mitigated. With reversibility,

the total-value-maximizing firm may sell some of its capital as conditions improve from the very

worst income shocks. With irreversibility, however, the firm cannot do so because it is restricted

to maintain a minimal capital stock level. When this minimal capital stock level exceeds the level

warranted by the marginal product of capital as shocks improve, the firm finds itself overcapitalized.

Instead, the total-value-maximizing firm relaxes the irreversibility constraint by not investing as

much in bad income shocks. Titman and Tsyplakov’s debt overhang cost is thus smaller than my

estimate.

In sum, debt overhang estimates increase from about 2 percent in Mauer and Ott with an irre-

versible decision whether or not to invest, to 2.9 percent in Titman and Tsyplakov with irreversible

investments into the capital stock, to 4.70 percent with full investment flexibility. In terms of Figure

1, each added degree of flexibility allows the capital investment policy function of the total-value-

maximizing firm to distance itself from that of the unlevered firm in the lowest income shocks.

When the firm has more flexibility in managing its default probability, the total-value-maximizing

firm is able to accumulate a larger tax shield and compensates by investing more in lower income

shocks to avoid default. The total-value-maximizing firm that benchmarks debt overhang is greatly

affected by investment flexibility. More investment flexibility increases the debt overhang cost.

4.2. Overhang with Short-term Debt

4.2.1. Descriptive Statistics

Table 2 shows that firms with short-term debt have higher leverage ratios compared to firms

with long-term debt. The average leverage ratio of equity-value-maximizing firms is 51.92 percent

with short-term debt versus 25.59 percent with long-term debt. Likewise, the average leverage
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ratio of total-value-maximizing firms is 54.63 percent with short-term debt versus 45.57 percent

with long-term debt.

The higher leverage ratios with short-term debt appear to be at odds with results from the

existing literature. For example, in Titman and Tsyplakov, firms with short-term debt are less

levered initially than firms with long-term debt.15 Their result obtains because it is more costly to

decrease short-term debt than to increase it. In addition, because of the positive drift in the price

process, Titman and Tsyplakov report that firms with short-term debt increase leverage over time,

such that their leverage ratio is on average higher than the leverage ratio of firms with long-term

debt.16 In my model, the initial leverage ratio is not different from the average leverage ratio. In

accord with Titman and Tsyplakov, I obtain that average leverage ratios are higher with short-term

debt than with long-term debt.

The equity-value-maximizing firm has a much higher leverage ratio with short-term debt than

with long-term debt (51.92 percent > 25.59 percent). With long-term debt, the equity-value-

maximizing firm cannot change its coupon payment through time. It therefore chooses a low

leverage so that default and overhang are less likely to occur. With short-term debt, the equity-

value-maximizing firm also chooses a low level of debt in low income shocks, but it increases its

leverage as income shocks improve to take advantage of the tax benefit. Averaging over all income

shocks, the equity-value-maximizing firm with short-term debt produces a much higher leverage.

The total-value-maximizing firm also has a higher leverage ratio with short-term debt than with

long-term debt (54.63 percent > 45.57 percent), but the difference in leverage is not as large as for

the equity-value-maximizing firm. With long-term debt, the total-value-maximizing firm already

takes on a significant amount of debt because it considers the interaction between investment and
15Titman and Tsyplakov model short-term debt as a callable perpetuity, where firms can decrease their debt levels

over time but can only do so by retiring debt at a specified rate.
16See Titman and Tsyplakov, page 17.
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financing decisions. The firm uses its investment flexibility to manage its probability of default.

With short-term debt, the total-value-maximizing firm takes on a larger amount of debt because it

can manage its probability of default more effectively with its debt policy. It chooses less debt in

bad income shocks and increases its leverage as shocks improve. Averaging over all income shocks,

the total-value-maximizing firm with short-term debt shows a higher leverage.

Firms with short-term debt not only have higher leverage ratios, but they also have higher

investment ratios and consequently higher firm values. The equity-value-maximizing firm with

short-term debt has an average investment ratio of 14.99 percent (versus 14.89 percent with long-

term debt), and an average firm value of 2.0645 (versus 2.0185 with long-term debt). Likewise, the

total-value-maximizing firm with short-term debt has an average investment ratio of 14.83 percent

(versus 14.59 percent with long-term debt), and an average firm value of 2.1712 (versus 2.1091 with

long-term debt).

The investment moments of the equity-value-maximizing firm, with a mean of 14.99 percent

and a standard deviation of 13.86 percent, are very close to 15 percent and 14 percent targeted

by the calibration. Table 2 shows that the firm derives the bulk of its value, 94.36 percent, from

investment and production activities. The expected tax benefits account for a significant portion of

its value, at 8.90 percent. This percentage is close to Graham’s empirical estimate of the tax benefit

at 9.7 percent of firm value. The expected default costs represent 3.25 percent. As targeted by the

calibration, the expected default costs are higher than Warner’s direct bankruptcy cost estimate of

one percent.

Similar to the case with long-term debt, the total-maximizing firm value is by definition higher

than the equity-maximizing firm value (2.1712 > 2.0645). The percentage of the firm value derived

from investment and production activities for the total-value-maximizing firm is very close to that

for the equity-value-maximizing firm (94.52 percent and 94.36 percent). Because the leverage ratio
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of the total-value-maximizing firm is slightly higher than the leverage ratio of the equity-value-

maximizing firm, so are the expected tax benefits (9.08 percent > 8.90 percent) and the expected

default costs (3.60 percent > 3.25 percent).

Short-term debt allows firms to vary their coupon rate over time. Accordingly, leverage ratios

are more volatile with short-term debt than with long-term debt, as indicated by the standard

deviations in Tables 1 and 2 for the equity-value-maximizing firm (10.32 percent > 6.67 percent)

and for the total-value-maximizing firm (10.14 percent > 9.65 percent). Along with more volatile

leverage ratios, investment ratios and firm values are also slightly more volatile.

4.2.2. Unlevered Firm Benchmark

Underinvesting by the equity-value-maximizing firm with short-term debt generates a value loss

from operations of 0.46 percent of the unlevered firm value. This loss is similar to the value loss

from operations of 0.49 percent with long-term debt. While the value loss from operations remains

about the same on average, Figure 2 shows that it is in part redistributed from bad income shocks

to better income shocks. With short-term debt, the equity-value-maximizing firm decreases its

leverage in bad income shocks, reducing its default probability and underinvestment compared to

the case with long-term debt. The firm however increases its leverage in better income shocks to

take advantage of the tax benefit, raising its default probability and underinvestment compared

to the case with long-term debt. Because the equity-value-maximizing firm with short-term debt

increases its leverage ratio with income shocks, default remains a non-negligible possibility across

all income shocks. Figure 2 illustrates that the different types of firms with short-term debt no

longer choose the same level of capital stock in any income shock. Compared to the unlevered firm,

the equity-value-maximizing firm slightly underinvests in all income shocks.

4.2.3. Total-value-maximizing Firm Benchmark
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Using the total-value-maximizing firm benchmark again generates a larger value loss from

operations than using the unlevered firm benchmark. As discussed before, the unlevered firm

benchmark underestimates the overhang problem because it does not take into account the total-

value-maximizing firm’s incentive near the default point to invest more to avoid losing the tax

benefit and paying the deadweight cost (τc+X) upon default. Underinvesting by the equity-value-

maximizing firm with short-term debt generates a value loss from operations of 4.98 percent of the

total-maximizing firm value.

The value loss from operations using the total-value-maximizing firm benchmark is larger with

short-term debt than with long-term debt (4.98 percent > 2.61 percent). This indicates that

the difference in investment policies between the total-value-maximizing firm and the equity-value-

maximizing firm is larger with short-term debt than with long-term debt. Figure 2 indeed illustrates

that the total-value-maximizing firm always invests more than the equity-value-maximizing firm.

Compared to the unlevered firm, the equity-value-maximizing firm invests slightly less in all income

shocks while the total-value-maximizing firm invests more in all income shocks. The total-value-

maximizing firm with short-term debt chooses a low leverage in bad income shocks and increases

it as shocks improve. The firm does not need to invest as much in bad income shocks to manage

its probability of default because it can also reduce its leverage. In better income shocks, the firm

levers up to take advantage of the tax benefit. The firm increases leverage to such an extent that

default remains a concern. The total-value-maximizing firm therefore maintains its incentive to

invest more to reduce the probability of default in all income shocks.

The debt overhang cost, measured by the loss in firm value, averages to 5.12 percent of the

total-maximizing firm value. Most of the value loss, 4.98 percent, is accounted by investment and

production activities. Because the equity-value-maximizing firm has a slightly lower leverage than

the total-value-maximizing firm, the equity-value-maximizing firm loses a small amount from the
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expected tax benefits (0.66 percent), but gains a small amount from the lower expected default

costs (0.52 percent).

Figures 1 and 2 show the underinvestment by the equity-value-maximizing firm (the bottom

line) compared to the total-value-maximizing firm (the top line). With short-term debt, firms are

able to manage the default probability by adjusting their leverage. Firms decrease their leverage

in bad income shocks, reducing the default probability and overhang compared to the case with

long-term debt. Firms however increase their leverage in better income shocks to take advantage

of the tax benefit. Because firms with short-term debt greatly increase their leverage with income

shocks, default remains a non-negligible possibility across all income shocks. Consequently, the

overhang problem persists even in better income shocks.

In the worst income shocks, Figures 1 and 2 show that the underinvestment is larger with long-

term debt than with short-term debt, consistent with Myers’ solution to the overhang problem by

shortening the debt maturity. In better income shocks, however, Figure 1 shows that long-term

debt overhang disappears while Figure 2 shows that short-term debt overhang remains present.

Averaging over all shocks, the magnitude of the short-term debt overhang is similar to that of the

long-term debt overhang, as reported in Tables 1 and 2. Contrary to conventional wisdom, the

overhang problem is not mitigated by shortening the debt maturity when debt is optimally chosen

every period.

Figure 3 graphs the average debt overhang cost at representative income shock realizations, θt.

The 500 simulated income shock series over 10 periods are divided into ten groups, from the lowest

500 outcomes to the highest 500 outcomes, and averaged to form ten income shock grid points. At

each of these ten income shock points, the average of the corresponding 500 debt overhang costs is

computed and reported in Figure 3.

While the average debt overhang cost has about the same magnitude for the two types of debt
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(4.70 percent and 5.12 percent), the pattern across income shocks is different. With long-term debt,

default is more likely to occur in bad income shocks. As Figure 3 shows, overhang can be as high

as 9.71 percent in the very worst income shocks. With short-term debt, the default probability

remains present in all income shocks. In contrast to overhang with long-term debt, overhang with

short-term debt is not as costly in bad income shocks (6.75 percent), but it does not decrease as

rapidly as shocks improve. In the best income shocks, overhang still represents 3.98 percent with

short-term debt but only 2.43 percent with long-term debt.

The overhang cost with short-term debt of 5.12 percent of the total-maximizing firm value

appears lower than Titman and Tsyplakov’s estimate with short-term debt. Titman and Tsyplakov

report that the equity-value-maximizing firm value differs from the total-value-maximizing firm

value by 5.9 percent of the untaxed, unlevered firm value.17 When expressed in terms of the taxed

and levered total-value-maximizing firm value, Titman and Tsyplakov’s estimate increases to 6.57

percent. Their estimate of a firm with short-term debt however assumes an average maturity of

20 years, far from my short-term debt maturity of one year. With a 20-year maturity on debt

that can only to be retired over time at a specified rate, the short-term debt structure of Titman

and Tsyplakov is compounding the long-term debt overhang of their long-maturity debt structure

with the short-term debt overhang of their additional flexibility that renews the firm’s incentive

to underinvest. When Titman and Tsyplakov examine the robustness of their overhang cost over

different maturities, their debt overhang cost decreases from 5.9 percent of the untaxed, unlevered

firm value with a 20-year maturity to 2.2 percent with a five-year maturity.18 With a shorter

maturity, more of the debt is being issued at the fair market price every period, mitigating the

long-term debt overhang.
17Surprisingly, their large dynamic debt overhang does not appear to be a significant determinant of capital struc-

ture. Their initial leverage ratios for the equity-value-maximizing firm and the total-value-maximizing firm are very
similar at 48.5 and 48.7 percent.

18See Titman and Tsyplakov, Table 6.
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In sum, Titman and Tsyplakov quantify the debt overhang problem to approximately 2 percent

of their untaxed, unlevered firm value with long-term debt or with the five-year maturity debt.

Similarly, my estimate of the debt overhang problem also does not vary much across the two types

of debt (about 5 percent of the total-maximizing firm value). The difference in magnitude between

the estimates again arises from the different degrees of investment flexibility, where more investment

flexibility significantly increases the debt overhang cost.

4.3. Comparative Statics

The comparative statics section identifies firm characteristics that magnify the debt overhang

problem. The parameters of interest are: the depreciation rate δ, the income shock persistence ρ,

the shock volatility σ, the sensitivity of revenues to the capital stock α, the tax rate τ , and the

deadweight cost X. Tables 3 and 4 document the results of changing one parameter value at a

time, otherwise holding the calibration constant.

When capital structure can respond to the parameter change, the results with long-term debt in

Table 3 and with short-term debt in Table 4 are qualitatively similar. Instead, a more informative

experiment is performed. For the case of long-term debt in Table 3, the coupon is held at its

optimal ex ante level of 0.03 for the equity-value-maximizing firm and 0.055 for the total-value-

maximizing firm. Table 3 therefore describes the effects of a change in firm characteristics taking

the long-term debt coupon rate as given. In contrast, Table 4 describes the effects of a change in

firm characteristics accounting for the short-term adjustment in capital structure.

Note that the comparative static results with respect to the persistence ρ and volatility σ

parameters are generated while keeping the unconditional mean of the income shock constant. The

shock process used to produce the comparative static results is:

ln θt+1 = ρ ln θt + σεt+1 + (1 − ρ)

{
1
2

(
0.14

1 − 0.6

)2

− 1
2

(
σ

1 − ρ

)2
}

, (29)
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where the benchmark persistence is 0.6 and the benchmark standard deviation is 0.14.

4.3.1. Long-term Debt, Holding the Coupon Constant

An increase in the depreciation rate δ accelerates the rate at which the firm’s capital stock

becomes obsolete. This greater cost depresses firm values and makes default more probable given

the fixed level of long-term debt. In better income shocks, both the total-value-maximizing firm and

the equity-value-maximizing firm invest less. More precisely, the portion of the capital investment

policy function that is identical to both firms in better shocks shifts down. In the worst income

shocks when default becomes likely, the equity-value-maximizing firm invests even less, while the

total-value-maximizing firm invests even more to avoid forgoing the tax benefit and paying the

default cost.19 The investment decisions of the two firms diverge more in bad income shocks,

resulting in a larger debt overhang cost, as reported in Table 3.

An increase in persistence ρ increases the probability that a low (high) income shock occurs

next period given the low (high) income shock this period. In better income shocks, both firms

invest increasing amounts as the income shock improves. In the worst income shocks when the

larger probability of default is more likely to persist, the equity-value-maximizing firm invests even

less and the total-value-maximizing firm invests even more. The investment policies of the two

firms again diverge more in bad income shocks, resulting in a larger debt overhang cost.

An increase in volatility σ makes default more likely. Default occurs in a wider range of low

income shocks. The equity-value-maximizing firm facing low shocks responds by investing even less,

while the total-value-maximizing firm invests even more in order to avoid losing its tax benefit and

paying the deadweight cost upon default. The investment policies of the two firms again diverge

more in bad income shocks, leading to a larger debt overhang cost. This result is contrary to Mauer

and Ott, where an increase in volatility leads to a smaller overhang cost. In Mauer and Ott’s real
19Note that Table 3 reports an increase in the investment ratio I/K, but only because the capital stock level K

decreases more than the investment level I.
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options framework, an increase in volatility increases the value of the option to expand to such an

extent that the increased value makes default less likely.

An increase in the sensitivity of revenues to the capital stock α implies that the firm can

rely more on its capital stock to provide revenues next period. Default becomes less likely. In

better income shocks, both the total-value-maximizing firm and the equity-value-maximizing firm

invest more. The capital investment policy functions shift up. In the worst income shocks, the

equity-value-maximizing firm does not underinvest as much compared to the unlevered firm and

the total-value-maximizing firm does not invest as much. The two investment decisions diverge less

from each other in bad income shocks, resulting in a lower debt overhang cost.

An increase in the tax rate τ has two effects. It decreases the after-tax marginal product

of capital. This lower productivity depresses firm values and makes default more probable. An

increase in the tax rate also increases the tax benefit, which has the opposite effect on firm values

and default probabilities. With the long-term coupon taken as given, the effect of the marginal

product dominates. In better income shocks, both the total-value-maximizing firm and the equity-

value-maximizing firm invest less. More precisely, the capital investment policy functions shift

down. In the worst income shocks when default becomes likely, the equity-value-maximizing firm

invests even less because default is more probable, while the total-value-maximizing firm invests

even more to avoid forgoing its larger tax benefit upon default. Once again, the investment decisions

of the two firms diverge more in bad income shocks, and the debt overhang cost increases. In Mauer

and Ott, the effects of the marginal product and the tax benefit presumably cancel each other out,

so that the overhang is relatively insensitive to the tax rate.

An increase in the deadweight cost X makes default more costly. The default cost does not

affect the leverage ratios much, as the long-term coupon is held constant. When investing, the

equity-value-maximizing firm does not take into account the cost borne by debt claimants upon
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default. Only the total-value-maximizing firm does. In the worst income shocks, the total-value-

maximizing firm invests even more to avoid paying the larger deadweight cost upon default. The

investment decisions of the two firms diverge more in bad income shocks, resulting in a larger debt

overhang cost. This result is consistent with Mauer and Ott who also obtain that an increase in

the bankruptcy cost increases the debt overhang cost.

4.3.2. Short-term Debt

For the case of short-term debt in Table 4, changes in firm characteristics have the same effect

as before, except for the endogenous response of the firm’s capital structure. Changes that prompt

firms to increase their optimal debt levels are associated with larger debt overhang problems.

An increase in the depreciation rate δ, accelerating the rate at which the firm’s capital stock

becomes obsolete, depresses firm values and makes default more probable. Firms re-establish a

comfortable default probability by decreasing their leverage. Less debt leads to a lower overhang

cost. This result is contrary to Titman and Tsyplakov, who obtain that an increase in the de-

preciation rate increases the overhang cost. In their framework, a higher depreciation rate relaxes

the investment irreversibility constraint, so that the total-value-maximizing firm can invest more

near the default point to reduce the probability of default and its associated costs. Titman and

Tsyplakov’s comparative static result indicates that their overhang cost increases when the irre-

versibility constraint is relaxed.

An increase in persistence ρ increases the probability that a low (high) income shock occurs

next period given the low (high) income shock this period. Firms choose a lower debt level in bad

income shocks and increase their debt level more aggressively as income shocks improve. Averaging

over all income shocks, leverage is lower on average, yielding a lower overhang cost.

An increase in volatility σ makes default more likely. Firms reduce their default probability by

decreasing their leverage. Less debt leads in a lower overhang cost.
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An increase in the sensitivity of revenues to the capital stock α implies that firms can rely more

on their capital stock to provide revenues next period. Default becomes less likely. Firms take

advantage of this increased productivity by increasing their leverage, generating a larger overhang

cost.

An increase in the tax rate τ still has two effects. It decreases the after-tax marginal product

of capital. The lower productivity depresses firm values and makes default more probable. An

increase in the tax rate also increases the tax benefit, which has the opposite effect on firm values

and default probabilities. With short-term debt, the effect of the tax benefit dominates. Firms

increase their leverage to take advantage of the tax benefit, resulting in a larger overhang cost.

An increase in the deadweight cost X makes default more costly. Firms react by decreasing

their leverage. Less debt is again associated with a lower overhang cost. This result is consistent

with Titman and Tsyplakov who also obtain a lower overhang cost with a larger distress cost.

5. Conclusion

Since Myers, it has been well known that equity claimants underinvest in the presence of risky debt.

My quantitative analysis produces two results. First, the debt overhang problem, measured with the

total-value-maximizing firm benchmark, is larger with a more flexible investment policy. Second,

a firm’s capital structure influences the distribution of the debt overhang problem over investment

opportunities. With long-term debt, equity claimants underinvest mostly in bad income shocks.

With short-term debt, equity claimants do not underinvest as much in bad income shocks, but they

continue to underinvest as shocks improve. Firms lever up to take advantage of the tax benefit,

thereby maintaining equity claimants’ incentive to underinvest.

From the empirical literature, it is well known that equity claimants underinvest to a greater

extent when investment opportunities are deteriorating. Lang, Ofek, and Stulz (1996) and Hen-
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nessy provide empirical evidence on the investment behavior of firms facing poor investment op-

portunities. An empirical investigation of firms’ investment behavior as it varies with investment

opportunities, investment flexibility, and the type of capital structure would be useful.
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Appendix A. Effects of the Firm’s Decisions on the Probabilities of Default

The firm’s investment I and short-term debt policy (ΔB and ι) affect the probability of defaulting

Φ[θ]

∂Φ[θt+1]
∂Kt+1

= φ[θt+1]
∂θt+1

∂Kt+1
< 0 (30)

∂Φ[θt+1]
∂Bt+1

= φ[θt+1]
∂θt+1

∂Bt+1
> 0 (31)

∂Φ[θt+1]
∂ιt+1

= φ[θt+1]
∂θt+1

∂ιt+1
> 0, (32)

where φ is the log-normal probability density function.
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The default point θt+1 decreases with more investment but increases with a higher debt level

or with a higher coupon rate

∂θt+1

∂Kt+1
= −VKt+1

Vθt+1
|θt+1

< 0 (33)

∂θt+1

∂Bt+1
= −VBt+1

Vθt+1
|θt+1

> 0 (34)

∂θt+1

∂ιt+1
= − Vιt+1

Vθt+1
|θt+1

> 0, (35)

where

VKt+1 = (1 − τ)θt+1αKα−1
t+1 + (1 − (1 − τ)δ) > 0 (36)

VBt+1 = −(1 + (1 − τ)ιt+1) < 0 (37)

Vιt+1 = −(1 − τ)Bt+1 < 0. (38)

Numerical solutions indicate that a higher technology state increases the equity value, but

the magnitude of this effect depends on the economic environment modeled. In the total-value-

maximizing firm model with long-term debt,

Vθt = (1 − τ)Kα
t +

1
1 + r

Et

[
Vθt+11(Vt+1>0)

∂θt+1

∂θt

]
. (39)

In the total-value-maximizing firm model with short-term debt,

Vθt = (1 − τ)Kα
t + 1

1+r Et

[
τBt1(Vt+1>0)

∂ι{Kt+1,Bt+1;θt}
∂θt

]
+ 1

1+r Et

[
Vθt+1

∂θt+1

∂θt

]
(40)

− 1
1+r (τι{Kt+1, Bt+1; θt}Bt+1 + X)∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1

∂ι{Kt+1,Bt+1;θt}
∂θt

.

Finally, in the equity-value-maximizing firm model with short-term debt,

Vθt = (1 − τ)K{Bt, ι{Bt; θt−1}; θt−1}α −
(

∂K{Bt+1,ιt+1;θt}
∂ιt+1

∂ι{Bt+1;θt}
∂θt

+ ∂K{Bt+1,ιt+1;θt}
∂θt

)
(41)

+ 1
1+r Et

[
τBt+11(Vt+1>0)

∂ι{Bt+1;θt}
∂θt

]
+ 1

1+r Et

[
{(1 − τ)θt+1αK{Bt+1, ι{Bt+1; θt}; θt}α−1
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+(1 − (1 − τ)δ)}
(

∂K{Bt+1,ιt+1;θt}
∂ιt+1

∂ι{Bt+1;θt}
∂θt

+ ∂K{Bt+1,ιt+1;θt}
∂θt

)]
+ 1

1+r Et

[
Vθt+1

∂θt+1

∂θt

]

− 1
1+r (τι{Bt+1; θt}Bt+1 + X)

{
∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1

∂ι{Bt+1;θt}
∂θt

+ ∂Φ[θ
S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1(
∂K{Bt+1,ιt+1;θt}

∂ιt+1

∂ι{Bt+1;θt}
∂θt

+ ∂K{Bt+1,ιt+1;θt}
∂θt

)}
.

Appendix B. Effects of the Firm’s Decisions on the Short-term Coupon Rate

Totally differentiating the fair bond pricing equation (18) yields

∂ι{Kt+1,Bt+1;θt}
∂Kt+1

= −
(

1
1+r Et[{(1 − τ)θt+1αK

(α−1)
t+1 + (1 − (1 − τ)δ)}(1 − 1(Vt+1>0))] (42)

− 1
1+r (τιt+1Bt+1 + X)∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

)

/

(
1

1+r Et[Bt+11(Vt+1>0)] − 1
1+r (τιt+1Bt+1 + X)∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1

)

and

∂ι{Kt+1,Bt+1;θt}
∂Bt+1

= −
(

1
1+r Et[(1 + ιt+1)1(Vt+1>0)] − 1 (43)

− 1
1+r (τιt+1Bt+1 + X)∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Bt+1

)

/

(
1

1+r Et[Bt+11(Vt+1>0)] − 1
1+r (τιt+1Bt+1 + X)∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1

)
.

θt is not a decision, but its effect on the short-term coupon rate is needed for computing Vθt .

∂ι{Kt+1,Bt+1;θt}
∂θt

= −
(

1
1+r Et[Vθt+1(1 − 1(Vt+1>0))

∂θt+1

∂θt
]
)

(44)

/

(
1

1+r Et[Bt+11(Vt+1>0)] − 1
1+r (τιt+1Bt+1 + X)∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1

)
.

The above equations apply to the total-value-maximizing firm model with short-term debt.

However, when the firm disregards debt claimants as in the equity-value-maximizing firm model,

the effect of the short-term debt policy (Bt+1 and ιt+1) on investment Kt+1 must be taken into
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account

∂ι{Bt+1;θt}
∂Bt+1

= −
(

1
1+r Et[(1 + ιt+1)1(Vt+1>0)] − 1 (45)

+ 1
1+r Et[{(1 − τ)θt+1αK{Bt+1, ιt+1; θt}α−1 + (1 − (1 − τ)δ)}(1 − 1(Vt+1>0))

∂K{Bt+1,ιt+1;θt}
∂Bt+1

]

− 1
1+r (τιt+1Bt+1 + X)

(
∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Bt+1
+ ∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

∂K{Bt+1,ιt+1;θt}
∂Bt+1

))

/

(
1

1+r Et[Bt+11(Vt+1>0)]

+ 1
1+r Et[{(1 − τ)θt+1αK{Bt+1, ιt+1; θt}α−1 + (1 − (1 − τ)δ)}(1 − 1(Vt+1>0))

∂K{Bt+1,ιt+1;θt}
∂ιt+1

]

− 1
1+r (τιt+1Bt+1 + X)

(
∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1
+ ∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

∂K{Bt+1,ιt+1;θt}
∂ιt+1

))

∂ι{Bt+1;θt}
∂θt

= −
(

1
1+r Et[Vθt+1(1 − 1(Vt+1>0))

∂θt+1

∂θt
] (46)

+ 1
1+r Et[{(1 − τ)θt+1αK{Bt+1, ιt+1; θt}α−1 + (1 − (1 − τ)δ)}(1 − 1(Vt+1>0))

∂K{Bt+1,ιt+1;θt}
∂θt

]

− 1
1+r (τιt+1Bt+1 + X)∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

∂K{Bt+1,ιt+1;θt}
∂θt

)

/

(
1

1+r Et[Bt+11(Vt+1>0)]

+ 1
1+r Et[{(1 − τ)θt+1αK{Bt+1, ιt+1; θt}α−1 + (1 − (1 − τ)δ)}(1 − 1(Vt+1>0))

∂K{Bt+1,ιt+1;θt}
∂ιt+1

]

− 1
1+r (τιt+1Bt+1 + X)

(
∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1
+ ∂Φ[θ

S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

∂K{Bt+1,ιt+1;θt}
∂ιt+1

))
.

Appendix C. Effects of the Firm’s First-stage Debt Policy on the Second-stage

Investment Decision

When the firm chooses an investment policy that maximizes the equity value but disregards the

debt value, debt claimants adjust their behavior accordingly before they decide how much to lend

to the firm. The effects of the first-stage debt policy on the second-stage investment decision are

obtained from totally differentiating equation (26)

∂K{Bt+1,ιt+1;θt}
∂Bt+1

= 1
1+r{(1 − τ)θS(Kt+1, Bt+1, ιt+1)αKα−1

t+1 + (1 − (1 − τ)δ)} (47)
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∂Φ[θ
S
(Kt+1,Bt+1,ιt+1)]

∂Bt+1
/

(
1

1+r Et[(1 − τ)θt+1α(α − 1)Kα−2
t+1 1(Vt+1>0)]

− 1
1+r{(1 − τ)θS(Kt+1, Bt+1, ιt+1)αKα−1

t+1 + (1 − (1 − τ)δ)}∂Φ[θ
S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

)

∂K{Bt+1,ιt+1;θt}
∂ιt+1

= 1
1+r{(1 − τ)θS(Kt+1, Bt+1, ιt+1)αKα−1

t+1 + (1 − (1 − τ)δ)} (48)

∂Φ[θ
S
(Kt+1,Bt+1,ιt+1)]

∂ιt+1
/

(
1

1+r Et[(1 − τ)θt+1α(α − 1)Kα−2
t+1 1(Vt+1>0)]

− 1
1+r{(1 − τ)θS(Kt+1, Bt+1, ιt+1)αKα−1

t+1 + (1 − (1 − τ)δ)}∂Φ[θ
S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

)
.

θt is not a debt policy, but its effect on the second period investment level is needed for computing

∂ι{Bt+1;θt}
θt

and Vθt .

∂K{Bt+1,ιt+1;θt}
∂θt

= − 1
1+r Et[(1 − τ)αKα−1

t+1 1(Vt+1>0)
∂θt+1

∂θt
] (49)

/

(
1

1+r Et[(1 − τ)θt+1α(α − 1)Kα−2
t+1 1(Vt+1>0)]

− 1
1+r{(1 − τ)θS(Kt+1, Bt+1, ιt+1)αKα−1

t+1 + (1 − (1 − τ)δ)}∂Φ[θ
S
(Kt+1,Bt+1,ιt+1)]

∂Kt+1

)
.

Appendix D. Numerical Method

The model is solved numerically using finite element methods as described in Coleman’s (1990)

algorithm. The policy functions Kt+1, Bt+1, ιt+1, and Vt are approximated by piecewise linear in-

terpolants of the state variables Kt, Bt, ιt, and θt. Since the beginning-of-the-period debt variables,

Bt and ιt, do not appear in the Euler equations, the state space reduces to two dimensions: Kt and

θt. This grid consists of twenty uniformly-spaced points for each of these two state variables. The

numerical integration involved in computing expectations is approximated with a Gauss-Hermite

quadrature rule of ten nodes.

The approximation coefficients of the piecewise linear interpolants are chosen by collocation, i.e.,

to satisfy the relevant system of equations at all grid points. The approximated policy interpolants

are substituted in the equations, and the coefficients are chosen such that the residuals are set to
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zero at all grid points. The time-stepping algorithm is used to find these root coefficients. Given

initial coefficient values for all grid points, the time-stepping algorithm finds the optimal coefficients

that minimize the residuals at one grid point, taking coefficients at other grid points as given. In

turn, optimal coefficients for all grid points are determined. The iteration over coefficients stops

when the maximum deviation of optimal coefficients from their previous values is lower than a

specified tolerance level, e.g., 0.0001.

Table 5 documents the accuracy of the numerical solutions of the models with debt financing.

For each model, Table 5 reports two measures of accuracy for a panel of N = 500 simulated firms

over T = 100, 500, and 1000 periods. The first measure of accuracy is the maximal absolute residual

within 95 percent of firm-year observations. For models with long-term debt, this maximal absolute

residual is smaller than 9 × 10−6. Models with short-term debt do not perform as well, as their

maximal absolute residual is smaller than 2.41 × 10−5. For both types of debt, the total-value-

maximizing firm model shows smaller residuals than the equity-value-maximizing firm model.

The second measure of accuracy is the test developed by Den Haan and Marcet (1994), using

the covariance estimator of Newey and West (1987). In accord with Den Haan and Marcet, my

accuracy test results do not appear to be sensitive to the choice of instrument variables, which

consist of the constant and state variables. Table 5 reports the percentage of Chi-square test values

that fall in the lower 2.5 percent tail of the distribution and the percentage of test values that find

themselves in the higher 2.5 percent tail of the distribution. The sample size of T = 100 periods

does not perform well across all four models. For example, 2.8 percent of test values computed

from the equity-value-maximizing model with long-term debt fall in the 2.5 percent lower tail

while an enormous 20.2 percent of test values find themselves in the 2.5 percent higher tail of the

distribution. In larger samples of T = 500 and T = 1000 periods, the accuracy improves but is not

perfect. There typically remain more test values in the higher tail of the distribution than in the
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lower tail.
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Table 1: Overhang with Long-term Debt

Observable: Benchmark: Alternative Benchmark:
Equity-value-max Total-value-max Unlevered Firm

Firm Firm

Leverage Ratio 25.59% 45.57% 0
L/(V + L) (0.0667) (0.0965) (0)

Investment Ratio 14.89% 14.59% 14.81%
I/K (0.1328) (0.1087) (0.1269)

Firm Value 2.0185 2.1091 1.9583
(V + L) (0.4479) (0.4318) (0.4433)

Percentage from:
Value from Operations 96.33% 94.56% 100%

Tax Benefit 3.87% 6.52% 0%
Default Cost -0.20% -1.07% 0%

Difference in:
Firm Values -4.70% 3.18%

Values from Operations -2.61% -0.49%
Tax Benefits -2.85% 4.00%
Default Costs 0.77% -0.34%

Income Shock 1.0189

Note: Leverage Ratio is the long-term debt value L divided by Firm Value; Investment Ratio,
investment I divided by capital stock K; and Firm Value, the sum of equity V and debt L values.
Value from Operations is the expected discounted value of the firm’s investment and production
activities; Tax Benefit is the expected discounted value of the interest payment deduction; Default
Cost is the expected discounted value of the deadweight default cost X. The Difference in Firm
Values is measured by the difference in firm values V +L between the equity-value-maximizing firm
and the benchmark firm over the benchmark firm value. Mean values are reported in the table,
with standard deviations in parenthesis.
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Table 2: Overhang with Short-term Debt

Observable: Benchmark: Alternative Benchmark:
Equity-value-max Total-value-max Unlevered Firm

Firm Firm

Leverage Ratio 51.92% 54.63% 0
S/(V + S) (0.1032) (0.1014) (0)

Investment Ratio 14.99% 14.83% 14.83%
I/K (0.1386) (0.1265) (0.1264)

Firm Value 2.0645 2.1712 1.9587
(V + S) (0.4578) (0.4668) (0.4417)

Percentage from:
Value from Operations 94.36% 94.52% 100%

Tax Benefit 8.90% 9.08% 0%
Default Cost -3.25% -3.60% 0%

Difference in:
Firm Values -5.12% 5.49%

Values from Operations -4.98% -0.46%
Tax Benefits -0.66% 9.39%
Default Costs 0.52% -3.43%

Income Shock 1.0192

Note: Leverage Ratio is the short-term debt value S divided by Firm Value; Investment Ratio,
investment I divided capital stock K; and Firm Value, the sum of equity V and debt S values.
Value from Operations is the expected discounted value of the firm’s investment and production
activities; Tax Benefit is the expected discounted value of the interest payment deduction; Default
Cost is the expected discounted value of the deadweight default cost X. The Difference in Firm
Values in measured by the difference in firm values V +S between the equity-value-maximizing firm
and the benchmark firm over the benchmark firm value. Mean values are reported in the table,
with standard deviations in parenthesis.
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Table 3: Overhang with Long-term Debt for Different Calibrations, Holding the
Coupon Constant

δ = 0.135 δ = 0.145 ρ = 0.58 ρ = 0.62 σ = 0.13 σ = 0.15

Leverage Ratio 23.99% 27.64% 24.44% 28.04% 24.15% 28.37%
L/(V + L) (0.0537) (0.0751) (0.0517) (0.0765) (0.0498) (0.0790)

Investment Ratio 14.32% 15.43% 14.77% 14.95% 14.70% 15.06%
I/K (0.1283) (0.1368) (0.1244) (0.1383) (0.1185) (0.1461)

Firm Value 2.1561 1.8892 2.1139 1.9350 2.1320 1.9199
(V + L) (0.4512) (0.4458) (0.4226) (0.4715) (0.4158) (0.4766)

Percentage from:
Value from Operations 96.47% 96.61% 96.38% 96.53% 96.41% 96.58%

Tax Benefit 3.63% 4.16% 3.67% 4.07% 3.64% 4.10%
Default Cost -0.09% -0.76% -0.06% -0.66% -0.05% -0.68%

Difference in:
Firm Values -3.34% -6.32% -3.13% -5.61% -2.97% -6.11%

Values from Operations -1.07% -4.48% -0.82% -4.07% -0.60% -4.60%
Tax Benefits -2.78% -2.90% -2.83% -2.83% -2.82% -2.83%
Default Costs 0.51% 1.06% 0.52% 1.29% 0.45% 1.31%

Income Shock 1.0188 1.0191 1.0239 1.0130 1.0250 1.0121

Note: Leverage Ratio is the long-term debt value L divided by Firm Value; Investment Ratio,
investment I divided by capital stock K; and Firm Value, the sum of equity V and debt L values.
Value from Operations is the expected discounted value of the firm’s investment and production
activities; Tax Benefit is the expected discounted value of the interest payment deduction; Default
Cost is the expected discounted value of the deadweight default cost X. The Difference in Firm
Values is measured by the difference in firm values V +L between the equity-value-maximizing firm
and the total-value-maximizing firm over the total-value-maximizing firm value. When the capital
structure can respond to parameter changes, results with long-term debt in this table and with
short-term debt in the next table are qualitatively similar. Instead, a more informative experiment
is performed. The long-term debt coupon is held at its optimal ex ante level of 0.03 for the equity-
value-maximizing firm and 0.055 for the total-value-maximizing firm.
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Table 3: Overhang with Long-term Debt for Different Calibrations, Holding the
Coupon Constant (Continued)

α = 0.24 α = 0.26 τ = 0.125 τ = 0.175 X = 0.1 X = 1.0

Leverage Ratio 26.41% 24.19% 24.70% 25.83% 25.64% 25.18%
L/(V + L) (0.0809) (0.0565) (0.0635) (0.0778) (0.0618) (0.0689)

Investment Ratio 15.13% 14.86% 14.86% 14.99% 14.89% 14.89%
I/K (0.1485) (0.1307) (0.1305) (0.1397) (0.1328) (0.1328)

Firm Value 1.8989 2.1389 2.0857 1.9450 2.0241 2.0127
(V + L) (0.4420) (0.4600) (0.4585) (0.4395) (0.4475) (0.4485)

Percentage from:
Value from Operations 97.29% 96.48% 97.20% 96.14% 96.19% 96.85%

Tax Benefit 4.10% 3.67% 3.15% 4.70% 3.88% 3.91%
Default Cost -1.39% -0.15% -0.36% -0.85% -0.07% -0.76%

Difference in:
Firm Values -6.67% -3.66% -3.83% -6.02% -4.46% -4.55%

Values from Operations -4.11% -1.43% -2.21% -3.25% -1.97% -2.81%
Tax Benefits -2.97% -2.78% -2.34% -3.41% -2.75% -2.91%
Default Costs 0.41% 0.56% 0.71% 0.64% 0.25% 1.17%

Income Shock 1.0195 1.0188 1.0189 1.0191 1.0192 1.0189

Note: Leverage Ratio is the long-term debt value L divided by Firm Value; Investment Ratio,
investment I divided by capital stock K; and Firm Value, the sum of equity V and debt L values.
Value from Operations is the expected discounted value of the firm’s investment and production
activities; Tax Benefit is the expected discounted value of the interest payment deduction; Default
Cost is the expected discounted value of the deadweight default cost X. The Difference in Firm
Values is measured by the difference in firm values V +L between the equity-value-maximizing firm
and the total-value-maximizing firm over the total-value-maximizing firm value. When the capital
structure can respond to parameter changes, results with long-term debt in this table and with
short-term debt in the next table are qualitatively similar. Instead, a more informative experiment
is performed. The long-term debt coupon is held at its optimal ex ante level of 0.03 for the equity-
value-maximizing firm and 0.055 for the total-value-maximizing firm.
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Table 4: Overhang with Short-term Debt for Different Calibrations

δ = 0.135 δ = 0.145 ρ = 0.58 ρ = 0.62 σ = 0.13 σ = 0.15

Leverage Ratio 54.27% 49.40% 54.88% 48.24% 55.74% 47.55%
S/(V + S) (0.0978) (0.1092) (0.0957) (0.1135) (0.0937) (0.1146)

Investment Ratio 14.49% 15.49% 14.96% 15.04% 14.88% 15.12%
I/K (0.1386) (0.1386) (0.1360) (0.1412) (0.1297) (0.1477)

Firm Value 2.2141 1.9253 2.1537 1.9630 2.1742 1.9484
(V + S) (0.4431) (0.4515) (0.4362) (0.4809) (0.4297) (0.4852)

Percentage from:
Value from Operations 93.80% 94.97% 94.14% 94.68% 94.05% 94.80%

Tax Benefit 9.15% 8.63% 9.12% 8.63% 9.21% 8.54%
Default Cost -2.95% -3.60% -3.26% -3.31% -3.26% -3.34%

Difference in:
Firm Values -5.14% -4.85% -5.20% -5.10% -5.24% -5.10%

Values from Operations -4.99% -4.75% -5.07% -4.95% -5.12% -4.94%
Tax Benefits -0.65% -0.64% -0.64% -0.70% -0.64% -0.70%
Default Costs 0.50% 0.54% 0.51% 0.54% 0.52% 0.54%

Income Shock 1.0192 1.0192 1.0243 1.0133 1.0254 1.0126

Note: Leverage Ratio is the short-term debt value S divided by Firm Value; Investment Ratio,
investment I divided by capital stock K; and Firm Value, the sum of equity V and debt S values.
Value from Operations is the expected discounted value of the firm’s investment and production
activities; Tax Benefit is the expected discounted value of the interest payment deduction; Default
Cost is the expected discounted value of the deadweight default cost X. The Difference in Firm
Values is measured by the difference in firm values V +S between the equity-value-maximizing firm
and the total-value-maximizing firm over the total-value-maximizing firm value.
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Table 4: Overhang with Short-term Debt for Different Calibrations (Continued)

α = 0.24 α = 0.26 τ = 0.125 τ = 0.175 X = 0.1 X = 1.0

Leverage Ratio 50.34% 53.64% 51.65% 52.13% 54.91% 49.71%
S/(V + S) (0.1065) (0.0996) (0.1020) (0.1042) (0.1030) (0.1019)

Investment Ratio 14.97% 15.01% 14.96% 15.03% 15.22% 14.94%
I/K (0.1371) (0.1401) (0.1371) (0.1402) (0.1413) (0.1367)

Firm Value 1.9518 2.1967 2.1362 1.9941 2.0637 2.0595
(V + S) (0.4441) (0.4725) (0.4681) (0.4474) (0.4469) (0.4628)

Percentage from:
Value from Operations 94.89% 93.83% 95.29% 93.49% 92.79% 95.65%

Tax Benefit 8.69% 9.11% 7.45% 10.33% 8.21% 9.20%
Default Cost -3.58% -2.94% -2.74% -3.82% -1.00% -4.85%

Difference in:
Firm Values -4.95% -5.24% -3.45% -6.95% -7.73 % -4.02%

Values from Operations -4.84% -5.08% -3.45% -6.61% -8.76% -3.76%
Tax Benefits -0.65% -0.67% -0.38% -1.01% 0.16% -0.57%
Default Costs 0.54% 0.50% 0.38% 0.68% 0.87% 0.31%

Income Shock 1.0192 1.0192 1.0190 1.0192 1.0228 1.0186

Note: Leverage Ratio is the short-term debt value S divided by Firm Value; Investment Ratio,
investment I divided by capital stock K; and Firm Value, the sum of equity V and debt S values.
Value from Operations is the expected discounted value of the firm’s investment and production
activities; Tax Benefit is the expected discounted value of the interest payment deduction; Default
Cost is the expected discounted value of the deadweight default cost X. The Difference in Firm
Values is measured by the difference in firm values V +S between the equity-value-maximizing firm
and the total-value-maximizing firm over the total-value-maximizing firm value.
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Table 5: Accuracy of Numerical Solution

Max Absolute Residual Den Haan-Marcet Test Values
Sample Size T within 95% of observations Lower 2.5% Higher 2.5%

Total-value-maximizing Firm with Long-term Debt:
100 6.0059×10−6 1.40% 13.00%
500 5.2497×10−6 0.20% 2.40%
1000 5.0657×10−6 0.00% 5.60%

Equity-value-maximizing Firm with Long-term Debt:
100 8.9619×10−6 2.80% 20.20%
500 8.3451×10−6 3.40% 4.60%
1000 8.3437×10−6 2.00% 3.20%

Total-value-maximizing Firm with Short-term Debt:
100 1.9773×10−5 5.00% 21.40%
500 1.9692×10−5 3.20% 4.00%
1000 1.9593×10−5 2.00% 4.20%

Equity-value-maximizing Firm with Short-term Debt:
100 2.4054×10−5 4.20% 4.20%
500 2.3716×10−5 2.00% 2.00%
1000 2.3589×10−5 2.20% 4.00%

Note: The Accuracy Test is taken from Den Haan and Marcet (1994). The test is computed from
the Euler residuals of 500 different time series, using the consistent covariance estimator of Newey
and West (1987). The accuracy test results are not sensitive to the choice of instruments variables,
which consist of the constant and state variables.
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