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IMPROVED LINEAR INTEGER PROGRAMMING
FORMULATIONS OF NONLINEAR INTEGER
PROBLEMS*

FRED GLOVER
University of Colorado
A variety of combinatorial problems (e.g., in capital budgeting, scheduling, allocation) can
be expressed as a linear integer programming problem. However, the standard devices for
doing this often produce an inordinate number of variables and constraints, putting the
problem beyond the practical reach of available integer programming methods.
This paper presents new formulation techniques for capturing the essential nonlinearities of
the problem of interest, while producing a significantly smaller problem size than the
standard techniques.

1. Introduction

Nonlinearities in integer programming are customarily handled by the use of
techniques involving piecewise linear approximation [3], [14] or involving the trans-
formation of a nonlinear function into a polynomial function of 0-1 variables [1], [11],
and then transforming the polynomial function into a linear function of 0-1 variables
[1], [25], [26]. Methods have also been devised for solving nonlinear integer programs
directly, usually after conversion to 0-1 problems involving separable functions with
certain monotonicity properties (such as polynomials—see, e.g., [4], [9], [10], [12], [13],
[16], [17], [23]). The relative effectiveness of the transformed linear approach and the
direct nonlinear approach depends on the problem to be solved—neither approach
claims a uniform advantage over the other in all cases.

Nevertheless, the transformed linear approach often encounters a severe shortcom-
ing. Standard procedures for “linearizing” nonlinear integer problems (including those
of piecewise approximation) typically involve a radical increase in the number of
problem variables and constraints. Consequently, the gains to be derived from dealing
with linear functions (albeit of integer variables) are quite likely to be nullified by the
increased problem size.

Methods to achieve more economical linear representations of 0-1 polynomial
programming problems have been proposed in [7], [8] in an effort to expand the range
of nonlinear problems for which the transformed linear approach may prove effective.
A useful result in [8] demonstrated the possibility of linearizing 0-1 polynomial
problems by the addition of variables that are continuous (or, more precisely, automa-
tically 0-1 without explicitly imposing an integer restriction), thus giving rise to a
linear integer problem containing the same number of integer variables as the
polynomial problem. The advantage of this derives from the fact that the difficulty of
integer programming problems is usually much more dependent on the number of
integer variables than the number of continuous variables.

However, in the case of nonlinear integer problems that are not naturally 0-1, a
great deal is lost to increased problem size in the initial conversion to a 0-1 problem
before applying subsequent linearization. The purpose of this note is to give proce-
dures for achieving improved linear representations of commonly encountered non-
linearities by giving special attention to this initial conversion as well as by examining
situations in which the variables are already O-1.
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2. A Simple Technique for Linearization by Discrete Variables

Many nonlinearities in integer programming appear in the form of polynomial
functions (e.g., via the use of approximations), and of these a significant number
involve terms no higher than the second order. Such “quadratic” integer programs
arise commonly in capital budgeting [18], [19] and in scheduling [20], [21].

The standard approach to linearizing these polynomial functions is to express them
first as functions of 0-1 variables and then to introduce new 0-1 variables to take the
place of the cross product terms, simultaneously introducing auxiliary constraints to
insure that the new variables will assume the appropriate values. Ways to accomplish
these things economically are proposed in [7], [8]. However, itiis possible to improve
substantially on the previous proposals when dealing with certain types of nonlineari-
ties.

A number of improvements can be realized by linking these nonlinearities to the
following simple situation. Consider a variable w and a 0-1 variable x which are
related to each other by the conditions U, > w > Ly when x =0, U, > w > L, when
x = 1.

A natural way to model this situation is by the pair of inequalities

Up+ (U, — U)x > w > Lo+ (L, — Lo)x. (1)

Difficulties are encountered, however, if the U’s and L’s are not constants, but
variables (e.g., expressions of other problem variables), since then (U, — Uy)x and
(L; — Ly)x will usually be nonlinear, and we must find some way of dealing with
these cross products in order to achieve a linear model. Assume for the moment that
U, > Uyand L, > L, Then we can linearize the cross product terms by means of an
idea of Petersen [21]. Specifically, it is shown in [21] that cross products of the form
xz, with z a nonnegative variable bounded above by a constant M, can be handled by
replacing xz with a new variable y which is required to satisfy

Mx>y>z+Mx—M and z2>y. (2)

Thus, upon identifying appropriate upper bounds, each of the cross products of (1)
can be accommodated by introducing a new variable and three new constraints by
(2), or a total of two new variables and six new constraints to accommodate both of
these cross products. A minor extension of Petersen’s observation makes it possible to
handle (1) similarly when U, > U, and L, > L, do not hold, but we can specify a
more economical approach to dealing with (1) that also implies the extension of (2),
and in which it is necessary only to introduce four new constraints and no new
variables. To do this, we identify constants l70, U L—O, L, etc., such that

Up>Uy>U, Ly>Ly>L, U >U>U, L>L >L,
where “upper bars” represent upper bounds and “lower bars” represent lower bounds.

Then the appropriate set of inequalities is given by
Up+ (U, = Ug)x > w> Lo+ (L, — Lo)x,
U+ (Ty= U )1 = x) > w> L+ (Ly— L)1 = x). (3)

Note that the first pair of these inequalities is actually the same as (1) with the
inclusion of bars in appropriate places, and the second pair is “equivalent” to (1) in a
similar manner.

When x =0, the first of these inequalities becomes U, > w > L,, as desired, and
(upon rearranging terms) the second becomes Uy + (U, — U,) > w > L, — (L, — L))
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Since U, > U,, L, > L, and the quantities in parentheses are nonnegative, the second
inequality is redundant relative to the first. In a similar manner, when x =1 the
second inequality of (3) becomes U, > w > L,, as desired, and the first inequality
becomes redundant.

The foregoing inequalities can help considerably to reduce the number of new
variables and constraints standardly introduced to accommodate cross products. An
example is the “quadratic” capital budgeting problem [15], [18], in which it is desired
to minimize EleNx,d,jx subject to x;=0 or I forallie N={1,...,n}, with all
remaining constraints linear. The standard approach introduces n(n — 1)/2 new 0-1
variables (one for each cross product term). This can be improved in the manner of [8]
which makes these variables continuous (automatically 0 or 1 when the original x,
variables are 0 or 1). By the use of (3) we can reduce the number of new variables to »n
and make them continuous. Specifically, define w, = x, 2 d X Then the desired
restrictions translate into the following conditions mvolvmg w;:

0>w, >0 if x, = 0,

2 X 2 W 2 Zdijxj if x,= 1.
J

Thus, appropriate constants for (3) (with w = w;) are

U= U, = 0=Ly=0,
U,= L, = D;* = the sum (over /) of the positive dy's.
U,= L, = D;” = the sum (over ) of the negative d;’s.

Consequently, (3) becomes

D*x,>w, > D, x,, 2¢jxj~D,_(l——x,)>w 245, — D (1= x;)
J

for w=w, and x = x,, and we have succeeded in modeling the quadratic objective
function by introducing #» new continuous variables (w;, i € N) and 4n constraints.

3. Handling Other Common Nonlinearitigs

Another, more general, nonlinearity is frequently encountered in an objective
function of the form ¥, v, ;e aX;d;); Where, as before. the x; are 0-1 but the variables
y; need not be so constrained. The procedure for handling this is the same as in the
preceding section redefining D,;* and D,” appropriately to provide upper and lower
bounds for ¥ d;y;. A more interesting case is when the integer variables x; are not
constrained to be 0 or 1. Such a situation typically occurs in quadratic capital
budgeting problems in which a project is not merely to be accepted or rejected. but
can be accepted at various levels of investment. It is still possible to accommodate this
within the framework of (3) by expressing each x; as a linear combination of 0-1
variables; e.g.,

N

Xp=lxy+2x5+ - +rx,, xg+txp+ - +x

i i

(4)

where r > x; > 0. Then

xizdy‘_'/_ 2 kX,AE Ij_[
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and (3) can be applied for x = x;, and w = wj,, where w,, = kx; 3 d;y; Consequently,
if D, and D, are upper and lower bounds on k3);d;y; we obtain the constraints

Dy xy > Wy > Dy Xy,
kz_jdij.yj = Dy (1= x3) > wy, > kzjdy')’j — Dy (1= xy)

thus introducing a total of nr new variables (w,) and 4nr constraints (after the initial
replacement of each x; by the 0-1 variables x,,). Alternatively, one may express each x,
in the familiar “binary expansion” of 0-1 variables x;, = x;; +2x,, + 4x5 + - - -
giving roughly log, r integer 0-1 variables for each x;. This results, correspondingly, in
about # log, r new w, variables and 4n log, r constraints. However, I would like to
suggest that this is one instance in which reducing the number of variables may not be
particularly advantageous. The actual number of 0-1 solutions is not reduced in the
binary expansion, and the structure of the “direct expansion” (4), in which a sum of
variables cannot exceed I, is highly exploitable both in the continuous and in the
integer settings. (This is true both in branch and bound [2], [5], [24] and in cutting [6].)

Moreover, the direct expansion actually permits a more substantial reduction in the
number of remaining new variables and constraints than the binary expansion. This is
accomplished by the following generalization of (3).

Consider the situation in which

U >w>L, forx=k, k=0,1,...,r (5)

Via the direct expansion (4) (suppressing the i subscript) the inequalities of (5) can be
modeled by

U+ (U-U)1=x)>w>L+(L-L)1-x) fork=0,1,...,r, (6)

where the constants U,, l_,k, U and L satisfy

U <U, L>L, U>Max (U}, L<Min{L}

and where, definitionally, x, =1 — ¥} _,x,. That (6) accomplishes the intended effect
is immediately apparent; its form is essentially that of the second inequality of (3),
and becomes exactly that of this inequality by the minor refinement of replacing U
and L with U, and L,, where U, > Max, .. ,{(U,}, L, <Min, . {L,}. To use (6)
to linearize the expression 3¢y, jepX;d;); it suffices to introduce a single variable
w; = x,%,,d,y; for each i € M and require

kX dyy; > w > kX dyy; if x; = k.
J J

Thus, letting D,/ and D, represent upper and lower bounds on k3 ;4> as before,
and letting D,* = Max{D, } and D,” = Min{D,; }, the inequalities of (6) become

kzjdr_‘jxj + (Di+ =Dy )1 — xy) > w; > kz_jdijxj + (D7 =Dy )(1 = xy)
fori=1,...,nandk=0,1...r,

introducing a total of only » new continuous variables and » (r + 1) constraints (as
contrasted with nr new variables and 4nr constraints for the preceding use of the
expansion (4)).

It should be noted that the direct expansion immediately accommodates the
generalization of the foregoing to the case in which x; is replaced by the nonlinear
function f(x,), requiring only that k¥ d;y; be replaced by f(k)Xd;y. The binary
expansion, on the other hand, can be used in this situation only if one carries out a
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secondary linearization of the function f(x;), upon replacing x; by its “bit terms.” This
secondary linearization consists in identifying the 0-1 polynomial function corre-
sponding to f(x;) under such a replacement of variables, and then linearizing the cross
product terms of this polynomial—altogether an arduous process requiring the crea-
tion of new 0-1 variables for the linearization of the polynomials.

Moreover, one can use the direct expansion (4) and still get by with only log,
integer variables, using an observation of David Sommer [22]. Suppose one has an
equation of the form x, + x, + - - - + x, =1 in 0-1 variables (x, may be viewed as a
slack variable in the context of (4)). Then these variables can be treated as continuous
upon introducing the new 0-1 variables y;,, i =0, .. ., p, where p is the smallest integer
such that 2?7 > r, together with the associated equations

pti—1
y= 2 2 X i=0....p
h=0 kESy

where S,, is the set of integers k satisfying 0 < k < rand 2'+ h-2"' < k < (h+1)-
2'*!' — 1. This is just a formal way of saying that y, is the sum of all the x, whose
indexes fall in the right half of the interval (0, 1, , 27), y,— 1s the sum of all x;
whose indexes fall in the right halves of the two 1ntervals that result when the initial
interval is split in two, and in general y,_, is the sum of the x, whose indexes fall in
the rlght halves of the 2‘7_l intervals that result when the initial interval is divided into
297! equal parts. (The equation requiring the x, to sum to one must be retained.) This
essentially accomplishes the transformation 3} _okx, = 2#_,2y, in such a manner that
each 0-1 assignment of values to the y, variables will automatically give appropriate
0-1 values to the x, variables. (If 22*! — 1 exceeds r, then the foregoing equation must
be introduced explicitly, or its right-hand side constrained not to exceed r.)

In any event, as in the case of the ordinary binary expansion, it seems likely that
this sort of reduction of the number of integer variables will not lead to real
computational gains over the direct expansion, particularly if one uses approaches
such as [6], [24] to exploit the structure in (4).

4. Concluding Remarks

The simple linearizations proposed in this note are designed to alleviate the
difficulties frequently encountered in representing a nonlinear (or combinatorial)
relationship by means of integer variables. Principally, the proposed procedures seek
to reduce the traditional “blow up” in problem size that.is often a disaster both for
data manipulation and, more importantly, for the algorithms used to solve these
problems. The suggested procedures are straightforward and easy to apply, thus
providing a practical alternative to some of the more cumbersome formulations
currently in use.
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