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Abstract. This paper presents a new surrogate constraint analysis that gives rise to a family of strong valid
inequalities called surrogate-knapsack (S-K) cuts. The analytical procedure presented provides a strong S-K
cut subject to constraininy; the values of selected cut coefficients, including the rigat-hand side. Our approach
is applicable to both zero-one integer problems and problems having multiple choice: (generalized upper bound)
constraints, We also develop a strengthening psocess that further tightens the S-K cut obtained via the surrogate
analysis, Building on this, we develop a polynomial-time separation procedure that successfully generates an S-K
cut that renders a given non-integer extreme point infeasible. We show how sequential lifting processes can be
viewed in our framework, and demonstrate tha: our approach can obtain facets that are not available ro standard
lifting methods. We also provide a related analysis for generating “fast cuts”. Finally, we present computational
results of the new S-K cuts for solving 0-1 integer programming problems, Our outcomes disclose that the new
cuts are capable of reducing the duality gap between optimal continuous and integer feasible solutions more
effectively than standard lifted cover inequalities, as used in modern codes such as the CPLEX mixed 0-1 infeger
programming solver.
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1. Introduction

Consider the zero-one knapsack polytope KP defined as follows:

KP = Convi{x € (0, 1)": Zaj-xj <ap(, 8y

jen

where N ={l,...,r}and 0 <a; <ap Yj € N.
The knapsack polytope has been extensively investigated for the last 30 years. The main
focus of interest has been to study the polyhedral structure of the polytope (for example,



152 GLOVER, SHERALI AND LEE

see [1, 2, 18, 24, 26], to name a few). Another research direction in regard to the knapsack
polytope has been in the context of generating tight relaxations via the process of surro-
gating the original constraints into a single knapsack constraini. The works of Glover [9,
11], Karwan anc. Rardin [21], and Greenberg and Pierskalla [ 15, 17] are examples of this
approach. As demonstrated in the results of Crowder et al. [6] and Hoffman and Padberg
[20], even a partial knowledge of the polyhedral structure of the knapsack polytope associ-
ated with individual problem constraints can significantly enhance the overall performance
of branch-and-cut algorithms. This is particularly true if the problem is sparse, a property
exhibited by marny real world zero-one integer programming problems. Consequently, most
mixed integer programming solvers implement several cut generation features based on the
polyhedral structure of the knapsack polytope (for example, see {5)).

In this paper, we present a new cut generation scheme based on a surrogate constraint
analysis that creates an appropriate nonnegative linear combination of the knapsack con-
straint with bourding inequalities of the form x; < 1, Vj € N, and then derives a special
class of the Gomory all-integer cuts [14]. By coordinating the determination of surrogate
constraint parameters with the associated cutting plane coefficients, we extend the work
of Glover [10, 11] which shows how to generate coordinated parameters for combining
a cutting plane with its source constraint, to yield stronger “fractional cuts” for eliminat-
ing non-integer linear programming vertices. Our analysis also includes strengthened cuts
in relation to the multiple choice (generalized upper bound) knapsack polytope GUBKP
defined by

GUBKPEConv[xe(O,l)":Z Zajxjgao,Zx/SIVieM , 2)
ieM jeN; jeN;

where 0 < a; <ay Yj € N, M ={1,...,m}, and where | J;.,, i = N = (1,...,n},
with N; A N; =pfori,je M,i # j.

This paper is organized as follows. In Section 2 below, we present a new family of strong
valid inequalities, called surrogate-knapsack (S-K) cuts, based on a surrogate constraint
analysis. This analytical procedure generates a strong surroga‘e-knapsack cut satisfying
prescribed bounds on the coefficients of the cut. We also develop a strengthening process to
further tighten this cut. Subsequently, in Section 3, we develop a separation procedure for
identifying a violated surrogate-knapsack cut that deletes a given fractional linear program-
ming solution. Moreover, we show that this separation procedure can be implemented in
polynomial-time In Section 4, we present another strengthening procedure to derive a par-
ticular class of the surrogate-knapsack cut, and exhibit how the standard sequential lifting
process can be viewed in this framework. We also show that our analysis yields facets that
cannot be obtained by customary lifting approaches. Section 5 provides a related analysis
for generating “fest cuts”. Section 6 presents some preliminary computational results on the
new S-K cut for snlving 0-1 integer programming problems. Section 7 concludes the paper.

2. Surrogate-knapsack cuts

We begin by considering the knapsack constraint given in (1), and later show how our
results extend to the GUB knapsack polytope of (2). For a given set J € N, we surrogate
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the bounding constraints x; < 1, j € J with the knapsack constraint ZjeN ajxj < ap
using nonnegative surrogate multipliers u;, j € J, and uo, respectively. By summing and
rounding down the coefficients of this surrogate constraint, we can generate a ‘‘surrogate-
knapsack cut” as an instance of those characterized in [9], where in this case, the cut derives
from the formulation of Gomory [14]. (These classes of cuts are also referred to as Chvital-
Gomory cuts, in recognition of an exploration of their properties by Chvatal [4]-—see, for

example, [23].) The resulting cut is of the form

ZLuoaj—Fuijj—FZLuoaj_xj < [uoao+2ujJ, 3

jel jed jelt

where J = N — J and |- denotes the rounded-down value. Die:rich and Escudero [8]
show that some of :he well known cover, clique and coefficient reduction cuts can be
derived as certain simple instances of this type of cut. We will, however, be concerned
with the development of a surrogate constraint analysis that generates a new class of strong
cuts having somewhat broader properties. Moreover, this surrogate constraint analysis will
enable us to prescribe a separation scheme for identifying a cut of the type (3) that deletes
a given fractional linear programming solution, and for developing new types of facets.

To begin, suppose that we are interested in constructing a cut of the type (3) that has
coefficients greater than or equal to some prescribed integers b; > 1,Yj € J, while
having as small a right-hand side as possible. Hence, we would like to solve the following
“surrogate constraini”’ problem SC.

SC: Minimize uoao+ZuJ-
jet
subjecttc wuoa; +u; >b; VvVjelJ 4)
up>0u; >0 Vjel.

We can project Problem SC onto the space of the variable u¢ by noting that given uo, we
can construct an optimal solution by selecting

uj = max{0, »; —upa;} VjeJ
The dual to SC is given by the following bounded variable knapsack problem.

DSC: Maximize »_ b;x;
jed
subject to Zajxj <ap
jel
0 < X < 1 V_] e J.

Now, let us assume that

Zaj > ap (&)

jes
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or else up = 0 solves SC yielding an inconsequential cut (3). Then, assuming for conve-
nience that

b b
J=1{l,...,r) andthat — <% < -s?i, (6)
a) a ar
let us find the largest index p, 1 < p < r, such that
r
a— Y a;<0. (7

j=r
[t follows then that an optimal basic feasible solution to DSC has basis B = {a,,}, yielding an
optimal dual solution u§ = by, /a,,. Hence, from SC, we then have u} = max{0, b; — uoa;)
for all j € J. Thz optimum solution to Problem SC is therefore given by

b b
wg=-t, wi=bj—--La; VjeJ*, and =0 VjeJ-J", (8)
ap ap
whereJ*:{jeeJ:%z%}.

Consequently, defining J* = N — J*, the cut (3) would be g ven by

Zb,-xj %-ZLuSaj_lxjs [u(’;(ao—Za,)—i-ijJsbg. 9
jel* jeJ* jeJ* jeJ*

Now, let us strenzthen (9) further by manipulating ujj to u§* > 1§ such that the right-hand

side in (3) remais the same as that derived in (9), while possibly improving (increasing)

the coefficients cn the left-hand side of (3). Denote the right-hand side in (9) as b}, and

choose 0 < € < 1, as a small positive quantity (to be prescribed later). We now wish to

find the surrogate: coefficients in (3) by solving the following problem.

SCR: Maximize uyp
. LV &3
subject to u0a0+>_duj=b0+1—e
jeJ
uoaj—!—ujzbj, VjEJ
uon,ujZO VjEJ.

Remark 1. If tie expression in {-| on the right-hand side of (9) equals b§ + fo.
where 0 < fo < 1, then by selecting bj + 1 — e > by + fo, ie, 0 < € < 1 — fo,
we are assured that the optimum value in Problem SCR will be at least uj. We therefore
prescribe € = min{0.01, 1 — fu}.

Problem SCR can be restated as follows.
SCR: Maximize ug

subject to  uoap +}:uj =bf+1—€) =by (10
jel
> M yiey an
aj aj

ug >0, ujZO Vjiel.
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Note that an upper bound on Problem SCR is

%k . . . . b** .
up=—— which is feasible iff u; =0 Vj € J is feasible, i.e., > > —L Vj € J.
ap ’ o aj

(12)

If (12) is infeasible, then the optimum value is less than b} /ay, and at an extreme point
optimum to the linear program SCR, it is easy to see that for each j € J, eitheru; = 0
or the corresponding constraint in (11) is binding. Moreover, notirg (6), we have that at

optimality, there exists a J** = {¢q, ..., r} € J such that
b, u; b;
wo=-L—-—-L Vvjers*, and wuy>-=<L Vjes-—-J* (13)
aj aj aj

Equation (10) would :hen determine the optimum ugy = uj* viaaouo+- Zje!“ (bj—uoa;) =
bg*, as
o bS* - Z:jej" bj

uy = ; . (14)
0 ao—Z,jE_,..aj

Therefore, from (13). we would get the corresponding optimal values of u ; as

= [bj —ajuy” forjeJ*
"=

0 forj e J —J* (15)

where J** is determ ned via the largest index 1 < g < r for which u§* of (14) satisfies
(13), or equivalently, either g = 1, or

ugt > Pl ifg 2. (16)
aq—l .

Hence, (14) and (15) would then determine the desired cut as

Z ijj + 2: I_u{)*a,-_lx,- < ba, (17)

jer jer
where J* = N — J**.
Example 1. Consider the following knapsack polytope.
KP = Ccnv{x € (0, 1)*:25x; 4+ 11x5 + 11x3 + 10x4 < 44}
with J = {1,2,3,4}, and b; = 1, Vj € J, so that (5) and (6) ncld. From (7), we first

find that p = 1, and so from (8), we get uf = 1/25, J* = {1,2,3,4} with u] =0, u; =
14/25, uy = 14/2%, and u} = 15/25, which yields by = |—13/25 + 4] = 3 as the

~ 3

right-hand side of (9). Hence, the cut (9) is given by

X+ X2+ x34-x4 <3, (18)
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To strengthen this to the form (17), we first test (12). Here, if uq == oF /a0 = (b5+1—€)/ag
= 3.99/44, where € = 0.01, we get up < bs/as = 0.1. Hence, we apply (14), (15) and

(16) to obtain the following trials.

(1) J** = {4) and uf* = 2.99/34 = 0.0879 < 1/11; hence, (16) is violated.
(i) J** ={3,4-and u{* = 1.99/23 = 0.0865 < 1/11; hence, (16) is violated.
(iil) J** ={2,3.4} and ug® =0.99/12 = 0.0825 > 1/25; hence, (16) holds true.

)

So, at optimality, u5* = 0.0825, and the set J** = {2, 3,4}, J* = {1}. This produces
the cut (17) as 2x; + x2 + x3 + x4 < 3, noting that [0.0825(25)] = 2.

Remark 2 (Extension to the GUB knapsack polytope). We now see how our preceding
analysis also applies to the GUB knapsack problem defined in (2). Here, we choose the
set J € N to centain the index of at most a single variable from each GUB set N; for
i € M. Thatis, [N;NJ} < 1, Vi € M. Letting M; = {i ¢ M:|NNJ| = 1), we
apply the surrogate multiplier u;, for each i € M}, to the corresponding GUB inequality
ZjeM xj < 1. Then, it is readily shown that our analysis goes through as before, with
suitable refinemet of notation, except that we now strengthen additional cut coefficients.

3. A separation procedure for the surrogate-knapsack cuts

Now, suppose that we are given a solution X to the linear programming relaxation that
happens to be fractional, and that we are interested in generating, if possible, a (tight)
constraint of the tvpe (3) that deletes x. Preferably, we would like this valid inequality to be
a facet of KP. Tovard this end, let J = {j € N : X; > 0} (or somz suitable subset thereof),
and let us first tr to generate a valid inequality of type (3) thet has coefficients greater
than or equal to | for all j € J, and that has the smallest right-hand side value. Hence, by
Eq. (18), we can select surrogate multipliers as

1 a e
up=—, u;=1-—-—= V¥jeJ* and u;=0 VjelJr
a a
P 2

where J* = {p,...,r} € J is defined by selecting p via (7). This yields a surrogate-

knapsack cut of thi: type (3) or (9) as follows, where we have used (7) to derive the right-hand
side.

IES 3 4 UEITERt (19)

jel jer

Note from (7) that 37 ;. x; < |J*| — 1 is a valid cover inequality and so, (19) is a
strengthening thereof.

Now, we can formulate a separation problem to generate a cut of the type (3) whose
right-hand side is less than or equal to |J*| — 1 as in (19), but which maximizes the left
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hand side of (3), so as to possibly delete £. This can be stated as follows.

SEPO: Maximize Z luoa; + u;|x; (20
Fel
subject to  upap + Zuj =[J"—¢€
el

up >0, u; >0 Vjel,

where O < € < 1 is 10 be specified later, but can now be viewed as simply requiring the
right-hand side of (3) to be given by that in (19). Since luga; +u;| Vj € J are integers,
problem SEPO can be rewritten as

SEPO: Maximi:e Zyjij
jel
subject .0 ugag + Zuj =|J*—€
jel
waj+u; =y, vjel
up >0, u; >0, yjinteger VjeJ.

Ideally, we would like to be able to solve SEPQ efficiently (in polynomial-time). Barring this
possibility, we instead consider the following related problem. This problem is equivalent
to including y; > 1 ¥j € J and relaxing integrality on y in the foregoing restatement of
SEPO.

SEP1: Maximize Z(uoaj +uj)x; = voup + Z uik; 2n
jed jed
subject to  upag + Zuj =|J*—€
jel
upa; +u; > 1 vjelJ (22)

up >0, u; >0 Vjel,

where vo = 3., a;%;.

Note that besides removing the rounding operators from (20), we have also added the
constraints (22) in SEP1. Without (22), the solution to SEP1 would simply put ug = 0
andu; =0, Vj € J — ji, where ji = argmax{x;:j € J}if ¥; = vo/ay (as would be
the case if any X; = 1, for example) and lead to the trivial facet constraint x;, < 1. Also,
note that the linear program SEP1 is specially structured and admits an efficient solution
scheme. Toward this end, consider a projection of problem SEPI onto the space of the
single variable ug. This yields,

max Voo + max E uix;

up=>0 il
subject to Zuj = |J* —e —ugag (23)

jel
—Uj < Upd; -1 VjelJ (24)

u;p>0 Vjel.
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Defining 7ro and7;, j € J, as the dual variables associated with (23) and (24), respectively,
this problem becomes

{‘I(}g)é I:vouo + ’,2‘,? [(IJ*l —€ —upay)my + ;(uoaj - D :0<m; <my—%; Vje]”.
j

(25)

Let £;, = max{X;:j € J}. Then, noting the structure of the inner minimization problem
in (25), we can restate (25) as follows:

max l:vouo + min [(|1*| — € — upag)To + Z(no — %;) min{uga; — 1, O}”. (26)

ug>0 To> X -
=% jeJ

Observe that fcr the inner minimization problem over 7y to be bounded in (26), the coeffi-
cient of 7y must be nonnegative, i.e., we must have

¢ (o) = (IJ7] — € — uoao) + »_ minfuoa; — 1,0} = 0. Q@7
jelJ

Then, whenever (27) holds true, the inner minimization problem in (26) is solved by
7o = X;,. Hence, (26) is equivalent to the following problem.

Maximizz  f (o) = l:vouo + (1" — € —uoao) k), + Y _ (&, — &) min{uoa; — 1, 0}]
jed
(28)
subjectto  ¢(up) >0, wuo>0.

We now solve (28) to recover an optimum to SEP1, noting that this procblem seeks the max-
imum of a pieczwise linear concave univariate function over a bounded interval [ug;, ug2]
defined by (27) and up > 0. In the algorithm given below, we first find ug, using Newton’s
method to determine the roots of (27). Note that at any given value of ug, defining

Tt (ug) = {j € J:aL > uo} and J (up) = {j € J3L. > uo}, 29)

J aj

we have that the right-hand and left-hand derivatives f*(uo) and f~(uo), respectively, at
ugp are given by

fF(ug) == vo — aokj, + Z 6; and f7(uo) = vo — aokj, + Z 05, (30)
jeJt(ug) J€7™ (o)

where §; = (; — X)a; Vje J.

Hence, if £~ (1z) > O, then we have uf = ug, at optimality in (28). Else, ug < ug,.
We next find the distinct values v; < v, < - -+ < v, taken by ;'17, j € J, that are less than

ug, and determine the largest index 1 < k& < ¢ for which f~(v) > 0. (This is easily
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accomplished via (25) and (30).) If either k is nonexistent or ¢ (vr) found from (27) is
negative, then u = ug;. Otherwise, uy = vg. In case we conclude that u; = upj, this
value is computed similar to ug, by using Newton’s method to find the roots of (27). The
procedure is stated fo-mally below.

Algorithm to solve (1!8)

Step 1 (Find u; using Newton’s method).

(@) Letug = (|J*| — €)/ay.

(b) If ¢(uo) > O, let upy = up and proceed to Step 1(c). Else, compute the left-hand
derivative § of $ at ug as § = —ag + Zje.l‘(uo) a;. Update ug < ug — ¢ (10)/8 and
repeat Step 1(b).

(c) If f7(uo2) = 0, go to Step 4. Else, proceed to Step 2.

Step 2 (Determine the best breakpoint of (28)). Let v; < v, < --- < v, be the distinct
values taken by 1/c¢;; for j € J that are strictly less than ug,. Find the largest index & in

{1, ..., ¢t} for which f~(v) > 0 via (29). If k is nonexistent, proceed to Step 3. Else,
determine ¢ (vy). I ¢ (v,) < 0, ther proceed to Step 3, and otherv/ise, put ug = v and
go to Step 4.

Step 3 (Find u; using Newton’s method)

(a) Putyg = 0.

(b) If ¢(uo) = 0, let ugy = up and go to Step 4. Else, compute the right-hand derivative
Sofpatugasd = —ap+ Zjeﬁ(uo) a;. Update ug < uo - ¢(uo)/$ and repeat
Step 3(b).

Step 4 (Optimum for SEP1). Put ug = uo, uj = 1 —uga; Vj € J*(ug) — ji, u; =0
VjieJ—JY(ug) - ji, and wi = |J* — € — ugao — Zje.l*(u(‘,)»—jl us = ¢(ug). Use
(ug, 1*) in (3) to derive the required cut.

Remark 3. Note that ug = —al— yields a feasible solution for Problem SEP1, and hence, it
P
satisfies (27). Therefore, Steps 1 and 3 of the above algorithm are well defined.

The algorithm describzd above can be used for a variety of different cut generation schemes
that are different in their choice(s) of the objective function in (21). Remarks 4 and 5
address some such cases.

Remark 4.  After having derived (19), we might choose to simply maximize ug s0 as to
leave the right-hand side in (19) unchanged, but to possibly improve the coefficients on
the left-hand side of (19). We can accordingly construct the problem SEPI, replacing
vo by 1 and £; by O for all j € J, and solve this resulting problem using the foregoing
algorithm. Note that ty (29) and (30), Step 1(c) of this procedure would necessarily detect
[ (ugz) = 1 > 0, and hence terminate the procedure at Step 4. (That is, u; would be the
desired maximum value.)



160 GLOVER, SHERALI AND LEE

Remark 5. Note that in Problem SC and SEPI, we can replace the minimum coefficient
values of one in constraints (22) by some general integer values b; > 1 Vj € J. In Problem
SC, scaling each constraint (22) by its corresponding b;, and denoting

4 : ’ uj

a;=— VjeJ, and u,=-—= Vjel,
I b, Ay

we can solve :he following problem using a scheme identical to that used for solving
Problem SC.

Maximize aouo + Y _ bju;
jel
subject to uoa} + u’j >1 Vjel
uon,u'ij Vjield.

Likewise, for Froblem SEPI, the following modifications would occur. In Egs. (27), (28),
and (29), the tevm | would be replaced by b;, Vj € J. (Equation (30) remains unchanged.)
With this revision, the algorithm would follow identically, except that - should be replaced
by - —L at Step 2, and 1 should e replaced by b; in defining uj at btep 4 for each j €

J+(u0) —Ji.

Remark 6. 'W: now prescribe a value for €. Let the optimal objective value for Problem
SC that resulted in the cut (19) be given by b + fo, where by = |J*| — 1 is integer valued
and O < fy < 1 is the fractional part of this value If we select b§ + 1 — € > b + fo, i.e.,
€ < 1 — fy, we are assured that the maximum value u, for ug in the above procedure w1Il
be at least that obtained at optimality for Problem SC. Hence, we can select

€ = min{0.01, 1 — fu}.

FExample 2. Consider the knapsack polytope KP given in Example 1. Note that KP can
be tightened by using the standard coefficient reduction scheme (for example, see [23]) to
yield the following. (We remark here that Dietrich and Eseudero [8] show that this kind of
coefficient reduction can also be obtained via a surrogate procedure.)

KP = Conv{x € (0, 1)*: 13x; + 11x, + 11x3 + 10x4 < 32}.

Suppose that the linear programming solution that we are trying todeleteis X = (1, 1/2, 1/2,
1/2). With J =:{1,2,3,4}, and b; = 1 Vj € J, we get via (7) and (8) that p = 1 and we
getug=1/13,2nd J* = {1, 2, 3, 4). This gives (19) as

X +xtx3+x <3 €Y

which is a cover inequality (but not minimal; it is implied by the minimal cover inequality
(x; + x5+ x3 < 2). On the other hand, solving Problem SEP| via the prescribed separation
algorithm, we obtain the following, using € = 0.01. Note that vy = 29 and X = I, with

lel.
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Step 1. ug = 3.99/32 gives ¢ (19) = 0. Hence, ugy = 3.99/32 and J~(ugy) = ¢, so that,
f—(ltoz) =29-132<0.

Step 2. {vi,... v} = {1/a;, j € J}. Also, {a;(%}, — %)} = {0,55,55,5) = {6;).
Hence, f~(u) = (29 =32+ 3.1, -, 6;- This yields k = 4, vy, = 0.1, and
¢(0.1) =399 — 3.2 =0.79.

Step 4. Hence, uj = 0.1, u;‘. =0forj =2,3,4, and ui =3.99 —32 =0.79. This yields
the cut (3) given by

2X1+X2+X3 +X4S3. (32)

Note that (32) deletes & and is a facet for the knapsack polytope KP. In fact, the separation
problem of Crowder ¢t al. [6] yields the minimal cover inequality x, + x; + x3 < 2, which
is itself a facet, but waich does not delzte £. Also, note that the cut (32) is not available by
the usual (simultaneous or sequential) lifting of any minimal cover inequality of KP,

Remark 7. 'We remerk here that the cut (32) is available by spec:al lifting procedures of
the minimal cover inequality described as follows.

Note that the knapsack polytope KP in Example 2 is a full dimensional polytope. Since
C = {1,2,3} is a minimal cover set, x; + x, + x3 < 2 is a valid inequality for KP.
Considering a partition (Cy, Cy) of C, where C; = {1} and C; = {2, 3}, we have that
X2+ x3 < lisafacet for KP(1,4) = KP N {x; = 1, x4 = 0}. Applying the simultaneous
lifting procedure of Zemel [27], we can identify facets for KP of the type

(1 —x1) +x0+x3+oagxg < 1,
where the cut coefficients (v, o) are extreme points of the polyhed-al cone
A={a <—1 o +as <~1, a4 <1}.

This polyhedral cone A has two extreme points given by (&, ay) = (=2, 1) and (—1, 0).
The first extreme point generates the facet 2x; + x + x3 + x4 < 3, while the second one
yields x; + x, + x3 =2 2. Note that the first facet is (32), which we obtained by applying
the surrogate-knapsack cut procedure in Example 2.

As Hoffman [19] »oints out, observe that finding the first extreme point (o, a4) =
(=2, 1) can be viewed as a sequential lifting procedure of the partitioned minimal cover
inequality. Specifically, if we project out variables x; at 1 and x4 at 0, and generate a
minimal cover over the fractional variables, we obtain the inequality x; + x3 < 1. By
lifting back variable 54, we get x, + x3 + x4 < 1, and by lifting back variable x;, we get
2x) +x2 +x3 4+ xg <3,

However, note tha: our method may find a facet of the underlying problem polytope,
which is not available: by any lifting procedure applied to minimal cover inequalities. For
example, suppose tha: the original problem constraints included the restrictions 5x; +5x2 +
S5x3 4+ 5x4 <14, x1 --x, +x3 < 2, and x; < 1. Note that the LP solution of Example 2
satisfies each of these constraints. The first constraint is equivalent to x; +x; +x3+x4 < 2,
and the other constra nts are already facetial. Hence, the facet 2x; 4 x2 + x3 + x4 < 3 is
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not available from any single constraint, although the facet representing the first constraint
cuts off the LP solution. However, using surrogate multipliers of 2, 1, and 2 with respect to
the above three constraints, respectively, yields the knapsack constraint of Example 2, for
which the mentioned facet is derived. Therefore, although tais facet is not available from
the individual constraints, regardless of any lifting strategy, it is indeed available via the
particular surrogate knapsack polytope using our method.

Remark 8. Note that if we solve the problem of Remark 4, for KP given by Example 2,
we obtain uj = 3.99/32, u; =0 Vj € J, and the cut (3) is given by (31) itself, which does
not delete x, and is in fact, dom:nated by the minimal cover irequality x; + x; + x3 < 2.
However, in Example 1, using the original non-coefficient-reduced knapsack constraint, we
did obtain (32) via the procedure suggested in Remark 4. Hence, it is possible that a weaker
knapsack constraint can generate a tighter cut via this procedure.

Remark 9. Inconcluding this section, we remark here that there are several possible ways
to tighten the S-K cut (3) after having the derived the surrogate multipliers ug and u;, j € J.
We mention one such technique here, and computationally test this scheme later in Section 6.

Suppose that the surrogate constraint derived is of the form ),y ajx; < wpo, so that
(3) is given by ZjeN laj]x; < lag). Instead of deriving (3) by rounding down all the
coefficients on 1he left-hand side of the surrogate constraint, let us partition N into sets J;
and J, where the coefficients in Jj are rounded down but those in J; are rounded up. Define
fj, j € N and % according to

aj=lajl+f; VjeN, a=lao]+ fo
and suppose that the set J, satisfies

0<fj<l, Vjel, and f0+Z(l_fj)<l-

jeh

Using this condition, and writing the surrogate constraint as

3o lelxg + Y Toley = Lol < fo+ ) (U= f)x; = ) fix),

jel, jeh jeh jely

we observe that the right-hand side is less than 1 for any binary x. Hence, we can derive a
Gomory cut of the form,

> laglxi + ) Teylx; < laol,

jeh jeh

which is a strengthened form of (3). (Extensions of this analysis to general bounded integer
variables are also evident.)

As an illustration, consider KP of Example 2. Using ug = 1/10and u}; =0Vj € J, (3)
yields the inequality (31) that is dominated by the minimal cover inequality x1 +x; +x3 < 2.
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However, noting that fo + (1 — f1) = 0.2 4+ 0.7 = 0.9 < |, the strengthened version of
(3) derived as above is given by 2x; + x; + x3 + x4 < 3, which is a facet of KP.

4. Strengthening tlhe surrogate-knapsack cut: relationship
with a sequential lifting process

In the previous section, after formulating the separation Problem SEPQ, we chose to solve
its variant given by SEP1. Instead of maximizing the weighted sura (21), examining (20),
we might have ordered the terms in (20) in descending values of %;, j € J, and then
sequentially maximized each term or coefficient (uoa; +-u;), j € J, in this rank order. For
any such term (upay + uy), say, the objective functionin (21) wouldbe asif vp = a;, % = 1,
and ij = O for j # k, but in the constraints (22), we would now replace the right-hand side
of 1 by the previously determined maximum coefficient for the terms already considered
thus far in this sequential process. Theorem 1 below addresses the relationship between
this sequential proces: and the usual sequential lifting process (for example, see [23]).

Theorem 1. Suppose that (19) is of the type Zjej. xj < |J*| —1and is aminimal cover
inequality. Consider the foregoing sequential process for determining the cut coefficients.
Here, given coefficients m; > 0, j € L D J* up to some stage, we select t € L (the
complement of L) and solve Problem SEPLS given below, letting m, equal the rounded-
down optimal objective value.

SEPIS: Maximize (upa, + u,)

subject to  ugagy + Z: uj=|J"|—e 33)
jeL--{1}
uoaj—i—uj Eiﬂj V_]GL (34)

ug > 0, uj_>_0 Vj€L+{t}.

Let 0 < € < minjen{l/a;}. If for each stage, Problem SEP1S yields u, > 0 at optimality,
and furthermore, if 7, < 1 for each t except perhaps for the final t considered, then the
resulting cut is a face: of KP.

Proof: Consider Problem SEP1S and suppose that 7; € {0, 1} Vj € L. Furthermore,
assume that )~ ., w;x; < |J*| — Lis a valid inequality that is a facet of the restricted
knapsack polytope, KP(L) = KP N 'x; = 0, j € L}, in which the variables in the
complement L of L have been fixed at zero, as determined by the sequential lifting of
the given minimal ccver inequality using the procedure of Balas and Zemel [2]. Note
that this is true for L = J*. Inductively, we will prove the assertion of the theorem by
demonstrating that the coefficient 7, determined via Problem SEP1S would then coincide
with the coefficient 7z;-, say, that would be obtained via Balas and Zemel’s sequential lifting
process.

Toward this end, consider the dual of Problem SEP1S. This is given as follows, where
xo and x;, j € L, are the dual variables associated with the constraints (33) and (34),
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respectively.
Minimize  (JJ*] — €)xo — Zn,x, (35)
jeL
subject te  agxg — Zajxj > aq

jeL
OSXJ‘SXO Viel, xy>1.

Since u, > Oatoptimality by our hypothesis, the related complementary slackness condition
asserts that xy == 1, and so, we have,

7, = rounded-down value of {|J*| — ¢ — max Z TiX; 36)
jeL
subject to Zajxj <ay—a
JjeL

0<x; <1 VjelL.

Note that from Balas and Zemel'’s procedure, we would have obtained

nf=(J) =D —max Y mx (37
JeL

subject to Zajxj <ap—aq (38)
jeL

x; € 1) VjelL.

Let v(LP) ancl v(IP) respectively denote the optimal values of the maximization problems
in (36) and (37). Noting that 7; € {0, 1} Vj € L, v(IP) is determined by considering
L'={jeL:mj=1}2 J* ordering the indices in L’ in ascending order of a;, and then
by setting x; = | for j € L’ in this order, while the sum of the corresponding a; remains
less than or equal to (ap — a,). But v(LP) is determined in the same manner, except that
after sctting the final variable at unity as for v(IP), we also set the next variable x,,, say, at
xp = $/a,, where O < 5 < a, — 1 is the slack in (38) at optimality. Hence, we have,

a, —1

»(LP) = v(IP) + a—s— <v(P) + <v(P) + (] —e). (39)

P ap
Therefore, from (39), we obtain [J*| — € — v(LP) > [J*| — | — v(IP) = nF, and so,
mo=||J|—e—v(LP) | >l (40)

< |J*]—lisafacetof KP(L+t) =KPN{x; =0, j € L—{t}}

Butsince 3, mjx;+m) %
by Balas and Zemel’s procedure, and since Zjel_ 7ix; + mx, < |J*| = Lis valid for KP
via Problem SEPIS, and hence, it is valid for KP(L + ¢), we must have 7, < n,L. This
together with (40) establishes that 7, = n/*, and hence, the proof is complete. O



GENERATING CUTS FROM SURROGATE CONSTRAINT ANALY SIS 165

Example 3. Suppose that after deriving (31) as in Example 2, we riow attempt to lift the
coefficients in the order {1, 2, 3, 4}, of decreasing £; values. For maximizing (ajug + u,),
taking vo = a; = 14, and X; = I, ¥; = 0 Vj # 1, we get the following steps of the
algorithm.

Step 1. As in Exampl: 2.

Step 2. {vy,...,v,) = {%, J € J}and 6; = {0, 11, 11, 10}. Herce, f~(v) == (13 —
32) + thl/a,zw ?;, which yields, k = 3, v, = 1/11 and ¢ (ve) = 3.99 — 32/11 +
(10/11 — 1) = 0.99.

Step 4. Hence, ug = /11, uj = 1 — 10/11, u} = u} = 0, and u} == ¢ (u}) = 0.99. This
yields the cut (3) given by

2x; 4+ X2+ x3 + x4 <3,

which is the same a3 (32). Since this is already facetial, we know that a further sequential
maximization of the other coefficients will not yield any further imgrovements in this cut.

Remark 10. Note that in contrast with the sequential lifting process, each stage of the
surrogate-knapsack cut process embodied by solving SEP1S, determines surrogate coeffi-
cients that might yield nonzero coefficients for several j & L, besides just for ¢. Hence,
while the sequential lifting process is able to consider the derivation of 7 under the con-
sideration of x; = 1, 'he analogous step of using x, = 1 with an unconstrained multiplier
u, in SEP1S would not necessarily yield a valid surrogate-knapsack cut. Moreover, com-
paring (37) with (35) and (36), the case of m, being possibly smaler than &} is evident.
Hence, although the conditions specified in Theorem 1 under which a facet is obtained are
somewhat restrictive, the analysis provides some insight into the connection between the
sequentially generated surrogate-knapsack cut and the sequential lifting process. Also, note
that in SEP1S, it is entirely possible (in fact likely) that #, > 0 even when m, = 0. Further-
more, it is also possitle that u, = 0 while =, > 1. In the latter case, we lose connection
with the sequential lif:ing process. However, if 7, turns out to equal :t} in case u, = 0, as
well, then so long as 7, € {0, 1}, except possibly for the final ¢ considered, we will obtain
a facet of KP.

5. Fractional surrogate constraint cuts

In this section, we coasider a related simple and fast way to generate a cut that deletes a
fractional linear programming vertex solution using surrogate constraint analysis. For this,
we use the cutting plane formulation of Glover [10]. Assume that the current LP tableau
(in the updated basis representation) contains the equation

)’+ Zajxj=a0 (41)
JENy

where y is a basic integer variable, and the x;, for j € N, are current nonbasic integer
variables, which must satisfy x; < 1 for j € N, C Ny, i.e., N represents the index set of
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binary nonbasic variables. We also suppose that aq is not integer, as must occur (for some
such equation) if the LP extreme point is not integer feasible. Al variables are assumed
nonnegative. From this we may then derive the cutting plane

s+ Z(paj — [ha;Dx; = pao — [haol, 42)

JEN)

where [-] denotes the rounded-up value, s is a nonnegative integer variable, p is an integer
parameter such “hat pay is non-integer, and 4 is a parameter chosen to satisfy two conditions:
p—1<h<p andh > ([payg] — 1)/ay. These respectively assure that p = [h] and that
the right-hand side of (42) is negative, where the latter condition also ensures that the cut
eliminates the current LP vertex. As shown in Glover [10] the cutting plane representation
(42) makes it possible to generate all of the standard “fractional cuts” of Gomory [13]
and also to generate additional types of fractional cuts that are stronger. We now show
how to extend this cut using surrogate constraint analysis to obtain a still stronger cut.
Define f; = [ha;] — haj for j € Np and j = 0. Then for h = p the Eq. (42) yields the
customary fractional cut

s+ Z - fixj =—Jo.

JEN,

The following observations do not require & = p, and hence we can combine them with
earlier results for obtaining values of 4 that may yield stronger cuts. However, we also
obtain stronger cuts for the casc h = p. We proceed as in the derivation of (42), first
multiplying the source Eq. (41) by the parameter k to yield a modified source equation:

hy + Z hajx; = hay.

JEN,

Now, we additionally generate a surrogate constraint using this along with the inequalities
—ujx; > —uj for j € N;, where u; > 0 is a surrogate multiplier associated with —x; >
—1, for each j € N,. For convenience, we take u; = 0 for j € N, — Ny, and obtain the
surrogate constraint

hy + Z(haj —uj)x; > hag — uo,
JEN,

where ug = Z].Em u ;. A Gomory all-integer cut from this inequality can be written as
[hly + Y Tha; — ujlx; = [hao — uol,
JEN,

and by introducing a nonnegative, integer valued slack variable s we can write the foregoing
inequality as

s—[hly = Y [ha; —ujlx; = —[hao — uo].
JENs
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We now multiply the source Eq. (41) by p and add the result to the preceding cut. By
choosing A to yield [i] = p, as indicated earlier, this gives

s+ Y (paj — [haj — u;1)x; = pag — [hag — uo] (43)
JjEN)

which implies that

> (paj — [ha; — u;x; < pag — [hao — uo].
JjEN,

We observe that the foregoing surrogate constraint cut reduces to the cut (42) when u; =
0V j. Furthermore, if 4 can be made sufficiently large to yield [ha; —u;] < [ha;], while
keeping ugy small enough to assure that [hag — ug] = [hay], then thz strrogate constraint
cut (43) will be strictly stronger than (42). Our goal is to specify the conditions under which
this occurs, and to identify the form of the surrogate constraint cut more precisely under
these conditions. For this, in direct analogy to the definition of f;, define g; = [ha;]— paj,
Vj € N, U {0} so that the cut (42) can be written in the form

5= Z 8j*j = —8o- (44)

jENs

Theorem 2. Define rj = 1 — ([ha;| — ha;j) Vj € Ny U{0}, ard let N,/ be any subset
of Nj such that ) ;. wy i < ro. Then we can create a surrogate constraint cut (43) that
strictly dominates (42) (if N}/ is nonempty) having the form

s+ Z(l—gJ)Xj— Z gjXxj = —&o. 45)

jeNy jENy—N}

Proof: To retain the right-hand side of (43) the same as that in (42), we require [hay —
ugl = [hay]. This implies that ug < 1 — ([hag] — hap), or equivalently, ug < ro. To
increase the coefficient of x; in the cut, replacing —g; by 1 — g; for j € Ny, we require
[ha; —u;] < [ha;7, which implies that u; > 1 —([ha;] — haj), cr equivalently, u; > r;.
(This inequality also holds if we increase the coefficient by more than 1, but the next
step shows that this is impossible.) Consequently, from ug = 3~ ¢y 1, with u; =0 for
j € Np — N}/, we see that the stipulated conditions can hold if and only if ZjeN; ry <ro,
and the proof of the theorem is complete. 0

Example 4. We give an example of tae preceding theorem for the case where we choose
h = p, so that (42), and hence (44), is a standard fractional cut. In particular, suppose that
this fractional cut is the following:

s —(5/8)x;1 — (7/8)xy — (1/8)x3 = —1/8.

Assume that all x; variables are O-1 variables. Then we have r; = 3/3,ra=1/8,r3=7/8
and ry = 7/8. By the condition ZjeN,’,’ rj < ro, we can select NI = {1, 2}, which gives
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the surrogate cut (45) in the form
s+ @3/8)x1 + (1/8)xy — (1/8)x3 = —1/8.

(As before, the s variables in these cuts are not the same.) It is interesting to note that
the possibility to form strengthened surrogate constraint cuts of this type rely on the right-
hand side of the standard cut being relatively small in absolute value, which normally is
associated with a weaker cut. Here, for example, if we suppose that the original fractional
cut is obtained for & = p = 1, then a stronger fractional cut can be obtained by setting
p = h =7 (or, Jue to periodicity, setting p = h = —1), to yield

5= 3/8)x1 — (1/8)xy — (7/8)x3 = —7/8.

This cut indeed strictly dominates the first fractional cut shown above. Nevertheless, this
cut in turn is also strongly domir.ated by the surrogate constraint cut (derived for the same
p and h values that produced the “weaker” fractional cut).

In general, it can be seen that the potential strengthening atrained by the fractional surro-
gate constraint cut (45) occurs over limited sets of coefficients, but can be quite significant
along the dimersions where these coefficients are increased. Thus, practically speaking,
it appears relevant to generate a collection of such cuts to make different subsets of cut
coefficients pos tive, thus driving the LP solution away from regions into which it may
otherwise be drawn by the customary cutting planes. The fact that the cuts (45) can be gen-
erated virtually as quickly as the standard fractional cuts, without requiring a more involved
separation procedure to be applied, is a convenient feature.

We can directly extend this analysis to obtain additional strengthened cuts for problems
with GUB constraints.

Corollary 3. Consider the GUB knapsack polytope defined in (2). Define r; as in The-
orem 2, and rejine the definition of N} to require that N) contains at most one index
j(i) € N; forecchi € M. Finally, define N" = {h € N;:i € Myy andry < rjw)), where
Myy = {i € M:|N; NN}| = 1}. Then, the following ( fractional ) surrogate constraint cut
strictly dominates the cut (45) of Theorem 2 if N” strictly contains N,

s+ Z(l——gj)xj— 2: gjXj = —g&o. (46)

JEN" jeN-N"

Proof: The corollary is readily verified by adapting the proof of Theorem 2 to include
consideration of the GUB constraints. O

The ability tc make still larger subsets of coefficients positive in these extended cuts,
coupled with the ability to generate these cuts very quickly, is attractive for providing
alternatives of g-eater strength for GUB constrained problems.
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6. Computational rresults

In this section, we redort our computational experience using a set of ten test 0-1 integer
programming probleras taken from M’PLIB [3]. We selected these test problems because
they represent real-world problems having known optimal solutions and because they com-
prise a standard test bzd of integer programs. A summary of these test problems is given in
Table 1. Six of these problems are part of the test set used by Crowder =t al. [6], referred
to as the P-problems. In Table 1, v p represents the optimal objective function value of the
linear programming relaxation at the root node, and vip represents the optimal objective
value of the integer program.

It is important to rote that the primary purpose of this computational testing is not to
attempt to outperforra the well established branch-and-cut codes (for example, CPLEX
[51 and MINTO, [25]), since these codes owe their performance to a variety of enhanced
techniques other than cutting planes. The goal of this computational study is to determine
the strength of the suTogate-knapsack cuts at the root node, by comparison to alternative
cutting approaches that are incorporated in state-of-the-art methods, and thus to identify the
potential merit of our ~esults independent of the use of supplemental sirategies as embedded
in various preprocessing and auxiliary analysis techniques.

There are many algorithmic and implementation choices for selecting critical algorithm
parameters including the selection of J* and € in the separation problem. Rather than seek
the most refined choices possible, we provide a default algorithm, called Algorithm S-K
Cut, which represents a set of strategies that we consider to be reasonable. We then present
computational results that compare the performance of this default algorihm using our S-K
cuts to the performance of the cutting plane process embedded in the CPLEX 3.0 MIP
solver. As will be seeq, the default algorithm using the S-K cuts dominates the lifted cover
cutting planes used bv the CPLEX 3.0 MIP solver.

For a given fracticnal solution x, the default algorithm attempts to generate violated
S-K cut inequalities. For each nontrivial knapsack constraint of the form ZjGN a;x; < ay,
wherea; > 0 Vj € N, @y > 0, and not all coefficients a; are equal to O or 1, we perform the

Table 1. Test problem suinmary.

Problem Variables Rows vLp V>
bm23 27 20 20.6 34
Iseu 89 28 834.7 1120
mod008 319 6 290.9 307
p0033 33 16 2520.6 3089
p0201 201 134 6875.0 7615
p0232 282 242 176867.5 258411
p0291 291 253 1705.1 5223.7
p0548 548 177 3153 8691
p2736 2756 756 2688.7 3124

sentoy 60 30 —7839.3 —=7772
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following steps to detect a violated S-K cut. If a violated S-K cut is found, then we augment

the LP with this cut and repeat the cut generation procedure. Dtharwise, we terminate the
algorithm.

Algorithm S-K cut

Step 1 (Initialization). Sort the variables x; in order of norn-increasing values of a;%;.
Proceeding in this order, select J as a cover set such that the total sum of a; for jin J
Jjust exceeds ag. If no such set is found, then stop; the particular knapsack constraint is
trivially redundant. Otherwise, proceed to Step 2.

Step 2 (Separation problem). Solve Problem SC of Section 2 with b; = 1 j € J. From
(8) and (9), this yields J* = J, ul = 1/a, where a, = max;c;{a;}, and that the
optimal objective function value of Problem SC is given by b§ + fo, where b = [J*| — 1
and fo =1 — (Zjej‘ a; — agp)uj. Following Remark 6, select € = 1 — f5, and solve
Problem SEF1 of Section 3 using the algorithm described there.n. This yields surrogate
multipliers #y and u;, j € J, for deriving an S-K cut (3).

Step 3 (Improved S-K cut). Use Remark 9 of Section 3 to derive « strengthened version of
(3) by selecting J; in nondecreasing order of (1 — f;), solongas fy+ Zjejz (I-fp) <1
holds true. Let this strengthened S-K cut be given by ., lo;lx; + 3 ) Tejlx;
< lao] as ir Remark 9. If 3°,., etj1%; + 3 ;o) Tej1%; > |ao], then augment the
current LP relaxation with the violated S-K cut. Otherwise, stop.

The computztional results obtained using these S-K cuts on the ten test problems are
shown in Table 2. All runs were performed on a SUN SPARC 10 workstation using
CPLEX 3.0 [5] as an LP solver. We compare these results with the solver CPLEX 3.0
MIP that uses the classical lifted cover (ILC) cuts for tightening the LP value at the root
node. In Table 2, observe that the proposed algorithm using the S-K cut provides a tighter

Table 2. Computational results.

S-K cuts Ccuts
Problem Zroot Time (sec) Cuts Z oot Time (sec) Cuts
bm23 227 0.1 9 22.5 0.1 [
Iseu 1001.2 0.3 14 99%.5 0.2 13
mod008 291.7 0.6 5 2913 02 5
p0033 2902.6 0.1 15 2916.2 0.2 I3
p0201 7075.0 0.8 3 7075.0 0.9 2
p0282 252356.0 2.5 89 180995.7 1.2 58
p0291 5009.2 1.0 28 18728 1.3 25
p0548 3883.7 8.1 158 4052.9 2.5 138
p2756 2701.8 16.4 75 2701.7 10.5 68

sentoy —7837.7 0.2 5 —7832.5 0.3 5
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LP objective function value (Z;) than the same procedure using LC cuts for six test
problems, and generates the same tight objective value as the LC cuss approach for the
two other problems. Hence, the use of S-K cuts appears to be as effective as generating
facets of the individual knapsack polyhedra defined by the problem constraints. In a sequel
to this paper, we examine the effect of these and other S-K cuts in greater detail, by
conducting an intensive computational study for solving large-scale 0-1 IP problems within
the framework of a branch and cut procedure that incorporates various enhanced solution
techniques including preprocessing, variable fixing, and heuristics.

Remark 11.  Note that our procedure for solving the separation problem SEP] of Section 3
is more efficient then using a standard LP code. For example, our method consumed
1.6 seconds (total CPU time for the separation procedure) for solving the model SEP1 of
Problem p0548, while the CPLEX LP solver requires 50.5 seconds. Similar computational
advantages of our approach over the use of CPLEX were observed for solving the separation
models of the other test problems.

7. Conclusion

Surrogate constraint analysis provides a convenient tool for producing cutting planes that
are stronger than a variety of those previously introduced in the literature. The basic tools,
including the idea of generating cutting planes as part of a recursive surrogate constraint
definition, derive from approaches of the 1960s to generate stronger cutting planes—in
particular, by forming linear combinations including classical Gomory cats, and identifying
specific parameters for the resulting representation that are guaranteed to yield cuts having
specific properties.

The present paper shows how to extend this work to yield new and more general cutting
planes. Likewise, we: show how to strengthen these cuts subject to constraining the values
of selected coefficierits. In addition, we give a separation procedure to remove non-integer
linear programming vertices, and demonstrate that these new culs include facets that are
not available to standard lifting procedures.

An interesting potential application of our results, reinforcing the theme by which they
are derived, is to embed them in recursive cut generation methods to obtain “best cutting
plane parameters” ai. each stage. In addition, the fact that we can design the cuts to be
strongerrelative to selected variables invites the generation of cuts thet yizld complementary
strengths over different dimensions as a way of taking advantage of problems having special
structures.
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