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I n t e g e r  programming and combinator ics  a r e  c l o s e l y  

l inked .  In  t h e  b roades t  s ense  t h e i r  domains a r e  i d e n t i c a l ,  

though i n  p r a c t i c e  some problems a r e  popula r ly  viewed t o  f a l l  

more i n  t h e  province o f  one than t h e  o t h e r .  "Combinatorics,"  

a s  spoken o f  h e r e ,  is t h e  f i e l d  of "combinator ia l  opt imiza-  

t i o n , "  whose prcblems c h a r a c t e r i s t i c a l l y  have t h e  form o f  

seek ing  a " b e s t "  s u b s e t  of i tems (dec i s ions ,  a c t i v i t i e s ,  e t c  .) 

s a t i s f y i n g  p a r t i c u l a r  c r i t e r i a  from a s t r u c t u r e d  f i n i t e  set of  

a l t e r n a t i v e s .  " B e s t "  i s  eva lua t ed  i n  terms of maximizing or  

minimizing some f u n c t i o n a l .  The s t r u c t u r e  of  t h e  f i n i t e  s e t ,  

whatever i t  may be,  i s  t h e  f e a t u r e  t o  be e x p l o i t e d  i n  d e v i s i n g  

a sys temat ic  method t o  s o l v e  t h e  problem, r a t h e r  than simply 

enumerating and comparing a l l  a l t e r n a t i v e s  (which i n  problems 

of  r e a l  world s i g n i f i c a n c e  can r e q u i r e  as t ronomica l  amounts of  

computat ion) .  A remarkable number o f  p r a c t i c a l  problems f a l l  

i n t o  t h e  i n t e g e r  programming/combinatorics a r e a .  Those 

a s s o c i a t e d  wi th  t h e  "combinatorics" l a b e l  u s u a l l y  a r e  problems 

t h a t  a r e  convenien t ly  expressed i n  t h e  s p e c i a l i z e d  terminology 

of  graph o r  matroid  theory .  Those a s s o c i a t e d  wi th  t h e  " i n t e g e r  

programming" l a b e l  u s u a l l y  a r e  more convenien t ly  expressed  i n  

mathematical  programming terminology. Then t h e r e  i s  a .no-man's- 

l and  of  problems t h a t  f a l l  under e i t h e r  o r  both  l a b e l s  ac-  

cord ing  t o  t h e  f l a v o r  t h e  au thor  wishes t o  impart  t o  them. 

This  chap te r  focuses  p r imar i ly  (though n o t  e x c l u s i v e l y )  

-- on those  problems and formulat ions  t h a t  commonly f i n d  exp res s ion  
- - 



i n  i n t e g e r  prog~amming terminology. (The graph t h e o r e t i c  

branch of combin~torics is covered i n  Chapter  3 .  ) 

Loosely speaking,  i n t e g e r  programming is t h e  domain o f  

mathematical  op t imiza t ion  i n  which some o r  a l l  o f  t h e  problem 

v a r i a b l e s  a r e  r e q u i r e d  t o  assume i n t e g e r  (whole number) va lues .  

The non l inea r  c k a r a c t e r  o f  the! i n t e g e r  requirement is  s u b t l e  

enough t o  accomnodate an unexpected v a r i e t y  o f  o t h e r  non- 

l i n e a r i t i e s ,  p e r m i t t i n g  most "nonl inear"  i n t e g e r  programs t o  

be s o r t e d  i n t o  e l i n e a r  component and an i n t e g e r  component. 

Consequently, i r t e g e r  programming i s  f r equen t ly  regarded a s  

the domain o f  l i n e a r  mathematical  op t imiza t ion  ( s p e c i f i c a l l y ,  

" l i n e a r  programn~ing") i n  which some o r  a l l  o f  t h e  problem 

v a r i a b l e s  a r e  i r t ege r - cons t r a ined .  

An - I l l u s t r a t i o n  

A very s imple  example of an i n t e g e r  program i s  t h a t  of  

a gardener  who r eeds  107 p0und.s of f e r t i l i z e r  f o r  h i s  lawn, and 

has  the op t ion  c'f buying it e i , t h e r  i n  35-pound bags a t  $14 

each o r  i n  24-pc,und bags a t  $1.2 each.  H i s  g o a l  i s  t o  buy ( a t  

l e a s t )  the 107 ~ , o u n d s  he needs a t  t h e  cheapes t  c o s t .  L e t t i n g  

x1 be the number of  35-pound bags he buys and l e t t i n g  x2 be 

t h e  number of 24-pound bags he  buys,  he seeks  t o  

Mir imize 14x1 + 12x2 

suk ' j ec t  t o  35x1 + 24x2 , 1 0 7  

> 0 and i n t e g e r .  XI '  x2 - 
The "and i n t e g e r "  s t i p u l a t i o n  means t h a t  t h e  gardener  

c a n ' t  buy h a l f  c l r  a t h i r d  of a bag o f  f e r t i l i z e r ,  b u t  must buy 

a whole bag o r  r.one a t  a l l .  Without t h i s  s t i p u l a t i o n  t h e  



problem i s  an e::ample o f  an o rd ina ry  l i n e a r  programming 

problem. 

S ign i f i cance  of -- t h e  I n t e g e r  R e s t r i c t i o n  - 
To g e t  a  very rudimentary grasp  of how t h e  i n t e g e r  r e -  

s t r i c t i o n  can a f ' f ec t  t h e  c h a r a c t e r  of t h e  problem, cons ider  

what would happm i f  t h e  r e s t r i c t i o n  were missing.  The gar -  

dener would ther  observe t h a t  f e r t i l i z e r  i n  t h e  35-pound bags 

c o s t s  400 a  pourd and f e r t i l i z e r  i n  t h e  24-pound bags c o s t s  

500 a  pound, anC immediately p e r c e i v e  t h a t  h i s  b e s t  po l i cy  

would be t o  buy 3-2/35 of t h e  35-pound bags. However, i n  t h e  

presence of t h e  i n t e g e r  r e s t r i c t i o n ,  h i s  b e s t  po l i cy  i s  t o  

buy only  1 of t h e  35-pound bags and buy 3 of t h e  24-pound bags. 

C lea r ly ,  h i s  b e s t  po l i cy  has  changed d r a s t i c a l l y ,  a  n o t  a t  a l l  

unusual occurrence o f  r e q u i r i n g  t h e  v a r i a b l e s  t o  be  i n t e g e r  

valued.  ( I n  f a c t ,  an example e x i s t s  1 5 6  I of  a  "cond i t iona l  

t r a n s p o r t a t i o n  problem" t h a t  can be summarized by a  5  x  5  c o s t  

mat r ix  and whose l i n e a r  programming s o l u t i o n  can be rounded i n  

more than a  m i l l i o n  ways, none o f  which y i e l d s  a  f eas ib l e - -  

l e t  a lone opt imal--solut ion.)  

Areas of - Applicat ion 

In  t h e  foregoing example, t h e  i n t e r p r e t a t i o n  and r e l e -  

vance of t h e  i n t = g e r  r e s t r i c t i o n  was c l e a r ,  a s  it would a l s o  

be i f  one wished t o  determine an opt imal  number of a i r p l a n e s ,  

ca rgo  s h i p s ,  o r  ?man  beings .  However, a v a r i e t y  o f  problems 

t h a t  seem on t h e  s u r f a c e  t o  have l i t t l e  o r  nothing t o  do wi th  

" i n t e g e r  cons t ra ined  l i n e a r  op t imiza t ion"  can n e v e r t h e l e s s  be 



given an i n t e g e r  programming formulat ion.  Indeed,  t h e  r equ i r e -  

ment of  d i s c r e t e ~ l e s s  i n d i r e c t l y ,  i f  n o t  d i r e c t l y ,  pervades 

many s i g n i f i c a n t  c l a s s e s  of  problems and provides  i n t e g e r  pro- 

gramming with  ap!? l ica t ion  i n  an uncommonly wide v a r i e t y  o f  

t h e o r e t i c a l  and l x a c t i c a l  d i s c i p l i n e s .  Production sequencing,  

job shop schedul:.ng, l o g i s t i c s ,  p l a n t  l o c a t i o n ,  assembly l i n e  

ba lanc ing ,  mineritl e x p l o r a t i o n ,  c a p i t a l  budget ing,  r e sou rce  

a l l o c a t i o n ,  and : i a c i l i t i e s  p lanning c o n s t i t u t e  a  few of  t h e  

impor tan t  i n d u s t r i a l  problem a r e a s  t h a t  f r e q u e n t l y  f a l l  w i t h i n  

t h e  wider  domain of  i n t e g e r  programming. 

The uses of  i n t e g e r  proqramming a r e  n o t  conf ined t o  i n -  

d u s t r y ,  however, and a l s o  f i n d  a p p l i c a t i o n  i n  many o t h e r  com- 

b i n a t o r i a l  optim:.zation problems a r i s i n g  i n  eng inee r ing  and 

s c i e n t i f i c  conte::ts. Computer des ign system r e l i a b i l i t y ,  prime 

imp l i can t  select: .on,  s i g n a l  coding,  and energy s t o r a g e  system 

design a l l  g ive  1:ise t o  c l a s s e s  of  problems wi th  i n t e g e r  pro- 

gramming f  ormu1at:ions. 

I n t e g e r  p~:ogramming a l s o  has  a p p l i c a t i o n s  t o  economic 

a n a l y s i s .  The atisumption of  c o n t i n u i t y  under ly ing  t r a d i t i o n a l  

economic theo ry  i.s incompat ible  w i th  t h e  e x i s t e n c e  o f  i n d i v i s -  

i b l e  p l a n t s ,  set up c o s t s ,  and developmental expendi tures .  

Conclusions react.ed by marginal. a n a l y s i s  must, t h e r e f o r e ,  o f t e n  

be  amended ( o r  s1:ated wi th  app rop r i a t e  q u a l i f i c a t i o n )  t o  ac- 

commodate c o n s i d e r a t i o n s  which a r e  t h e  focus o f  i n t e q e r  pro- 

gramming. 

Mathematical Forrmlat ion - of  - Linear  - and I n t e g e r  Programs 

A s tandard  formulat ion of  t h e  l i n e a r  programminq 



problem is: 

o r ,  i n  ma t r ix  n(3ta t ion 

x > o  

where c  = ( c  , . ) n r  x = ( x ~ ) ~ ~  A = (ai j)m and b  = 

( b i ) m  x  1 . The ma t r ix  i n e q u a l i t y  Ax 2 b can be used t o  sum- 

marize c o n s t r a i n t s  of t h e  form Dx , d and Dx = d by t h e  w e l l  

known equiva1enc:es Dx 2 d@ -Dx 5 -d 

and 

where e denotes  t h e  vec to r  a l l  of  whose components equa l  1, 

i n t e r p r e t e d  t o  be a  row o r  col.umn vec to r  accord ing  t o  c o n t e x t .  

(Thus -eDx 5 -ecl sums t h e  row i n e q u a l i t i e s  of Dx 5 d and r e -  

v e r s e s  t h e i r  s iqn . )  Also, a  problem wi th  t h e  o b j e c t i v e  Maxi- 

mize dx can be t.ccommodated by t h e  foregoing  minimization 

formulat ion by 1 .e t t ing  c  = -d. 

Pure and Mixed I n t e g e r  Programs -- 
A l i n e a r  programming problem i n  which a l l  components of 

x  a r e  a d d i t i o n a l l y  cons t r a ined  t o  be i n t e g e r  i s  c a l l e d  a  - pure 

i n t e g e r  programnung problem and one i n  which only some of t h e  



components of x a r e  a d d i t i o n a l l y  cons t r a ined  t o  be i n t e g e r  is 

c a l l e d  a mixed i n t e g e r  programming problem. Var i ab le s  t h a t  

a r e  n o t  i n t e g e r  cons t ra ined  a r e  c a l l e d  continuous v a r i a b l e s .  

(Thus, i n  t h e  o rd ina ry  l i n e a r  programming problems a l l  v a r i -  

a b l e s  a r e  cont inuous. )  

The words " i n t e g e r  programming" o f t e n  have r e fe rence  

t o  t h e  pure i n t e q e r  problem b u t  w e  a l low them a l s o  t o  r e f e r  t o  

t h e  more genera l  mixed problem depending on t h e  s e t t i n g .  

Examples - of -- I n t e  3er Programming Problems 

The Knapsack ( o r  Loading) Problem - - 
One of t h e  s imp les t  i n t e g e r  programming problems i s  t h e  

knapsack problem, s o  c a l l e d  because it can be i n t e r p r e t e d  a s  

a problem of s e l e c t i n g  a b e s t  set of i tems t o  go i n  a h i k e r ' s  

knapsack, given ,:he value he a t t a c h e s  t o  t hese  i tems and an 

upper l i m i t  on t h e  amount of weight he can c a r r y .  A l e s s  w e l l  

known i n t e r p r e t a ~ z i o n  of t he  knapsack problem goes back t o  t h e  

days of one of t h e  e a r l y  kings  of Siam who was seek ing  an 

i d e a l  compositiorl f o r  h i s  harem.* The k i n g ' s  p re fe rences  w e r e  

s t r o n g l y  in f luenced  by h a i r  col.or and, prompted by t h e  r o y a l  

economist,  he  esi:ablished a set  of s u b j e c t i v e  u t i l i t i e s  ( c a l l e d  

"yoodles" i n  Siarlese) express ing  these  preferences  a s  fol lows:  

Hair  types: Blonde Brune t te  Redhead Albino Bald - 
Yoodles : 7 5 9 6 3 

* This h i s t o r i c a l  informat ion was c o n t r i b u t e d  by D r .  
Eugene Woolsey, oSho a s s u r e s  me it i s  t r u e .  



Thus, l e t t i n g  x L  denote  t h e  number of blondes i n  h i s  harem, 

x2 t h e  number oE b r u n e t t e s ,  e t c . ,  t h e  k i n g  formulated h i s  ob- 

j e c t i v e  func t ion  t o  be  

Ma:timize 7x1 + 5x2 + 9x3 + 6x4 + 3x5 

Siamese harem g i r l s  were known t o  be  h e a r t y  e a t e r s  s o  

t h e  k ing  go t  t o q e t h e r  w i th  h i s  r o y a l  cook and f i g u r e d  o u t  how 

much it c o s t  t o  feed each type  of  g i r l  f o r  a week, and coun t ing  

on a maximum al:.owable food b i l l  o f  one hundred Siamese d o l o r s  

( t h e  cur rency  0:: t h a t  t i m e ) ,  came up wi th  a budget  c o n s t r a i n t  

0 f  

5 4 ~ : ~  + 35x2 + 57x3 + 46x4 + i9x5  5 l o o  

Not knowing whal: t o  do wi th  a f r ac t iona l  p a r t  of  a g i r l ,  and 

unable t o  r e c o q r ~ i z e  a nega t ive  g i r l  i f  he saw one, t h e  k ing  

added a s  an aftc!rthought 

x > 0 and i n t e g e r ,  j = 1, ..., 5 
j - 

and t h u s  a rose  t h e  f i r s t  example of  t h e  knapsack problem ( o r ,  

i f  one p r e f e r s ,  t h e  Siamese Harem problem). 

In  p rac t j . ce  t h e  v a r i a b l e s  of  a knapsack problem a r e  o f t e n  

cons t r a ined  t o  s a t i s f y  

x < 1. 
j - 

( a  r e s t r i c t i o n  which t h e  Siamese k ing  himself  was ob l iged  t o  

observe i n  l a t e r  y e a r s ) ,  i n  which case  it is sometimes c a l l e d  

the "0-1" knaps~ .ck  problem. More gene ra l ly ,  t h e  v a r i a b l e s  may 

be r equ i r ed  t o  c a t i s f y  x j - < U j *  i n  which c a s e  it i s  c a l l e d  t h e  

"bounded v a r i a b l e "  knapsack problem. 

The knapsack problem is extremely easy t o  s o l v e  a s  an 

o rd ina ry  l i n e a r  program simply by ranking t h e  v a r i a b l e s  



according t o  t h e  r a t i o s  of t h e  o b j e c t i v e  func t ion  c o e f f i c i e n t s  

t o  t h e  c o n s t r a i n t  c o e f f i c i e n t s .  That is, w r i t i n g  t h e  problem 

a s  

Maximize Xd . x  
I j  

s u b j e c t  t o  Za.x < b  
~ j -  

x .  > 0  and i n t e g e r  
I - 

where d .  > 0  and a  > 0 f o r  a l l  j ,  t h e  v a r i a b l e s  a r e  ranked by 
I j 

a  "primed indexing" s o  t h a t  

> . . .  d l t / a l l  2 d 2 * / a 2 t  - 
where l ' ,  2 ' ,  ... c o n s t i t u t e  a  permutation o f  t h e  numbers 1, 

2,  ... . Then t h e  problem is so lved  by t a k i n g  xl, a s  l a r g e  a s  

p o s s i b l e  w i thou t  v i o l a t i n g  t h e  c o n s t r a i n t  Za.x  < b  ( o r  any 
~ j -  

bound imposed on x l , ,  a s  i n  t h e  0-1 problem),  then  t a k i n g  x 2 ,  

a s  l a r g e  a s  p o s s i b l e  s u b j e c t  t o  t h e  va lue  a l r e a d y  ass igned  x l , ,  

and s o  on. Thus, i n  t h e  Siamese H a r e m  example we have 

1' = 5, 2 '  = 3, 3'  = 2 ,  4 '  = 4 ,  5 '  = 1 

and t h e  opt imal  s ~ l u t i o n  f o r  t h e  unbounded problem i s  

x5 = 100/19, x3 = x 2 = x 4 = x 1 = 0  

wh i l e  t h e  op t imal  s o l u t i o n  f o r  t h e  0-1 problem i s  

x5 = 1, x3 = 1, x2 = 24/35, x4 = xl = 0 

A f r e q u e n t l y  encountered g e n e r a l i z a t i o n  o f  t h e  knapsack problem 

i s  t h e  s o  c a l l e d  "mult i-dimensional" knapsack problem whose 

formulat ion "Mininize c x  s u b j e c t  t o  Ax 5 b ,  e t c .  ," i s  charac-  

t e r i z e d  by c  5 0  and A 2 0. An obvious and sometimes u s e f u l  

p rope r ty  of  t h e  mul t id imensional  knapsack problem i s  t h a t  any 

f r a c t i o n a l  ( i . e . ,  "not  t o t a l l y  i n t e g e r " )  x  v e c t o r  t h a t  s a t i s -  

f i e s  Ax 5 b  can b ?  rounded down t o  produce an i n t e g e r  x  t h a t  



s a t i s f i e s  Ax < :>. P r a c t i c a l  a p p l i c a t i o n s  of  t h e  multidimen- 

s i o n a l  knapsack problem a r i s e  i n  c a p i t a l  budget ing,  f o r e s t r y ,  

and cargo load ing .  

We have qiven an extended d e s c r i p t i o n  o f  t h e  knapsack 

problem n o t  onl-7 f o r  h i s t o r i c a l  i n t e r e s t  b u t  a l s o  because,  i n  

s p i t e  o f  i t s  appa ren t  simplic:ity, t h i s  problem reappears  i n  

s e v e r a l  gu i se s  iind con tex t s  i n  i n t e g e r  programming. (The 

problem o f  t h e  qardener  descr ibed  a t  t h e  beginning o f  t h i s  

a r t i c l e  i s  one :form of  t h e  knapsack problem.) In  f a c t ,  a  num- 

b e r  of  s o l u t i o n  techniques  i n  i n t e g e r  programming can be  i n t e r -  

p r e t e d  a s  a  dirc:ct ex tens ion  o f  a  "knapsack method," o r  i nvo lve  

t h e  c r e a t i o n  of  "knapsack subproblems" whose s o l u t i o n  prov ides  

va luab le  i n fo rmi~ t ion  f o r  t h e  s o l u t i o n  o f  t h e  o r i g i n a l  problem. 

More w i l l  be sa:.d about  t h i s  subsequent ly .  

The - Fixed Chargc! Problem 

The fixetl  charge problem is c h a r a c t e r i z e d  by "one sho t "  

o u t l a y s  ( o r  set up c o s t s )  t h a t  a r e  i ncu r r ed  i n  t h e  process  of  

s t a r t i n g  o r  renewing a  bus ines s  ven ture .  For example, a  

manager who i s  !:aced wi th  dec id ing  which of  s e v e r a l  machines 

t o  buy, automob:.le p l a n t s  t o  b u i l d ,  o i l  w e l l s  t o  d r i l l ,  o r  

l and  a r e a s  t o  develop,  must account  n o t  on ly  f o r  t h e  con t inu ing  

c o s t s  of  operatj.on (once t h e  p r o j e c t s  a r e  underway) b u t  a l s o  

f o r  t h e  i n i t i a l  f i x e d  c o s t  r equ i r ed  t o  i n i t i a t e  t h e  p r o j e c t s .  

This  type of  problem, e s p e c i a l l y  i n  t h e  presence of  imbedded 

networks,  is one! of  t h e  most f r e q u e n t l y  occu r r ing  problems i n  

p r a c t i c a l  app1ic:at ions.  



A typica:: f i xed  charge problem has  t h e  form: 

Mix~imize cx + ay 

s u b j e c t  t o  Ax < - b  

X , O , Y , O  

where t h e  vectol's x  and y  have t h e  same dimension and x  > 0  
j 

imp l i e s  y .  = 1. (Here, of  course ,  c ,  A and b  a r e  n o t  in tended  
7 

t o  r e p r e s e n t  the! c ,  A and b  of t h e  gene ra l  i n t e g e r  programming 

formulat ion given e a r l i e r . )  The s t i p u l a t i o n  t h a t  x .  > 0 i m -  
7 

p l i e s  y  = 1 corveys t h e  meaning t h a t  t o  make, buy, o r  p rocess  
j 

any p o s i t i v e  amcunt of x .  i ncu r s  a  f i x e d  charge of a ( >  0 ) .  
J j  

It may be noted t h a t  x  = 0  au tomat i ca l ly  imp l i e s  y .  = 0 a t  
j I 

any minimizing s o l u t i o n ,  s i n c e  whenever x .  = 0 and y  = 1 a  
3 j  

b e t t e r  s o l u t i o n  can always by obtained by s e t t i n g  y = 0 
j 

(wi thout  causing any o f  t h e  c o n s t r a i n t s  t o  become u n s a t i s f i e d ) .  

However, t h e  preceding formulation i s  n o t  acceptab le  f o r  i n t e -  

g e r  programming s i n c e  t h e  c o n s t r a i n t  "x > 0  impl i e s  y  = 1 "  
j j 

i s  " l o g i c a l "  r a t h e r  than l i n e a r .  To p u t  t h e  problem i n  accept-  

a b l e  form, we assume the ex i s t ence  of a  bound U .  s o  t h a t  
3 

x  < U i s  s a t i s f i e d  f o r  a l l  va lues  of x  compatible wi th  
j -  j j 

AX 5 b ,  x  2 0 .  Then t h e  c o n s t r a i n t  

always ho lds  f o r  y  = 1, and moreover, i f  y .  is. i n t e g e r  va lued ,  
j J 

then x > 0  impl ies  y  > 1 and hence y  = 1 i n  a  minimizing 
j j - j 

s o l u t i o n  (by t h e  same reasoning t h a t  shows x  = 0 imp l i e s  j 

j 
= 0 ) .  Thus, the i n t e g e r  programming formulat ion o f  t h e  

f i x e d  charge pro:>lem may be w r i t t e n  



Minimize c x  + ay 

sub jl?ct t o  Ax - < b 

x - u y c o  

x 2 0 ,  y > 0, y  i n t e g e r  

where U = U . .  I t  i s  a l s o  p o s s i b l e  t o  add t h e  c o n s t r a i n t  
3 

y 5 e ( i . e . ,  y j  < 1 f o r  a l l  j) t o  e x p l i c i t l y  acknowledge t h a t  

t he  y j  a r e  0-1 v a r i a b l e s ,  b u t  t h i s  i s  unnecessary under t h e  

assumption t h a t  a > 0, a s  a l ready  noted.  

The Harmonious Expedit ion Problem and t h e  Combinatorial  - -- 
Matching Problem 

The harmcnious expedi t ion  problem involves  a group o f  

e x p l o r e r s  who wish t o  embark on an expedi t ion  and t a k e  a long  

a s  many of t h e i ~  members a s  poss ib l e .  However, c e r t a i n  p a i r s  

of members do n c t  g e t  a long toge the r ,  and i f  one o f  t h e  p a i r  

goes on t h e  expedi t ion  t h e  o t h e r  w i l l  s t a y  home. The problem 

may be formulated a s  a 0 -1  i n t e g e r  program by d e f i n i n g  

(1 i f  member j goes a long - - 

x j  = 1 0  i f  member j s t a y s  home 

Then t h e  o b j e c t i v e  i s  t o  

Maximize Xx. 
I 

s u b j e c t  t o  t h e  c o n s t r a i n t s  

Xh + Xk 5 1 

f o r  those  p a i r s  of m e m b e r s  h and k t h a t  a r e  n o t  compatible.  . 

The formulat ion i s  completed by r e q u i r i n g  1 x > 0 and x 
j - j 

i n t e g e r  f o r  a l l  j. 

The harmonious expedi t ion  problem is c l o s e l y  r e l a t e d  

t o  t h e  maximum c s r d i n a l i t y  - matching problem from combinator ia l  



graph theory .  F igure  1 shows a " t y p i c a l "  graph c o n s i s t i n g  o f  

nodes ( p o i n t s )  a?d edges ( l i n e s )  connect ing them. 

F igure  - 1 

A matching i n  su~:h a graph i s  de f ined  t o  be  a set of  edges 

t h a t  s h a r e  no common endpoints .  Thus, by t h e  numbering of  

t h e  edges shown :in F igure  1, edqes 1 and 4 c o n s t i t u t e  a 

matching, whi le  tzdges 1, 5 and 7 do n o t  ( s i n c e  edqes 5 and 7 

s h a r e  a node i n  c:ommon). The maximum c a r d i n a l i t y  matching 

problem i s  t o  de.:ermine a matching c o n t a i n i n g  t h e  l a r g e s t  

number of  edges.  Its formulat ion i s  t h e  same as t h a t  of  t h e  

harmonious exped:.tion problem by d e f i n i n g  

i f  edge j i s  i n  t h e  matching 
x :: 

j i f  edge j i s  n o t  i n  t h e  matching 

i n t r o d u c i n g  t h e  c o n s t r a i n t s  x, + xk 5 1 f o r  t hose  p a i r s  o f  

edqes h ,  k t h a t  sha re  a common endpoint .  

A simple q e n e r a l i z a t i o n  of  t h e  harmonious exped i t i on  

problem a r i s e s  b : ~  a t t a c h i n g  a "worth" d .  t o  each member j, and 
I 

seek ing  t o  maxim:.ze t h e  " t o t a l  worth" Cd . x .  of  t h e  exped i t i on  
I 1  

r a t h e r  than t h e  rtumber o f  members t h a t  go along.  The c o r r e s -  

ponding genera1i::ation o f  t h e  graph theory  problem i s  c a l l e d  

t h e  maximum weight matching problem, and a r i s e s  by a s s i g n i n g  



a weight t o  each edge and seek ing  a  matching whose edge weights  

sum t o  t h e  g r e a t e s t  va lue .  Other g e n e r a l i z a t i o n s  r e a d i l y  come 

t o  mind. For example, i n  t h e  harmonious exped i t i on  problem, 

one may i d e n t i f y  sets r a t h e r  than  p a i r s  of  members t h a t  con- 

s t i t u t e  an "inharmonious group." I f  S  denotes  such a  s e t ,  and 

denotes  the number of  i t s  elements,  then one may en fo rce  

t o  a s s u r e  t h a t  a t  l e a s t  one member of  S s t a y s  home. 

The Ef f i cac ious  Expedition Problem and t h e  Combinatorial  - -- - - 
Covering Problem 

I n  t h i s  problem a  group of  e x p l o r e r s  seek  t o  minimize 

t h e  number o f  members who embark on an exped i t i on .  However, 

f o r  each of  s e v e r a l  c r i t i c a l  s k i l l s  t h e r e  must b e  a t  l e a s t  

one member posses s ing  t h a t  s k i l l  who goes on t h e  exped i t i on  

i n  o r d e r  f o r  t h e  exped i t i on  t o  be c a r r i e d  o u t  s u c c e s s f u l l y .  

Defining the v a r i a s l e s  x  a s  f o r  t h e  harmonious exped i t i on  prob- 
j 

l e m ,  and l e t t i n g  Si denote  t h e  set o f  members possess ing  t h e  

i t h  s k i l l ,  t h e  problem i s  t o  

Minimize Cx 
j 

s u b j e c t  t o  t h e  c m s t r a i n t s  

Again t h e  formulat ion i s  completed by s t i p u l a t i n g  1 , x .  > 0 
3 - 

and x  i n t e g e r .  
j 

There i s ,  a s  might be  suspec ted ,  a  c l o s e l y  r e l a t e d  

problem from comoina tor ia l  graph theo ry ,  i n  t h i s  c a s e  c a l l e d  

t h e  minimum c a r d i n a l i t y  cover ing problem. A cover  ( o r  



cover ing)  i s  a set of edges whose endpoints  i nc lude  a l l  nodes 

of t h e  graph. Thus, i n  F igure  1, t h e  edges 1, 2 ,  3 ,  4 ,  5 ,  8 ,  

9 c o n s t i t u t e  a cove r ,  b u t  t h e  edges 1, 3 ,  5 and 9 do n o t .  (NO 

edge covers  t h e  node a t  t h e  i n t e r s e c t i o n  of edges 7 and 8 . )  A 

minimum c a r d i n a l i t y  cover i s  one con ta in ing  t h e  fewest  number 

of  edges ,  and it!; formulat ion i s  t h e  same a s  t h a t  o f  t h e  e f f i -  

cac ious  expedi t ion  problem by d e f i n i n g  t h e  x a s  f o r  t h e  
j 

matching problem and l e t t i n g  Si denote  t h e  s e t  of  edges t h a t  

i n t e r s e c t  a t  a node i ( t h u s  y i e l d i n g  one c o n s t r a i n t  f o r  each 

node of  t h e  graph) .  

Immediate g e n e r a l i z a t i o n s  of t h e s e  problems a r i s e  by 

a s s i g n i n g  weight!; t o  edges and r e q u i r i n g  t h e  nodes t o  be mu l t i -  

p l e  covered. 

A - Delivery Proble!m - 
A company d e l i v e r s  merchandise t o  i t s  customers each 

day by t r u c k  ( o r  r a i l r o a d ,  a i r ,  barge,  e t c . ) .  There a r e  a 

v a r i e t y  of f e a s i k ~ l e  d e l i v e r y  r o u t e s ,  each one accommodating a 

s p e c i f i e d  s u b s e t  o f  customers and capable  of  be ing  t r a v e l e d  by 

a s i n g l e  c a r r i e r  i n  a day. Each rou te  a l s o  has  a " c o s t "  

a s s o c i a t e d  wi th  i t ,  which may be  j u s t  the l e n g t h  o f  t h e  r o u t e ,  

o r  t h e  c o s t  of  fc .e l  t o  t r a v e l  t h e  r o u t e ,  e t c .  The g o a l  i s  t o  

select a set  of  r o u t e s  t h a t  w i l l  make it p o s s i b l e  t o  provide 

a d e l i v e r y  t o  each customer and, s u b j e c t  t o  t h i s ,  minimize 

t o t a l  c o s t .  

Define 

( 1 i f  r o u t e  j i s  s e l e c t e d  



and c r e a t e  an A ma t r ix  whose j t h  column has ( c o n s t a n t )  e n t r i e s  

1 i f  customer i s  on r o u t e  j  
a  = i j  0 i f  n o t  

Denoting t h e  c o s t  of  r o u t e  j by c t h e  d e l i v e r y  problem may 
j '  

be w r i t t e n  

Minimize c x  

s u b j e c t  t o  A x  = e 

x  2 0 and i n t e g e r ,  

where a s  before  e i s  a  v e c t o r  of  1 ' s  ( a  column v e c t o r  i n  t h i s  

c a s e )  . 
The de l i - re ry  problem may a l s o  i nc lude  a  c o n s t r a i n t  of  

t h e  form 

which restricts t h e  t o t a l  number o f  r o u t e s  s e l e c t e d  t o  be  no 

more than k  (bec:ause, f o r  example, t h e  company can o p e r a t e  a t  

most k t rucks  OIL a  given d a y ) .  

Note that: f o r  t h e  speci . f ied form of  A, t h e  c o n s t r a i n t s  

"Ax = e ,  x  2 0 and i n t e g e r "  au toma t i ca l ly  imply x  = 0 o r  1 3 
f o r  each j ( t h i ~  would a l s o  be t r u e  i f  Ax = e were r ep l aced  by 

Ax < e ) .  We asr:ume o f  course  t h a t  t h e r e  a r e  no columns of  A - 
t h a t  a r e  a l l  0': (which would correspond t o  a  r o u t e  w i thou t  

any cus tomers ) .  The ma t r ix  equa t ion  Ax = e  s t i p u l a t e s  t h a t  

each customer w i l l  r ece ive  e x a c t l y  one d e l i v e r y  each day. 

Mul t ip le  A l t e r n z t i v e  Problems - 
A v a r i e t l  of  "dichotomous" o r  "mul t ip l e  a l t e r n a t i v e "  

s i t u a t i o n s  can be accommodated by t h e  i n t r o d u c t i o n  o f  appro- 

p r i a t e l y  de f ine t ,  zero-one v a r i a b l e s .  Problems t o  which such 



mul t ip l e  a l t e rnz l t i ve  s i t u a t i o n s  a r e  r e l e v a n t  range from t h e  

des ign  of a nucl.ear r e a c t o r  complex t o  t h e  de te rmina t ion  o f  

demand r e s e r v o i r  l o c a t i o n s  f o r  a wate r  resource  a l l o c a t i o n  

p r o j e c t  . 
The commcm i n g r e d i e n t  i n  t h e s e  problems is a s e t  of 

c o n s t r a i n i n g  r e l . a t i ons  

A ( r ) ~  < b ( r )  

o u t  of  which a t  l e a s t  q a r e  r equ i r ed  t o  b e  s a t i s f i e d  whi le  t h e  

remaining r - q may be s a t i s f i e d  o r  no t .  Corresponding t o  each 

b ( k )  l e t  M (k)  denote a v e c t o r  of  t h e  same dimension (which may 

be d i f f e r e n t  fox d i f f e r e n t  k )  whose components a r e  s u f f i c i e n t l y  

l a r g e  t h a t  5 b ( k )  + M ( ~ )  w i l l  be  s a t i s f i e d  f o r  a l l  x 

v e c t o r s  relevant:  t o  t h e  problem under cons ide ra t ion .  Thus, 

t h e  c o n s t r a i n t  

where yk i s  a 0-1 v a r i a b l e ,  corresponds t o  5 b ( k )  f o r  

yk = 0 and t o  A ' k ) x  5 b (k )  + M ( ~ )  f o r  yk = 1. For a t  l e a s t  

q of  t h e  i n e q u a l i t i e s  A ( ~ ) x  5 b ( k )  t o  ho ld ,  a t  l e a s t  q o f  t h e  

yk must be  0. :?his  i s  accommodated by i n t r o d u c i n g  t h e  con- 

s t r a i n t s  A ( ~ ) x  .: . . b ( k )  + y k ~ ( k )  f o r  k = 1, . . ., r and r e q u i r i n g  

'Yk 5 - q. 

This l a t t e r  con : ; t ra in t  may a l s o  be  r ep l aced  by 

Iyk = r - q 

t o  accomplish t h e  same r e s u l t .  



Zero-One Polynoxnial Problems - 
Nonlineai: 0 - 1  programming problems of  t h e  form 

sub j t lct  t o  gi (x)  < 0 - i = 1, ..., m 

x = 0 o r  1 f o r  a l l  j 
j  

where f  and gi a r e  polynomials,  can be r ep l aced  by e q u i v a l e n t  

l i n e a r  0 - 1  prog~.amminq problems by t h e  r u l e s  

1. Replz~ce a l l  nonzero powers of  x by x j  i t s e l f  ( s i n c e  
j 

2 f o r  >. = 0 o r  1, x .  = x = x3 e t c . )  
' j  3 j j 

2 .  Replzce each c r o s s  product  n 
j s Q X j  

by a 0 - 1  v a r i a b l e  

X~ 
wf.ich i s  r equ i r ed  t o  s a t i s f y  

x > . C  x  + 1 - I Q I  
Q - 7 E Q  j 

and 

x . , / l a l  X~ ' '"CQ 7 

where I Q I  denotes  t h e  number o f  e lements  i n  Q. 

The j u s t i f i c a t i o n  o f  t h e  second r u l e  fol lows from t h e  

f a c t  t h a t  t h e  i n d i c a t e d  lower bound f o r  x is always redundant 
Q 

u n t i l  C 
j ~ ~ ~ j  

= I Q ~ ,  (which occurs  when x = 1 f o r  a l l  j € Q ) ,  i n  
j  

which c a s e  it i n ~ p l i e s  x > 1, and t h e  i n d i c a t e d  upper bound 
Q - 

always r e q u i r e s  x < 1 (hence x = 0 )  u n t i l  CjEQxj = I Q ~ ,  i n  
Q ,  Q 

which case  it permi t s  x = 1. Thus x = 1 i f  x = 1 f o r  a l l  
Q Q j 

jeQ (and xQ = O o t h e r w i s e ) ,  which i d e n t i f i e s  the va lue  o f  x 
Q 

t o  be t h e  same i s  t h a t  of  njEQxj. Ways have been developed f o r  

exp res s ing  these  polynomials s t i l l  more e f f e c t i v e l y  [ 28 I .  



Equivalence of Bounded Var iab le  I n t e g e r  Program t o  a  0-1  - .- -- 
I n t e g e r  Program 

There arc: s e v e r a l  ways t o  express  an i n t e g e r  program 

i n  bounded v a r i a b l e s  a s  a  problem i n  0-1 v a r i a b l e s .  

To i l l u s . : r a t e ,  suppose each i n t e g e r  v a r i a b l e  x  o f  t h e  
j 

o r i g i n a l  p r o b l e ~ ~  can be r equ i r ed  t o  s a t i s f y  0  2 x < U .  f o r  
j -  I 

some f i n i t e  uppc!r bound U 
1' 

Then w e  may r ep lace  x  by t h e  
j 

l i n e a r  express ion  

where each x .  . j.s a  0-1 v a r i a b l e  and r i s  the unique i n t e g e r  
1 I 

f o r  which 2r < I : .  < 2r+1. 'Ityo o t h e r  ways t o  r e p l a c e  an i n t e g e r  - I 
v a r i a b l e  by a  whighted sum of 0-1 v a r i a b l e s  a r i s e  simply by 

t a k i n g  a l l  weigkts  equa l  1 ( y i e l d i n g  an ord inary  sum of U 
j 

d i f f e r e n t  v a r i a k l e s )  and by t ak ing  t h e  weights  t o  be t h e  

p o s i t i v e  i n t e g e r s  1, 2,  3 ,  ..., U wi th  t h e  added r e s t r i c t i o n  
j 1  

t h a t  t h e  sum of t h e  0-1 v a r i a b l e s  a s s o c i a t e d  wi th  t h e s e  l a t t e r  

weights  n o t  exceed 1. 

Because c f  t h e  g e n e r a l i t y  of t h e  0-1 problem, and be- 

cuase a  high percentage of p r a c t i c a l  problems e x h i b i t  " n a t u r a l -  

l y  occu r r ing"  0 - 1  v a r i a b l e s ,  a  good d e a l  of a t t e n t i o n  has  been 

devoted t o  methods and r e s u l t s  f o r  t h e  0-1 case .  I n  f a c t ,  a  

v a r i e t y  o f  non l inea r  programming problems can be expressed a s  

i n t e g e r  programming problems (wi th in  a  d e s i r e d  degree of 

approximation) by t h e  use of 0-1 v a r i a b l e s .  Two of t h e  more 

s i g n i f i c a n t  ways of doing t h i s  a r e  a s  follows: 



Piecewise Linear Approximation of  - - a Separable  Nonlinear Function 

A non l inea r  func t ion  f  ( x )  ( x  = (x  . )  
7 1 1 x 1  

) i s  c a l l e d  

sepa rab le  i f  it can be w r i t t e n  i n  t h e .  form f  (x )  = f  (x  ) + 1 1  

f Z ( x 2 )  + ... + f n ( x n ) ,  where each f .  is  a  func t ion  of  t h e  
I 

s i n g l e  v a r i a b l e  x  
j' 

I f  t h e  func t ions  f  a r e  s u f f i c i e n t l y  we l l -  
j 

behaved, it may be  p o s s i b l e  t o  f i t  them wi th  reasonable  piece-  

wise  l i n e a r  approximations wi thout  t o o  much d i f f i c u l t y .  In  

t h i s  c o n t e x t  w e  s h a l l  f o r  convenience drop t h e  j s u b s c r i p t  and 

understand f ( x )  t o  des igna t e  one of  t h e  func t ions  f . ( x . )  where 
I 

now x i s  a  s i n g l e  v a r i a b l e  r a t h e r  than a  vec to r .  For example, 

such a  func t ion  f  (x )  and i t s  l i n e a r  approximation L(x)  might 

be a s  shown i n  t h e  fo l lowing diagram, where f ( x )  i s  t h e  curved 

l i n e  and L(x)  i s  t h e  broken s t r a i g h t  l i n e .  

The domain of  t h e s e  func t ions  has  been d iv ided  i n t o  

i n t e r v a l s  [6k,l, 6k] k  = 1, . . . 6 over  which L (x)  i s  an un- 

broken s t r a i g h t  l i n e .  W e  l e t  ak denote  the s l o p e  o f  L ( x )  on 

6 ] then 6 ] and observe t h a t  i f  x  ~ [ 6 ~ - ~ ,  t h e  i n t e r v a l  [6k-l, 

L(x)  = L(6k-l) + uk(x  - 6k-1). This f a c t  makes it p o s s i b l e  t o  

r e p r e s e n t  L(x)  by a  l i n e a r  func t ion  a s  fol lows.  L e t  yk be a  



0-1 v a r i a b l e  ant.  l e t  z  be  a  cont inuous v a r i a b l e  w i th  t h e  i n -  k  

t e r p r e t a t i o n  thc . t  yk = 1 corresponds t o  x  € 1 6  k-l, 6 1 and zk 

is nonzero only  i f  yk = 1, i n  which case  it r e p r e s e n t s  t h e  

q u a n t i t y  x  - 6 k- 1' Then, L(x)  may be  expressed a s  

( L ( 6 k - l ) ~ ~  + akzk) 
k = l  

given t h e  c o n s t r a i n t s  

and 

( 6 k  - 6 k - l ) ~ ~  ' zk > 0, 

> 0 and i n t e g e r  Yk - k = 1, ..,, r 
This r e p ~ e s e n t a t i o n  can be made v a l i d  even i f  L (x )  i s  

n o t  cont inuous.  To do t h i s ,  one s e l e c t s  t h e  6k  s o  t h a t  L (x )  

is cont inuous on t h e  half-open i n t e r v a l  [6k-1, t j k ) ,  and i n t e r -  

p r e t s  yk = 1 t o  mean x  ~ [ 6 ~ - ~ , 6 ~ ) ,  whereupon zk is c o n s t r a i n e d  

t o  s a t i s f y  ( b k  - 6k-1) ~k - E 2 zk > 0 ,  f o r  E a  small p o s i t i v e  

number. 

It  i s  a l s o  q u i t e  p o s s i b l e  t o  make t h e  r e p r e s e n t a t i o n  

v a l i d  when L(x)  i s  de f ined  over  d i s j o i n t  i n t e r v a l s .  In  p a r t i -  

c u l a r ,  i f  L (x )  is de f ined  only a t  t h e  p o i n t s  6 k ,  then one can 
r 

simply r ep re sen t  L(x)  by C L(6k)yk,  w i thou t  any r e f e r e n c e  t o  
k = l  

t h e  zk v a r i a b l e s .  

There i s  ano the r  way t o  r e p r e s e n t  L(x)  which, however, 

r e q u i r e s  L(x)  t c  be  cont inuous.  Under t h i s  assumption,  L (x )  

may be  w r i t t e n  
r 

- 

where now t h e  zk have t h e  i n t e r p r e t a t i o n  o f  equa l ing  t h e  l eng th  



of t h e  i n t e r v a l  [6 6 ] i f  x  > 6 k ,  equa l ing  x  - 6k-l k- l1  k  ( a s  

be fo re )  i f  x  ~ [ 6 ~ - ~ , 6 ~ 1 ,  and equa l ing  0 i f  x  < 6 
k-:L ' (Thus, 

Ezk = x.)  This  i n t e r p r e t a t i o n  is assured  by imposing t h e  con- 

s t r a i n t s  

( 6  - Yk-1 k  6k-1) . Zk . Y r k  ( 6  - 6k-1) 

> 0 and i n t e g e r  k  = 1, ..., r Yk - 
where by convention y  = 1. Then "yk = 1" corresponds t o  

0 

"X > 6 k . "  The c o n s t r a i n t s  imply t h a t  1 2 yl 2 y2 . . . . yr,  

and t h a t  each zk assumes e x a c t l y  t h e  va lue  i n d i c a t e d  by t h e  

foregoing  d i scuss ion .  

This second way of  r e p r e s e n t i n g  L(x )  can b e  s l i g h t l y  

modified t o  accommodate d i scont inuous  func t ions  and f u n c t i o n s  

de f ined  over  d i s j o i n t  i n t e r v a l s  by inc lud ing  t h e  0-1 v a r i a b l e s  

i n  t h e  express ion  f o r  L ( x ) .  

I f  t h e  func t ion  L(x )  t h a t  approximates f  ( x )  i s  convex, 

and i f  t h e  problam o b j e c t i v e  i s  t o  minimize f ( x ) ,  then  t h e  

q u a n t i t y  L(0)  + Eakzk provides  an accep tab le  l i n e a r  express ion  

f o r  L(x)  w i thou t  i n t roduc ing  0-1 v a r i a b l e s  yk. The! only s t i p u -  

l a t i o n  r equ i r ed  is t h a t  

&k 
- > 0 6k-1 1 zk - k  = 1, ..., r 

This  fol lows f r o n  t h e  f a c t  t h a t  

a1 2 a2 > ... > a  - k  

and i s  impl ied b j  t h e  convexi ty  of  L ( x ) .  

So lu t ion  Methods - f o r  I n t e g e r  Programming Problems 

The number of s o l u t i o n  methods--and s p e c i a l  v a r i a t i o n s  

f o r  s p e c i a l  cases - - tha t  have been proposed f o r  i n t e g e r  pro- 

gramming problems a r e  l eg ion .  However, n e a r l y  a l l  of  them can 



be descr ibed  i n  terms of a s i n g l e  framework. W e  w i l l  i n d i c a t e  

t h i s  framework, and then provide i l l u s t r a t i o n s  of a few of t h e  

more popular methods t h a t  a r e  s p e c i a l  i n s t ances  o f  it. 

Methods f o r  s o l v i n g  i n t e g e r  programming problems t y p i -  

c a l l y  proceed by gene ra t ing  a succession of r e l a t e d  problems 

which we w i l l  c a l l  descendants of t h e  o r i g i n a l  problem. For 

each descendant,  an a s soc ia t ed  re laxed  problem i s  i d e n t i f i e d  

t h a t  i s  e a s i e r  t~ so lve  than t h e  problem it came from (which 

w i l l  be c a l l e d  i t s  source problem). The s o l u t i o n  t o  t h e  re laxed  

problem determines t h e  r e s o l u t i o n  of i t s  source;  i . e . ,  whether 

t h e  source  may bs  d i scarded  o r  rep laced  by one o r  more descen- 

dan t s  of i t s  own (hence, which a r e  a l s o  descendants  of t h e  

o r i g i n a l  problem).  Thereupon, one o f  t h e  descendants is 

s e l e c t e d  which hiis n o t  y e t  been d iscarded  o r  rep laced  and t h e  

process  r e p e a t s  u n t i l  no more unresolved descendants remain. 

I n  a v a r i e t y  o f  methods ( a s ,  f o r  example, c u t t i n g  methods),  

t h e  r e s o l u t i o n  o:E a problem g ives  rise t o  e x a c t l y  one descen- 

d a n t ,  though t h e r e  i s  t y p i c a l l y  a choice  among s e v e r a l  a l t e r n a -  

t i v e s  t o  provide t h e  i d e n t i t y  of t h i s  descendant.  

W e  w i l l  now c h a r a c t e r i z e  t h e  n a t u r e  o f  descendants and 

r e l axed  problems more p r e c i s e l y .  

Descendants 

I n  t h e  sane way t h a t  a re laxed  problem has a source ,  a 

descendant problem has  a pa ren t  (an immediate predecessor  from 

which t h e  descendant " i s s u e s " ) .  A c o l l e c t i o n  of immediate 

descendants of a given problem i s  r equ i r ed  t o  have t h e  proper ty  

t h a t  a t  l e a s t  one of t h e s e  descendants has  t h e  same optimal 



s o l u t i o n  a s  i t s  pa ren t .  I n  case  t h e  pa ren t  problem has  m u l t i p l e  

optima, t h e  r e s t r i c t i o n  i s  t h a t  some nonempty s u b s e t  of  t h e s e  

optima must c o n s t i t u t e  t h e  set  of  opt imal  s o l u t i o n s  f o r  one of 

i t s  descendants .  

Two commo? examples of  descendant problems wi th  t h e s e  

p r o p e r t i e s  w i l l  b s  u s e f u l .  I n  t h e  so-ca l led  c u t t i n g  approach, 

an i n e q u a l i t y  o r  squat ion--cal led a "cu tw-- i s  deduced t h a t  is  

s a t i s f i e d  by a l l  3o lu t ions  t o  t h e  pa ren t .  (To be  u s e f u l ,  t h e  

c u t  u sua l ly  must l o t  be  s a t i s f i e d  by t h e  optimum f o r  t h e  r e l axed  

problem which has been so lved  i n  l i e u  of  t h e  p a r e n t . )  The c u t  

is then appended t o  t h e  pa ren t  t o  y i e l d  a s i n g l e  new problem 

which has e x a c t l y  t h e  same s e t  of  opt imal  s o l u t i o n s  a s  t h e  prob- 

l e m  from which it descended. 

In  t h e  brsnch and bound approach, f o r  t h e  second example, 

a c o l l e c t i o n  of  i l l e q u a l i t i e s  ( o r  equa t ions )  i s  deduced, s o  t h a t  

each admits some s u b s e t  o f  t h e  s o l u t i o n s  t o  t h e  p a r e n t  problem 

a s  f e a s i b l e ,  and :so t h a t  t h e  union of  t h e s e  s u b s e t s  i nc ludes  a l l  

f e a s i b l e  solution!i  t o  t h e  pa ren t .  Each o f  t h e  de r ived  inequa l i -  

t i e s - - o r  " p r o v i s i ~ , n a l  cu t s t ' - - i s  ad jo ined  t o  t h e  p a r e n t  problem 

s e p a r a t e l y  from t h e  o t h e r s  ( s i n c e  it i s  n o t  known i n  advance 

which one w i l l  adinit an optimum s o l u t i o n  t o  t h e  p a r e n t  a s  feas -  

i b l e ) ,  t h u s  c r e a t i n g  a c o l l e c t i o n  o f  descendants  having t h e  

p r o p e r t i e s  indica.:ed. 

I n  s t i l l  o t h e r  approaches (such a s  c e r t a i n  graph theory  

methods),  no th ing  i s  added t o  t h e  pa ren t  problem, b u t  t h e  

manner i n  which tlie problem i s  " represen ted"  is modif ied,  

based on the solu.:ion t o  t h e  r e l axed  problem, t o  produce a 

s i n g l e  descendant  f o r  which t h e  process  i s  repea ted .  



Relaxed Problemr: 

The pr incl ipal  c h a r a c t e r i s t i c  of a  r e l axed  problem is  

t h a t  i t s  cons t r i l i n t s  a r e  l e s s  r e s t r i c t i v e - - i . e . ,  admit a 

l a r g e r  ( o r  no sn la l le r )  range o f  f e a s i b l e  so lu t ions- - than  t h e  

c o n s t r a i n t s  of  i t s  source  problem. Frequent ly ,  a r e l axed  prob- 

l e m  is c r e a t e d  simply by d i s c a r d i n g  some of  t h e  c o n s t r a i n i n g  

cond i t i ons  of  i t s  source .  For example, i n  i n t e g e r  programming, 

a  commonly emplccyed r e l axed  problem i s  t h e  o rd ina ry  l i n e a r  

programming proklem (which a r i s e s  by dropping t h e  i n t e g r a l i t y  

requi rements ) .  A r e l axed  problem may a l s o  have a d i f f e r e n t  

o b j e c t i v e  func t ion  than i t s  source ,  provided t h e  optimum objec-  

t i v e  func t ion  value f o r  t h e  r e l axed  problem does n o t  exceed 

t h a t  f o r  t h e  s o t r c e  ( i n  t h e  minimization c o n t e x t ) .  

These s t i p u l a t i o n s  immediately g ive  rise t o  t h e  f o l -  

lowing "double inequa l i ty" :  opt imal  o b j e c t i v e  func t ion  va lue  

f o r  t h e  r e l axed  problem < - opt imal  o b j e c t i v e  func t ion  va lue  f o r  

t h e  source  problem 5 o b j e c t i v e  func t ion  va lue  f o r  t h e  sou rce  

problem f o r  any f e a s i b l e  s o l u t i o n  t o  t h e  source .  

I t  fol lows t h a t ,  whenever s o l u t i o n s  can be  found t h a t  

make t h e  f i r s t  and t h e  l a s t  q u a n t i t i e s  i n  t h i s  double inequa l -  

i t y  e q u a l ,  then  t h e  middle q u a n t i t y  i s  compelled t o  equa l  t h e  

same va lue  a s  t h e  o t h e r  two q u a n t i t i e s ,  and an op t imal  s o l u t i o n  

h a s  been found f o r  t h e  source  problem. 

Dua l i t y  t h e o r i e s  f o r  l i n e a r ,  non l inea r  and combina to r i a l  

programming involve  t h e  s p e c i f i c a t i o n  of a problem which i s  an 

i n s t a n c e  o f  a  re laxed  problem a s  j u s t  de f ined ,  and t h u s  which 

causes  t h e  double i n e q u a l i t y  t o  ho ld .  The d u a l  problem i n  



each of t h e s e  d u a l i t y  t h e o r i e s  i s  t o  f i n d  a " s t r o n g e s t "  re- 

laxed problem f::om among t h e  problems i n  i ts  category-- i .e . ,  

a re laxed  probltim t h a t  makes the  f i r s t  q u a n t i t y  i n  t h e  double 

i n e q u a l i t y  t h e  : .argest .  

Only a s1:rongest re laxed problem can poss ib ly  fo rce  t h e  

double i n e q u a l i t ~ y  t o  ho ld  a s  an e q u a l i t y  and thereby s e r v e  a s  

a t o o l  f o r  i d e n t i f y i n g  an opt imal  s o l u t i o n  t o  t h e  source prob- 

l e m .  (However, even a s t r o n g e s t  re laxed  problem--from those  

i n  t h e  category s p e c i f i e d  by a. p a r t i c u l a r  d u a l i t y  theory--may 

not  b e  a b l e  t o  f o r c e  e q u a l i t y ,  i n  which case  t h e  r e s u l t i n g  

cond i t ion  i s  kncwn a s  a " d u a l i t y  gap.") 

In  view c f  t h e s e  remarks, t h e  methods t h a t  d e r i v e  from 

t h e  framework under cons ide ra t ion  may proper ly  be c a l l e d  

d u a l i t y  e x p l o i t i n q  methods. In f a c t ,  one of t h e  important  

f e a t u r e s  of t h e s e  methods is t h a t  they g ive  a means f o r  so lv ing  

t h e  source problem even when d u a l i t y  gaps occur.  The manner 

i n  which they do t h i s  r e l i e s  on t h e  i t e r a t i v e  c r e a t i o n  of  

descendants t o  s s r v e  a s  source problems, and on making use of 

t h r e e  use fu l  p r o p e r t i e s  of t h e i r  a s soc ia t ed  re laxed  problems: 

(1) Whenever a re laxed  problem l acks  a f e a s i b l e  so lu-  

t i o n ,  then s o  do2s i ts  source ;  

( 2 )  t h e  o?timum o b j e c t i v e  func t ion  va lue  f o r  a r e l axed  

problem provides a lower bound f o r  t h e  optimum o b j e c t i v e  func- 

t i o n  value f o r  t l e  source  problem; and 

( 3 )  i f  an opt imal  s o l u t i o n  t o  a re laxed  problem y i e l d s  

t h e  same o b j e c t i ~ e  func t ion  value f o r  t h e  source problem a s  

f o r  t h e  re laxed  ?roblem (which it automat ica l ly  does i f  t h e  



two o b j e c t i v e  fw lc t ions  a r e  t h e  same),  and i f  t h i s  s o l u t i o n  

is f e a s i b l e  f o r  .:he source  problem, then  it i s  a l s o  opt imal  

f o r  t h e  source  problem. 

Consequen.:ly , whenever cond i t i ons  (1) o r  ( 3 )  h o l d ,  t h e  

process  o f  solvi i ig  t h e  r e l axed  problem "d isposes  o f "  t h e  

source  problem, -:hereby accomplishing a hard  t a s k  ( s o l v i n g  

t h e  source)  by under taking an e a s i e r  one ( s o l v i n g  t h e  r e l a x e d  

problem). Moreo'rer, i f  a cei1:ing has  been e s t a b l i s h e d  f o r  

t h e  optimum o b j e c t i v e  func t ion  va lue  of  t h e  source  problem, s o  

t h a t  t h e  optimum must f a l l  below t h i s  c e i l i n g  i f  it i s  t o  be  

accep tab le  ( a s  commonly occurs  i n  branch and bound methods) ,  

then t h e  so lu t io l i  o f  t h e  r e l axed  problem a l s o  d i s p o s e s  of  t h e  

source  problem utider cond i t i on  ( 2 ) ,  provided t h e  lower bound 

i d e n t i f i e d  by th: is  c o n d i t i o n  equa l s  or exceeds t h e  imposed 

c e i l i n g .  

U t i l i z i n g  t h e s e  obse rva t ions ,  we now s t a t e  t h e  genera l  

p rocedura l  formal: f o r  ' t tual i ty  c:xploiting"methods i n  i n t e g e r  

programming and c:ombinatorial op t imiza t ion .  

Dua l i t y  E x p l o i t i 1 5  Methods: General  - Framework 

1. Begin wi th  a "problem l ist" t h a t  c o n t a i n s  t h e  

o r i g i n a l  problem a s  i t s  only  member. 

2 .  Select: a problem from t h e  l ist .  ( I f  t h e r e  a r e  no 

problems on t h e  :.ist a t  t h i s  p o i n t ,  t h e  method s t o p s  and t h e .  

b e s t  s o l u t i o n  s o  f a r  found i s  opt imal  f o r  t h e  o r i g i n a l  problem. 

I f  no such "cand:.date" s o l u t i o n s  were found, t h e  o r i g i n a l  prob- 

lem has  no f e a s i h l e  s o l u t i o n . )  



3. Solve! a r e l axed  problem--or a c o l l e c t i o n  of r e -  

laxed problems-..corresponding t o  t h e  s e l e c t e d  problem 

--If a  re laxed  problem l acks  a f e a s i b l e  s o l u t i o n  

( c f .  condi t ion  : I ) ) ,  d i s c a r d  t h e  s e l e c t e d  problem and r e t u r n  

t o  S t ep  2 .  

--If  t h e  optimum o b j e c t i v e  func t ion  va lue  f o r  a 

r e l axed  problem equa ls  o r  exceeds t h e  c e i l i n g  given by t h e  

o b j e c t i v e  funct:.on value f o r  the b e s t  candida te  s o l u t i o n  f o r  

t h e  o r i g i n a l  problem s o  f a r  found ( c f .  condi t ion  ( Z ) ) ,  d i s c a r d  

the s e l e c t e d  problem and r e t u r n  t o  S t ep  2 .  

--If n e i t h e r  o f  t h e  preceding s i t u a t i o n s  apply ,  and 

i f  an op t imal  s o l u t i o n  t o  a r e l axed  problem is  opt imal  f o r  

t h e  s e l e c t e d  prcbblern ( c f .  cond i t i on  (3)  ) , then check t h i s  

s o l u t i o n  t o  see i f  it i s  f e a s i b l e  f o r  the o r i g i n a l  problem. 

(The check is ur.necessary f o r  s t anda rd  branch and bound and 

c u t t i n g  approact.es--as p rev ious ly  charac te r ized- -s ince  f o r  

t h e s e  the s e t  oil f e a s i b l e  s o l u t i o n s  t o  each s e l e c t e d  problem 

is a s u b s e t  o f  the f e a s i b l e  s o l u t i o n s  t o  t h e  o r i g i n a l  problem.) 

I f  f e a s i b i l i t y  f o r  t h e  o r i g i n a l  problem i s  e s t a b l i s h e d ,  then 

r eco rd  t h i s  s o l u t i o n  a s  t h e  new b e s t  candida te  s o l u t i o n  f o r  

t h e  o r i g i n a l  prc~blem, and r e t u r n  t o  S t ep  2 .  

--If none o f  t h e  preceding c i rcumstances  apply ,  

t r e a t  t h e  select .ed problem as  a pa ren t  problem and gene ra t e  

a s e t  of  one o r  more descendants ( a s  by t h e  use  o f  c u t s ,  pro- 

v i s i o n a l  c u t s ,  z.n updated problem r e p r e s e n t a t i o n ,  e t c .  ) , s o  

t h a t  t h e s e  descendants have t h e  p r o p e r t i e s  p rev ious ly  s t i p u -  

l a t e d .  Add t h e s e  descendant problems t o  t he  l i s t  ( i n  p l ace  



of t h e i r  p a r e n t )  and r e t u r n  t o  S t ep  2 .  

Some comn~ents about  t h e  foregoing  framework a r e  i n  

o rde r .  F i r s t ,  s t anda rd  techniques  f o r  o b t a i n i n g  succes s ive ly  

s t r o n g e r  r e l a x e t  problems can be  used i n  S t e p  3 .  These tech-  

niques  apply t o  r e l axed  problems t h a t  a r e  c r e a t e d  by r e p l a c i n g  

some s u b s e t  o f  t h e  c o n s t r a i n t s  of  t h e  source  problem wi th  a  

nonnegative l i n e a r  combination of  t h e s e  c o n s t r a i n t s ,  where 

t h i s  l i n e a r  combination is e i t h e r  absorbed i n t o  t h e  o b j e c t i v e  

func t ion ,  a s  i n  gene ra l i zed  Lagranzean approaches,  o r  used t o  

form one o r  more "summarizing" c o n s t r a i n t s ,  a s  i n  t h e  s u r r o g a t e  

c o n s t r a i n t  apprcaches.  (These two types  o f  r e l a x a t i o n  ap- 

proaches w i l l  be d i scussed  i n  more d e t a i l  l a t e r . )  A l l  o f  t h e  

techniques  f o r  c r e a t i n g  s u c c e s s i v e l y  s t r o n g e r  r e l axed  problems 

u t i l i z e  some v a r i a n t  of  t h e  fo l lowing  simple s t r a t e g y :  

(i) s o l v e  t h e  c u r r e n t  r e l axed  problem 

(ii) i f  t h e  s o l u t i o n  i s  n o t  f e a s i b l e  f o r  then source  

problem, i d e n t i f y  a  s u b s e t  of  t h e  v i o l a t e d  c o n s t r a i n t s  and a  

s u b s e t  of  t h e  " o v e r s a t i s f i e d "  c o n s t r a i n t s  ( s o  t h a t  a t  l e a s t  

one o f  t h e s e  s u b s e t s  is nonempty) and modify t h e  r e l a x e d  prob- 

l e m  by i n c r e a s i n g  t h e  weights  of  t h e  l i n e a r  combination a s s o c i -  

a t e d  wi th  t h e  f i r s t  s e t  and by dec reas ing  t h e  weights  a s s o c i a t e d  

wi th  t h e  second s e t .  The amount of  i n c r e a s e  o r  dec rease  may 

vary f o r  each c o n s t r a i n t ,  i n  a  given s e t ,  b u t  t h e  n e t  change 

is made s u f f i c i e n t l y  g r e a t  s o  t h a t  t h e  previous  s o l u t i o n  t o  t h e  

r e l axed  problem Decomes nonoptimal r e l a t i v e  t o  t he  modified 

form of  t h e  r e l axed  problem. (The Frank-Wolfe a lgor i thm 

[ 1 9  , 4 3 1  i s  a  p3pular  technique of  t h i s  type.  In f a c t ,  many 



of t h e  penal ty  func t ion  methods f o r  non l inea r  proqramming 

u t i l i z e  e s s e n t i a l l y  t he  same s t r a t e g y ,  except  that: t h e  

"weights" may apply t o  func t ions  o t h e r  than l i n e a r  ones . )  

Another comment i s  t h a t ,  a s  an ad junc t  t o  S t e p  2 o r  3 ,  

one can op t iona l ly  employ h e u r i s t i c  approaches t o  gene ra t e  

" t r i a l  so lu t iong"  t o  t h e  s e l e c t e d  problem, whereupon these  

s o l u t i o n s  can b ?  t e s t e d  t o  see whether they provide improved 

candida te  s o l u t i o n s  f o r  t h e  o r i g i n a l  problem. 

Fur the r ,  i n  add i t i on  t o  t h i s  op t ion ,  t h e r e  a r e  t h r e e  

main p laces  i n  .:he d u a l i t y  e x p l o i t i n g  framework where choice  

e n t e r s :  i n  selc!cting t h e  n e x t  problem from t h e  l i s t ;  i n  

choosing a re laxed  problem ( o r  c o l l e c t i o n  of re laxed  problems) 

f o r  a given soul-ce problem; i n  dec id ing  which c u t  o r  which 

s e t  of provis ior ia l  c u t s ,  etc. ,  should be generated t o  produce 

t h e  new descendilnt problems. Each of t hese  choice  a r e a s  i s  

c r i t i c a l  t o  e f f i c i e n t  implementation ( see  [ 4 , 20 , 22 , 5 2 ,  53 

55 , 5 7  I ) .  

Another t h i n g  t o  b e  noted i s  t h a t  p rov i s iona l  c u t s  must 

tend t o  be a g r e a t  d e a l  s t r o n g e r  (more r e s t r i c t i v e )  than or-  

d inary  c u t s  i f ,  as o f t e n  happens, t h e  branch and bound opt ion  

i s  t o  be  p r e f e r r e d  t o  c u t t i n g ,  s i n c e  t h e  use of p r o v i s i o n a l  

c u t s  l eads  t o  two o r  more descendants of each given problem, 

and these  descendants must somehow be e a s i e r  t o  so lve  than t h e  

s i n g l e  descendant of t h e  c u t t i n g  approach i f  t h e  t o t a l  ~ 0 1 ~ -  

t i o n  t i m e  of  branch and bound i s  no t  t o  s u f f e r .  But t h e r e  is 

one advantage t o  branch and bound t h a t  may be e x t r a c t e d  even 

i f  some of t h e  p rov i s iona l  c u t s  a r e  r a t h e r  weak, provided a t  



l e a s t  some of them a r e  s u f f i c i e n t l y  s t rong .  For problems 

t h a t  r e q u i r e  excess ive  amounts of  computer t ime t o  s o l v e  o p t i -  

mally,  it  may n e v e r t h e l e s s  be  p o s s i b l e  t h a t  r e l a t i v e l y  good 

candida te  s o l u t i o n s  can be found e a r l y  i n  t h e  game us ing  

branch and bound, and hence t h e  method may b e  a r b i t r a r i l y  

stopped a t  a reasonable  cu t -of f  p o i n t  and t h e  b e s t  s o l u t i o n  

found t o  t h a t  t i m e  used i n  l i e u  of a guaranteed optimum. 

Accommodating Primal and Primal-Dual Methods i n  t h e  Dua l i t y  -- - - -- 
Exp lo i t i ng  Framework -- 

A c l a s s  c f  methods n o t  subsumed by t h e  preceding frame- 

work i s  t h e  c l a s s  of  "primal" methods. Never the less ,  t h e s e  

methods a r e  e a s i l y  c h a r a c t e r i z e d ,  and can be incorpora ted  i n t o  

t h e  foregoing  framework a s  an a l t e r n a t i v e  means o f  p rov id ing  

t r i a l  s o l u t i o n s  t o  t h e  problem s e l e c t e d  i n  S t e p  2 ,  o r  a s  a 

means o f  improving a candida te  s o l u t i o n  genera ted  i n  S t e p  3 ,  

o r  even i n  some cases ,  a s  a means of completely s o l v i n g  a r e -  

laxed problem o r  i ts  source .  

A method c l a s s i f i e d  a s  "primal" proceeds by producing 

a success ion  o f  f e a s i b l e  s o l u t i o n s ,  each b e t t e r  ( o r  no worse) 

than  i t s  predecessor .  The "primal s t r a t e g y "  o p e r a t e s  by i m -  

posing a l l  c o n s t r a i n t s  of  t h e  source  problem, p l u s  a number of 

a d d i t i o n a l  c o n s t r a i n t s  which r e q u i r e  admiss ib le  s o l u t i o n s  t o  

be "nea r ly  t h e  same" a s  t h e  c u r r e n t  f e a s i b l e  s o l u t i o n  t o  t h e  

source .  ( I n  t he  pr imal  simplex method, f o r  example, t h e  addi-  

t i o n a l  c o n s t r a i n t s  compel a l l  c u r r e n t  nonbasic v a r i a b l e s  ex- 

c e p t  one t o  equa l  0, t h u s  a l lowing a very l i m i t e d  d e v i a t i o n  

from t h e  s o l u t i c n  a s s o c i a t e d  wi th  t h e  c u r r e n t  b a s i s .  In  t h e  



primal  maximum flow method, s i m i l a r l y ,  a l l  flow changes a r e  

r e s t r i c t e d  t o  clccur on an elementary path  which c u r r e n t l y  has  

a  p o s i t i v e  "net, c a p a c i t y , "  again compell ing a  modified so lu -  

t i o n  t o  l i e  c l c s e  t o  t h e  c u r r e n t  one.)  The r e s u l t i n g  more 

h igh ly  cons t r a ined  problem i s  t y p i c a l l y  much e a s i e r  t o  s o l v e  

than i t s  source ( j u s t  a s  an appropr i a t e ly  generated r e l axed  

problem is  much e a s i e r  t o  so lve  than i ts  s o u r c e ) ,  and w i l l  

always y i e l d  a  f e a s i b l e  s o l u t i o n  a t  l e a s t  a s  good o r  b e t t e r  

than t h e  one c u r r e n t l y  a t  hand. 

Primal msthods t h a t  a r e  guaranteed t o  o b t a i n  an op t imal  

s o l u t i o n  a r e  much ha rde r  t o  come by i n  i n t e g e r  programming than 

i n  l i n e a r  programming [ 4 4  , 6 2 ,  6 3  , 6 4  I b u t  t h e  "pr imal  s t r a t e -  

gy" can s t i l l  be a  v i a b l e  s o l u t i o n  technique.  In f a c t ,  t h e  

pr imal  methods f o r  i n t e g e r  programming a r e  a c t u a l l y  "primal- 

dua l"  methods, i n s o f a r  a s  they may be i n t e r p r e t e d  a s  combining 

problem r e l a x a t i o n  wi th  problem r e s t r i c t i o n .  

The dual . i ty  e x p l o i t i n g  framework becomes a  framework 

f o r  bo th  primal and primal-dual methods simply by incorpor-  

a t i n g  t h e  prima.L s t r a t e g y  i n  S t e p  3 .  Moreover, t h e  use of 

c u t s  (and provi!;ional c u t s )  i n  a  pr imal  s t r a t e g y  can be c a r r i e d  

o u t  i n  a  manner t h a t  a s s u r e s  t h e s e  c u t s  a r e  v a l i d  f o r  t h e  

source problem. S p e c i f i c a l l y ,  c u t s  der ived  i n  t h e  process  of 

gene ra t ing  a  su~:cess ion o f  r e s t r i c t e d  problems by a  pr imal  

approach may be i n f e r r e d  r e l a t i v e  only t o  c o n s t r a i n t s  shared 

i n  common wi th  t h e  source problem. (This i s  i n  f a c t  one way 

of i n t e r p r e t i n g  t h e  known primal I P  methods.) Thus i n  t h e  

gene ra l  primal-dual  framework, t h e  genera t ion  o f  c u t s  o r  



prov i s iona l  cut:; t o  c r e a t e  descendant problems can be guided 

by an imbedded pr imal  s t r a t e g y .  

Some Examples -- of S p e c i f i c  Methods 

For a cleiarer understanding of how t h e  foregoing frame- 

work can be app l i ed ,  i l l u s t r a t i o n s  w i l l  be  provided of some of 

t h e  more popular methods t h a t  occur a s  v a r i a n t s  of t h i s  frame- 

work. 

A - Cut t ing  Plane Method 

For t h e  Fure i n t e g e r  programming problem, where a l l  

v a r i a b l e s  a r e  in teger-valued,  a comonly  employed method is 

t h a t  proposed by Gomory [ 31 1 .  An equat ion from t h e  Tucker 

form of a l i n e a r  programming t a b l e a u  ( s e e  Chapter 1) may be 

w r i t t e n  a s  

where x is  an i n t e g e r  va;iable and t h e  t jsN, are? t h e  cur-  
l '  

r e n t  nonbasic v a r i a b l e s ,  assumed t o  be cons t ra ined  t o  non- 

nega t ive  i n t e g e r  values .  A c u t  equa t ion  impl ied by t h i s  

equat ion i s  

- 
where S i s  a nonnegative i n t e g e r  v a r i a b l e ,  and t h e  cons t an t s  

' ij a r e  t h e  "pos:i t ive f r a c t i o n a l  p a r t s "  of t h e  cons t an t s  ail;  

t h a t  i s  f. . = ai:i - [ a i j ] ,  where t h e  square  b racke t s  r ep resen t  
1.1 

t h e  l a r g e s t  i n t e q e r  n o t  exceeding t h e  q u a n t i t y  i n s i d e .  Since 

x does not  have t o  be nonnegative,  t h e  c u t  can be taken from i 

any equat ion obtained a s  some i n t e g e r  l i n e a r  combination of 

t a b l e a u  equation!;. 



A s tandard  method f o r  us ing  such c u t s  r e s u l t s  from the 

gene ra l  framework by s e l e c t i n g  t h e  re laxed  problem t o  b e  t h e  

ord inary  LP pro:>lem a t  S t ep  3 .  A c u t  i s  then obta ined  from 

an equat ion f o r  which aio i s  n o t  an i n t e g e r  (hence fio > O ) ,  

thereby producing a  s i n g l e  descendant (having t h e  same s e t  of  

f e a s i b l e  s o l u t i o n s  a s  i t s  p a r e n t ) .  For each success ive  de- 

scendant  s e l e c t e d  a t  S t e p  2 ,  t h e  re laxed  LP problem i s  solved 

i n  S tep  3 by ' ~ o r ~ t o p t i m i z i n g "  wi th  t h e  dua l  simplex method. 

Recen t ly ,  a  number of advances have been made i n  c u t t i n g  

theory by refertknce t o  subaddi t ive  func t ions  [ 11 , 34 , 3 5 ,  4 6 1  

and s p e c i a l l y  cons t ruc t ed  convex domains [ 2 , 3 , 1 0 ,  2 7 ,  45 , 611 

S t ronger  c u t s  oh ta ined  from t h e s e  advances may permit  c u t t i n g  

methods t o  be  app l i ed  wi th  g r e a t e r  e f f i c i e n c y  than i n  t h e  p a s t .  

A - Branch and Bound Method - -- 
A simple procedure t h a t  has had some success  i n  c e r t a i n  

mixed-integer problem a p p l i c a t i o n s  i s  t h e  "Dakin branching 

scheme" [ 1 6 1  01: branch and bound, which aga in  t a k e s  t h e  r e -  

laxed problem of S t e p  3 t o  be  t h e  o rd ina ry  l i n e a r  program. 

This approach gene ra t e s  two descendants from a given problem 

by r e fe rence  t o  an i n t e g e r  v a r i a b l e  xi whose c u r r e n t  LP so lu-  
* 

t i o n  va lue ,  x  is nonin teger .  These descendants a r i s e  by i' 

r e s p e c t i v e l y  ( i .e . ,  s e p a r a t e l y )  ad jo in ing  t h e  two c o n s t r a i n t s  
* * 

x < [xi ] and x i  2 [xi ]  + 1 t o  t h e  p a r e n t  problem. i - 
More e l a k o r a t e  branch and bound schemes employ "pena l ty  

c a l c u l a t i o n s "  from re laxed  problems t h a t  may d i f f e r  from t h e  

LP problem. These p e n a l t i e s  y i e l d  a  lower bound on the amount 
* * 

by which compelling xi 5 [xi ] o r  xi 2 [xi ] + 1 w i l l  cause 



t h e  optimum obje:c t ive  func t ion  va lue  f o r  a descendant  problem 

t o  d i f f e r  from tihat of  i t s  p a r e n t ,  thereby  a l lowing some de- 

scendants  t o  be  d i sca rded  immediately, and a l lowing o t h e r s  t o  

be p u t  "on t h e  k~ottom" of t h e  problem l is t  a s  u n l i k e l y  poss i -  

b i l i t i e s  f o r  y i e l d i n g  an improved cand ida t e  s o l u t i ~ ~ n .  

Some o f  t.he r e l axed  problems from which p e n a l t i e s  and 

o t h e r  t y p i c a l  uses  of  r e l axed  problems d e r i v e  w i l l  now be  d i s -  

cussed.  

Problem Relaxat ion - 
Perhaps t h e  most common gene r i c  form of problem r e l a x -  

a t i o n  i s  "genera l ized  Lagrangean r e l a x a t i o n , "  which incorpor -  

a t e s  a s u b s e t  of t h e  problem c o n s t r a i n t s  i n t o  the o b j e c t i v e  

func t ion .  

Using the n o t a t i o n  by which t h e  l i n e a r  and i n t e g e r  pro- 

gramming problens  were e a r l i e r  de f ined ,  t h e  Lagrangean ap- 

proach a s s o c i a t e s  nonnegative weights  ui w i t h  a s u b s e t  of  t h e  

problem i n e q u a l i t i e s  (wi th  index set P, s ay )  t o  c r e a t e  t h e  

modified o b j e c t i v e  func t ion  

n n 
Minimize X C . X .  + C u ( X  a i j x j  - bi) 

j=1 J J i c p  i j = l  

The c o n s t r a i n t s  t hus  absorbed i n t o  t h e  o b j e c t i v e  f u n c t i o n  a r e  

"dropped'  from t h e  c o n s t r a i n t  set f o r  t h e  r e l axed  problem. 

The updated ok j e c t i v e  func t ion  c o e f f i c i e n t s  of  t h e  simplex 

method f o r  LP problems a r i s e  by e x a c t l y  t h i s  t echnique  ( h e r e  

t h e  c o n s t r a i n t s  "taken up" a r e  those  corresponding t o  t h e  non- 

b a s i c  v a r i a b l e s ) .  In  f a c t ,  most d u a l i t y  t heo ry  o f  mathemati- 

c a l  programming is based on t h i s  type of  r e l a x a t i o n ,  s o  it 



covers  a  very wi l e  swath indeed.  Var i a t ions  i n  t h e  a p p l i c a t i o n  

of  t h i s  approach a r e  covered i n  [17 , 18 , 2 2  , 2 3  , 4 0 ,  5 4  1. 

A second form of  problem r e l a x a t i o n  t h a t  has  found 

cons ide rab le  a p p l i c a t i o n  i n  i n t e g e r  programming is  " su r roga te  

c o n s t r a i n t  r e l a x , i t i o n , "  which r ep laces  s u b s e t s  of problem con- 

s t r a i n t s  by one o r  more "sur roga te  c o n s t r a i n t s . "  A s u r r o g a t e  

c o n s t r a i n t  likew:.se may be  expressed i n  t e r m s  o f  nonnegative 

weights  ui, i e P ,  used t o  de f ine  t h e  Lagrangean (though the  

va lues  of t hese  t re ights  t h a t  g ive  a s t r o n g e s t  r e l a x a t i o n  are 

usua l ly  d i f f e r e n t  f o r  t h e  two approaches) .  The o r i g i n a l  objec- 

t i v e  func t ion  remains unchanged, b u t  t h e  c o n s t r a i n t s  a s s o c i a t e d  

with  t h e  index s e : t  P a r e  rep laced  by 

~ l t h o u g h  of  recent v in t age  [ 1 , 2 1  , 25 I su r roga te  c o n s t r a i n t  

r e l a x a t i o n  i n  sone cases  provides  s t r o n g e r  p e n a l t i e s  than  La- 

grangean r e l a x a t i o n ,  and a  new mathematical programming d u a l i t y  

theory has  emerged from t h i s  type of  r e l a x a t i o n  [ 29 , 36 , 
37 I t h a t  may l ead  t o  increased  use. The use o f  knapsack 

methods t o  so lve  more genera l  problems than knapsack problems 

occurs  p r imar i ly  i n  t h i s  s e t t i n g .  

The remaining form o f  r e l a x a t i o n  commonly employed is 

a  "group t h e o r e t i " "  r e l a x a t i o n  t h a t  a r i s e s  by dropping t h e  

nonnegat iv i ty  c o n l i t i o n s  on t h e  v a r i a b l e s  t h a t  a r e  b a s i c  i n  

an opt imal  LP s o l u t i o n ,  b u t  r e t a i n i n g  a l l  i n t e g e r  r e s t r i c t i o n s .  

This r e l a x a t i o n  csn  a c t u a l l y  be viewed a s  an in s t ance  of  

gene ra l i zed  Lagra:tgean r e l a x a t i o n ,  and can b e  supplemented by 

f u r t h e r  use of  t h i s  type of r e l a x a t i o n ,  b u t  i s  of  unique 



i n t e r e s t  due t o  t h e  s p e c i a l  group theory s t r u c t u r e  it provides .  

S tud ie s  of t h i s  form o f  r e l a x a t i o n  may be found i n  [ 3 3  , 34 , 35 
4 4  , 54 I .  

F i n a l l y ,  a d u a l i t y  t h a t  accommodates both gene ra l i zed  

Lagranqean and sur roga te  c o n s t r a i n t  re laxat ion--and t h e i r  

composite--in a s i n g l e  framework i s  now a v a i l a b l e  [ 29 1 ,  and 

combinations of t hese  approaclles a r e  beginning t o  f i n d  use i n  

p r a c t i c e  [ 52 I . 
P r a c t i c a l  Considerat ions  

Some aspcxts  of s o l v i n g  i n t e g e r  programming problems 

i n  p r a c t i c e  deserve mention, t oge the r  wi th  a few accompanying 

cau t ions .  

F i r s t  of a l l ,  some i n t e g e r  programming problems seem 

t o  be inherent l ] .  d i f f i c u l t  t o  so lve ,  r ega rd le s s  of t h e  method 

employed. Thus, whi le  simple approaches such a s  rounding may 

be c l e a r l y  fut i1 .e  f o r  such problems, t h e r e  may a l s o  be no 

o t h e r  method ( c u r r e n t l y  known) t h a t  i s  capable  of producing an 

op t imal  o r  even a f e a s i b l e  int:eger s o l u t i o n  i n  a reasonable  

l e n g t h  o f  t i m e .  

Secondly, even f o r  those  problems t h a t  can b e  solved 

r e l a t i v e l y  e f f i c i e n t l y  by e x i s t i n g  i n t e g e r  programming methods, 

it i s  a u s e f u l   rec caution t o  be s k e p t i c a l  about  t he  presumed 

o p t i m a l i t y  of an "optimal" s o l u t i o n .  The r e a l  world s i t u a -  , 

t i o n s  which i n t e g e r  programming formulat ions  a r e  sometimes 

c a l l e d  upon t o  r o d e l  can b e  r a t h e r  complex, and, t h e  quest ion 

of imper fec t  d a t a  e n t i r e l y  a s i d e ,  it i s  easy  t o  overlook c e r -  

t a i n  a spec t s  of t h e s e  s i t u a t i o n s  t h a t  should b e  r e f l e c t e d  i n  



t he  c o n s t r a i n t s  o r  t h e  o b j e c t i v e  func t ion .  In  such i n s t a n c e s  

an opt imal  i n t e g e r  proqramming s o l u t i o n  may be hazardous t o  

implement unless  a number of checks and safeguards  are used 

t o  make s u r e  t h a t  t h e  s o l u t i o n  e x h i b i t s  c h a r a c t e r i s t i c s  appro- 

p r i a t e  t o  t h e  s i t u a t i o n  modeled. Indeed, on the  p o s i t i v e  

s i d e ,  ob ta in ing  sbsurd o r  i nappropr i a t e  opt imal  s o l u t i o n s  is 

a very . u s e f u l  wa:? t o  i d e n t i f y  unreasonable assumptions and in -  

adequate informazion t h a t  may have gone i n t o  t h e  model, thereby 

pe rmi t t i ng  an im],roved model t o  be  developed. 

I n t e g e r  Programs wi th  Spec ia l  S t r u c t u r e s  

Some i n t e l ~ e r  proqramming problems, such a s  t h e  c l a s s i c a l  

" t r a n s p o r t a t i o n "  and "assignment" problems d iscussed  i n  many 

l i n e a r  programixlg t e x t  books, have t h e  f o r t u n a t e  proper ty  

t h a t  t he  l i n e a r  programming sol.ution, o r  more p r e c i s e l y ,  every 

extreme p o i n t  so:.ution au tomat ica l ly  a s s i g n s  i n t e g e r  va lues  t o  

t h e  v a r i a b l e s .  (:onsequently, t h e  s tandard  l i n e a r  programming 

methods a r e  e n t i r e l y  s u f f i c i e n t  t o  so lve  these  problems and no 

s p e c i a l  i n t e g e r  r l rograming techniques  a r e  requi red .  

There a r e  a l s o  o t h e r  i n t e g e r  programming problems wi th  

very s p e c i a l  s t r u c t u r e s ,  b u t  t h a t  do n o t  have t h e  " i n t e g e r  ex- 

treme p o i n t "  prorlerty. Most of those  d i scussed  e a r l i e r  i n  t h i s  

chap te r  a r e  of s ~ c h  a type.  For t h e s e ,  t h e  l i n e a r  programming 

s o l u t i o n  gene ra l ly  does n o t  provide an i n t e g e r  s o l u t i o n ,  and 

o t h e r  approaches must be sought. P r e c i s e l y  what approach 

should be used t c  so lve  a s p e c i a l l y  s t r u c t u r e d  problem? This 

ques t ion  i s  a very d i f f i c u l t  one, and a g r e a t  d e a l  less i s  

known about matching i n t e g e r  p rog raming  methods t o  problem 



s t r u c t u r e s  than one would p r e f e r .  Never the less ,  ignorance i s  

no t  t o t a l  on t h i s  i s s u e ,  and g u i d e l i n e s  a r e  i n  t h e  process  o f  

be ing  e s t a b l i s h e d  [ 2 2 ,  2 4  , 48 , 52 , 55 , 59 1 .  These g u i d e l i n e s  

must be taken c a u t i o u s l y ,  however, f o r  approaches t h a t  i n i -  

t i a l l y  seem i n e f f e c t i v e  i n  c e r t a i n  c o n t e x t s  a r e  sometimes 

found t o  b e  f a r  more e f f e c t i v e  when s l i g h t l y  modified o r  when 

implemented i n  a s l i g h t l y  d i f f e r e n t  way. But t h e  ques t ion  of  

matching methods t o  problems a l s o  has o t h e r  f a c e t s .  Some 

problems have more than  one i n t e g e r  programming formula t ion ,  

and a  problem t h a t  appears  a lmost  wholly i n t r a c t a b l e  under 

one formulat ion may be  r e a d i l y  so lved  under ano the r .  Recent 

d i s c l o s u r e s  i n  t h i s  a r e a  can be found i n  [ 1 8  , 2 4  , 2 8 , 5 5  , 59 , 

60 I .  

A s t i l l  m x e  b a s i c  i s s u e  f o r  some problems is whether 

they should be  f ~ r m u l a t e d  a s  i n t e g e r  programs a t  a l l .  V i r -  

t u a l l y  every  mat lemat ical  programming problem whose func t ions  

map i n t o  t h e  f i e l d  of  r e a l  numbers can be  approximated t o  an 

a r b i t r a r y  degree o f  accuracy ( i f  n o t  p r e c i s e l y )  by a  c o r r e s -  

ponding i n t e g e r  ~rogramming problem. However, it i s  a  p e r t i -  

n e n t  ques t ion  wh s t h e r  such " a r t i f i c i a l "  i n t e g e r  programs a r e  

worth t h e  bo the r  t o  formulate ,  o r  whether it would b e  b e t t e r  

t o  t a c k l e  t h e s e  ?roblems i n  t h e i r  " n a t u r a l "  form wi th  an appro- 

p r i a t e l y  designe, l  s o l u t i o n  technique.  To make m a t t e r s  murkier ,  

t h e  ques t ion  of  v h a t  c o n s t i t u t e s  a  " n a t u r a l "  o r  an " a r t i f i c i a l "  

form f o r  a  probli?m i s  i t s e l f  a  r a t h e r  d i f f i c u l t  one. P a r t  o f  

t h e  i s s u e  i s  c l e ,n r ly  empi r i ca l ;  a  new a lgo r i t hm may change an 

" a r t i f i c i a l "  for :nula t ion i n t o  a  " n a t u r a l "  one by r e a d i l y  



s o l v i n g  p rob le r s  posed i n  t h a t  formulat ion.  Important  ad- 

vances i n  t h i s  a r ea  a r e  provided by t h e  s p e c i a l  s o l u t i o n  

methods developed f o r  " l a t i c e  p o i n t "  and " d i s j u n c t i v e "  prob- 

lems [ 13 , 47 , 18 1. 

On t h e  o t h e r  hand, it is a l s o  t r u e  t h a t  p a r t  o f  t h e  

ques t ion  of whether an i n t e g e r  programming formulation is na- 

t u r a l  o r  n o t  ha;  t o  do wi th  the  i s s u e  of s h e e r  s i z e .  A v a r i -  

e t y  of nonl inea  - programs and combina tor ia l  op t imiza t ion  prob- 

lems tend  t o  "b Low-up" when formulated a s  i n t e g e r  programs. 

A problem t h a t  iippears t o  involve  a  modest number of parameters 

and r e s t r i c t i o n s ;  i n  a  non l inea r  o r  combina tor ia l  formulat ion 

may e a s i l y  t u r n  o u t  t o  have a  s t a g g e r i n g  number o f  v a r i a b l e s  

and c o n s t r a i n t s  i n  an i n t e g e r  programming gu i se .  Another cau- 

t i o n  a t  t h i s  po in t :  i t ' s  n o t  e n t i r e l y  c l e a r  t h a t  s i z e  should 

be t h e  bugbear j t ' s  sometimes taken t o  be. For ,  f r equen t ly  

accompanying the problem "blow up" i s  a  corresponding reduc- 

t i o n  i n  i t s  "der s i t y .  " That is, t h e  problem ma t r i ce s  c o r r e s -  

ponding t o  these  l a r g e  i n t e g e r  programs a r e  u s u a l l y  exceedingly 

s p a r s e ,  con ta in ing  only a smal l  number of nonzero elements.  

The development of s p e c i a l  computer techniques  f o r  handl ing 

s p a r s e  ma t r i ce s  has  been very a c t i v e  i n  r e c e n t  years  and may 

conceivably r e v i s e  some of  our op in ions  about t h e  f o r m i d a b i l i t y  

o f  c e r t a i n  c l a s s e s  of  " l a r g e "  i n t e g e r  programs i n  t h e  near  

f u t u r e .  This  i s  p a r t i c u l a r l y  t r u e  f o r  problems invo lv ing  i m -  

bedded networks, due t o  s u b s t a n t i a l  r e c e n t  advances i n  handl ing 

network s t r u c t u r e s  [ 14 , 30 1. 



On t h e  o t h e r  hand, s p e c i a l  problem s t r u c t u r e s  o f t e n  

sugges t  s p e c i a l  approaches f o r  accommodating them. I t  i s  

a t ru i sm t h a t  t h s r e  n e a r l y  always e x i s t s  a s p e c i a l  method t h a t  

i s  more e f f i c i e n t  f o r  such problems than a gene ra l  method. 

(Again, a p p l i c a t i o n s  involv ing  imbedded networks o f f e r  a ca se  

i n  po in t . )  Indetsd, t h e  genera l  method i t s e l f ,  adapted and 

t a i l o r e d  t o  t h e  zpec ia l  s t r u c t u r e ,  i s  usua l ly  an example of a 

"more e f f i c i e n t  5pecial  method." I t  f r equen t ly  occurs  t h a t  

s p e c i a l  methods tievised f o r  combinator ia l  (and even some non- 

l i n e a r )  problems a r e  i n  f a c t  ref inements  o f  more gene ra l  i n -  

t e g e r  programminq methods. 

F i n a l l y ,  a t r u l y  s i g n i f i c a n t  a r e a  t h a t  i s  fo reve r  be ing  

red iscovered ,  f l e e t i n g l y  heralded f o r  i t s  importance, and 

then somehow subnerged i n  the rush t o  d e v i s e  more foolproof  

and r igo rous ly  founded approaches, i s  t h a t  o f  h e u r i s t i c s .  

I n  t h e  p r e s e n t  con tex t ,  h e u r i s t i c s  r e f e r  t o  i n t e l l i g e n t  

schemes f o r  obtai .ning "good" s o l u t i o n s .  Such schemes t y p i c a l l y  

provide no a s s u r m c e  o f  ob ta in ing  opt imal  s o l u t i o n s ,  o r  even 

u l t i m a t e l y  of obt.aining any sol.ution. A sys t ema t i c  c a t a l o g i n g  

of t h e  f e a t u r e s  crf good h e u r i s t i c  methods i n  i n t e g e r  programming 

and combinatorics i s  n o t  an easy t h i n g ,  though a few a t tempts  

have been made [ 8 , 15 , 26 , 41 1. 

I n  t h e  r e a l  world,  t h e  mathematical guarantee  of "con- 

vergence t o  an optimum i n  a f i n i t e  number of s t e p s "  can amount 

t o  a warranty t h e t  a s o l u t i o n  w i l l  be ob ta ined  one day be fo re  

doomsday ( o p t i m i s t i c a l l y  speaking,  i n  t h e  case  of some i n t e g e r  

programming problems). Consequently, t h e  use fu lnes s  of a 



p a r t i c u l a r  a lgori thm can w e l l  be  s a i d  t o  depend on i t s  "heur i s -  

t i c  content ."  I n  t h i s  view, which gradual ly  seems t o  be 

ga in ing  i n  favor ,  t he  a c t i v e  p u r s u i t  of h e u r i s t i c  p r i n c i p l e s  

may hold promise of unlocking doors t h a t  p re sen t ly  remain 

c losed ,  leading t o  the  e f f i c i e n t  implementation of i n t e g e r  

programming i n  wnat a r e  p resen t ly  "hard" problem a r e a s .  
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