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Following a line of approach recently applied to the 0-1 integer program-
ming problem with some success by Econ Bavas, the algorithm of this paper
is based upon an underlying tres-search structure upon which a series of
tests is superimposed to exclude large portions of the tree of all possible (-1
solutions from examination. In our method, the specific design of the
enumeration and tests, supplemented by the use of a special type of con-
straint called a ‘surrogate constraint,’ results in an algorithm that sppears
ta be quite efficient in relation to other algorithma currently available for
solving the 0-1 integer programming problem. Early indications of effi-
ciency raust, however, be regarded as suggestive rather than conclusive, due
to the limited range and size of problems so far examined. Following the
analytical development of the method, three example problems are solved in
detail with the Multiphase-Dual Algorithm to illustrate various aspeets of
its application. An extension of the algorithm to the general integer pro-
gramming problem in bounded variables is briefly sketched in a eoncluding
section.

HE PROBLEM to be solved by the algorithm of this paper may be
formulated

minimize wh, (1)
subject to WA Ze, w=A),

where w ig a 1Xm row vector of 0-1 variables, b is an m X1 eolumn vector,
¢ is a 1Xn row vector, and 4 is an mXn matrix. The foregoing, in the

1 This report was prepared 25 part of the activities of the Management Seiences
Research Group, Carnegie Institute of Technology, under Contract Nanr 760(24),
NR 047-048, with the U.8. Office of Naval Research.
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320 Fred Glover

absence of (-1 requirements on the variables, is the eustomary dual linear
programming farmulation.

Algorithms for solving (1) when integer requirements are explicit may
be divided into four groups: (i) those that use cutting-plane techniques or
in a more general fashion employ integer linear transformations of the
problem variables, (ii) those that employ parallel shifts of the abjective
function hyperplane, (iii) those based upon Boolean algebra, {(iv) those
that use ecombinatorial methods for enumerating a restricted subset of
possible integer solutions, In the first category are the well-known
algorithms of R. Gomory,"® ™ and the more recently developed methads
of A. BEx-Isra®L AND A. CHarnes,” R. Youna,™ anp F. Grover.!' ™
Constraints designed to be used with such methods to ensure that the
variables will assume integer values in the final solution have been proposed
hy Dantzie,' § Cuarnes anp Coorer,™ Gomory,™ ™ Ben-Israrr anp
Cuarngs,” anp Grover.™

The second class of algorithms is associated with the names of Lanp
anp Dote,™ Szwarc,” Ermacsrapy,” anp G. L. Trompson.™ ™
An important feature of these methods is that the mixed-integer linear
programming problem may be treated as a direct extension of the pure
integer problem.

The Boolean algebra methods of the third class are due to R. Forrer!®
anp R. Camgon. ™

The algorithm of this paper helongs to the fourth elass, which is both
older and newer than the other three. Various forms of enumeration
have been proposed for solving integer programming problems—particu-
larly the (-1 problem—sinee they became of interest. Ounly recently,
however, has there appeared any method in this area sophisticated enough
to make a valid claim to efficlency. Two such methods, the first devised
for a special 0-1 problem that arises in the selection of prime implieants,
and the second devised for the knapsack problem, have been developed
respectively by Gorpon, House, LecarLer, NELson, anp Rapo®§ and
by Gumore AND Gomory.™  For the general 0-1 problem, a pioneering
contribution wag made by Econ Barss,”! whose additive algorithm
demanstrated the capability of solving a number of problems in less time

|

+ In point of fact, nearly all of these algorithms may be eonsidered to employ
combingtorial teechniques for guaranteeing conwvergence to an optimal solution.
While this is perhaps more conspicuous for the members of class (ii}, whieh employ
tree-search methods as an integral part of the solution strategy, the lexicographically
ordered solution sequences of the algarithms of elass (i} also fall into this framework.

1 Gomory ANDp Horrman(#] have shown that an algorithm based solely upon the
eongtraints of reference 6 will not in general converge,

§ The work of reference 22 as it relates to this paper is primarily due to L. D,
Nelson, and is extended in reference 25.
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than required to solve the corresponding linear programsg, in which the
variables are free to assume fractional values.

The algorithm of this paper, which may bhe regarded as an extension
of the work of Balas, employs methods for circumseribing the underlying
enumerative process that appear to be still more effective, eliminating for
some problems between one-half and two-thirds of the computation
required with the additive algorithm—the difference apparently growing
larger as the size of the problem increases. Two ‘ill-behaved’ preblems
reported to have been solved by hand in 114 hours and “somewhat more
than feur hours” with Balas’ method, yielded te the present method in 17
minutes and 85 minutes, respectively.f A handful of problems solved on
the computer with other integer programming algorithms have also been
solved by hand with the present method, requiring in general only a
fraction of the computational effort required by the other methods. It
s to be stressed, however, that the problems on which the preceding
cormparisong are based have been small, most of them involving hetween 8
and 13 variables and a like number of caynstraints. Thus no real eonclu-
siens can be drawn about the performanc: of the method for most problems
of practical size, In addition, for cerain types of problems that are
particularly difficult to handle with other methods, it has been found that
the algorithm may obtain a near-optimal solution with modest computa-
tional expenditure, but require a muel larger amount of computation
to obtain the optimum—or to verify that the optimum has heen found.
A 15 variable 38 inequality problem that was unsolved after 400 pivots
with Gomory’s all integer methed, and which required aver 1000 pivets to
solve with the stopped simplex method of (3. L. Thompsaon, offers a notarious
example. The present algorithm obtaired the optimal solution in less
than 30 minutes by hand, but by cons:rvative estimate would require
computation in the vieinity of that required by the stopped simplex method
to verify the status of the solution.

On the other hand, a model capital budgeting preblem that required
several hundred pivots te solve with the stopped simplex method,} and
which was handled much less efficiently with other methods of the zame
class, has been solved by hand with the present algorithm in an hour and
a half,

Bvaluation of such results must be tempered in view of the limited

T This statement must be qualified by the faet that the computafion times that
are being compared were achieved by different persons. Moreover, our remarks are
not intended to imply the ahsence of problems for which the additive algorithm does
?et‘.t@i than the method of this paper. Several such problems have, in fact, been
ounhda,

1 T am indebted to Pror. G. L. THoMpson for making these and other computa-
tional results ohtained with his stopped zsimplex method available to me.
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range, as well as the size, of problems examined. Mareover, the fact that
our algorithm appears to obtain quite good results in relation to methods
designed to handle the general integer programming problem does not offer
4 basis for comparing the merits of cur algorithm to other methods when
the variables may assume integer values greater than one. We shall,
however, sketeh an extension of the Multiphase-Dual Algorithm to the
general case in a later section, and provide explicit comparisons for the
more general integer programming problem in a subsequent paper.

THE ENUMERATIVE SUBSTRUCTURE

THE UNDERLYING enumeration procedure upon which the algorithm of this
paper is superimposed is that of elementary tree search. Some path
along the tree of solutions is traced until either a new solution is ohtained
ar a node is reached which yields information that all solutions in which
that particular node is included may be ruled out of consideration. There-
upon the process backtracks to the unique node that immediately precedes
the one ruled out, and embarks on a different path, unless none are left
and it, becomes necessary to backtrack further. Once the process is pushed
back to the starting node, and information is ebtained that forbids tracing
out any more branches of the tree, the procedure terminates,

This is the usual method emploved in enumerating sets of logical
possibilities and has the principal advantage that it requires very little
remory to execute. It is obviously not the only method (other procedures
will be diseussed later), but its directness commends it for initial con-
sideration, and it is the basis upon which the example problems in this
paper have been solved.

As a clasg of problem-solving techniques, free-search methods have
heen employed for a long time, both as heuristics and algorithms. On the
heuristic level, a form of restricted tree search has been applied to diverse
problems ranging all the way from chess to production scheduling. On
the algorithmic level tree search has heen applied to the traveling salesman
problem™! and the job shop scheduling problem,™ as well as to the integer
programming problem.

Specifically, we call the tree-search algorithm of this paper a multiphase-
dual method because the solution process is decomposed inta a series of
phases, each one applied to a problem derived from problem (1) (in dual
formulation) under the assumption that certain of the problem variables
are agsigned specific values. The phases are essentially identical to cne
another exeept for the problems to which they are applied. During any
particular phase, the current problem is either solved or a new problem is
created to be handled by the next phase.

To illustrate the underlying structure of the algorithm more precisely,
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we will use the following notation and conventions, The term ¢ will be
used to denote w,=1, and the complementary term i will be used to denate
w;=0. We define a solution sequence to be a sequence of such terms in
which (i) no term appears more than onece, (ii) the corresponding 0-1
assignment to some or all of the problem variables is well-defined (ie.,
not hoth ¢ and 7 can appear in the sequence, and for each ¢ such that 7 or
7 is in the sequence, 7 is an integer satisfying 1=<i=<m), For example,
if m=5, then 3, 4, 2, 5 is a solution sequence associated with the assignment
wy=1,w,=1, we=0, and wy=1,

The term i—or alternately the variable w,—will be said to be free if
neither ¢ nor 1 appears in the solution sequence. Thus, in the foregoing
sequence the free terms are {=1 and ¢=6,7, -+, m.

An underlined subsequence of terms will indicate that the partial 0-1
agsignment associated with the underlined terms is implied by the solution
sequence to the left of the underlined terms. For example, 3, 4, 2, 5 gives
the same solution sequence as above, except here the underlining indicates
that we=0 and ws=1 are implied by w;=1 and w,=1. Such a situation
would arise if the problem contained the constraint luy —7ws— 2wy~
2u--Buws = 1, since w, must equal 0 and ws; must equal 1 in order to satisfy
the constraint when w,=w1=1. In fact, w=0 is implied by this con-
gtraint regardless of the values assumed by the other variables, and wy=1
is implied when either ws;=1 or wy=1. Thus, a second solution sequence
compatible with this constraint is 2, 3, 5, 4. Note also that if the constant
term on the right-hand side of the inequality sign in the foregoing constraint
were 4 instead of 1, the solution sequence 2, 3 would not be compatible
with any feasible (-1 assignment. Under such conditions the sequence
2, 3—and the associated (-1 assignment—will be called (locally) termenal.
In general, we define a terminal solution sequence Lo be one for which there
exists no 0-1 assignment of the free variables that will produce a feasible
golution to prohlem (1) or to an augmented problem derived from (1) by
adjoining eertain additional constraints in the course of solving for the
optimum, We require of the augmented problem, however, that the
additional constraints must not render all optimal solutions to {1} in-
feasible unless, in fact, at least one optimal solution has already been
obtained. Thus, for example a special case of a terminal solution sequence

1 An exception occurs when certaln restrictive econstraints are adjoined to the
problem at various stages as a means of partitioning the solution space into digjoint
subsets. With each such constraint is associated a 0-1 variable that takes the value
1 when the constraint is required to hold and the value 0 when the constraint is re-
quired not to hold, The particular application of this procedure in the present
paper ia confined to those constraints that require one of the ariginal problem vari-
ables to equal © or 1, as reflected directly by the terms of the salution sequence.

The details of the development and application of the procedure in its more general
form, however, are reserved to reference 16,
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ment, and drop all terms of
the sequence to the right,
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is one that is incompatible with any solufion that satisfies the constraint
wh £ by, where b is a known upper bound on the optimal objective function
value for problem (1). It is apparent that whenever a feasible solution to
{1) is obtained, a value for by is thereby given so that the constraint wh b,
may be added to the other constraints to assist in the search for an improved
solution,

The mechanism used to determine whether a given solution sequence
1s locally terminal, or whether some of the problem variables are compelled
to assume specific values, will be called a test. Simple versions of three of
the tests to be developed later may be inferred directly from the preceding
discussion, as we will elaborate upon and clarify shortly.

The left-right orientation of the sclution sequence iz the key that

provides the bagis for the underlying structure of the algorithm. We now
specify this stracture in Diagram 1.
TuroreM 1, For any problem (1) in 0-1 variables, the process specified in
Diagram 1 will generate o nonvepeating (and hence findte) sequence of 0-1
solutions, If the feasible solution set of (1) is nonempty, then at least one of
the solulions generated will be optimal.

The preceding theorem, and all others in this paper, will be proved in
the appendix.

The nature of the foregoing method may be illustrated by examining
the interpretation to be accorded to a specific solution sequence. Suppose,
for example, that the solution sequence 3, 2, 4, 5 is generated at some phase
in the application of the foregoing method. Then it follows that: (i} all
nonterminal sequences that begin 3,2 and 3,2,4,5 have already been
examined or otherwise ruled out of consideration, (ii) all nonterminal
and otherwise nonexcluded solutions in which u; =1 will be examined before
examining any in which w;=0, and (i1} all nonterminal and nonexcluded
solutions in which us=1, w,=0, and 1w4=1 wiil be examined before examin-
ing any in which #;=1, w,=0, and w,;=0.

In the absence of any tests to identify terminal solutions, or to deter-
mine whether certain variables may be forced to equal 0 or 1, the solution
process of course reduces to complete enumeration. To give a clearer
idea of how this process might work under a rigid rule of choice, we will
illustrate the enumerative base when m=3. For definiteness, assume that
the least £ which is free will always be selected to be added to the sequence
of the choice step. The eight 0-1 assignments to the variables 1, 1., and
wy that are generated by the process are then as follows:

1,2,3 1,2, 3
1,23 1,23
1,23 1,2,3
,2,3 1,2,3



886 Fred Glover

Without more advanced methods to raise the process of Diagram 1
ahove the level of enumeration, the algorithm would be not only trivial
but grossly inefficient, Fortunately, methods of considerable power,
reapplied at each phase of the solution process, are available to praovide
the efficiencies desired, We have already alluded to the tests, which will
be specified in detail in the section “Tests Used with the Algorithm.” Basic
to several of these tests, and designed to give them more effective applica-
tion, is the surrogate constraint, to which we now turn our attention.

THE SURROGATE CONSTRAINT/Y

Ong oF THE central features of the algorithm of this paper is the use of a
constraint that enforces restrictions upon the optimal solution to (1)
which can not he determined from any of the individual constraints of (1}
in izolation. This constraint ig called a surrogate constraint (s-constraint)
since its function is to serve as a substitute for some of the original probIem
constraints in guiding the progress of the algorithm,

The s-constraint is defined as a nonnegative linear combination of the
constraints of (1) in which at least one of the constraints of (1) ig gwen a
positive weight,] and will be represented by

Wit = €,

where a= (@, s+ * *@)" is an m X1 column vector and 6 is a scalar. Thus,
in matrix notation, a=Awu and e;= ¢, where u= (1315 - -2,)7 is an 5 X1
column vector such that w20 and u, >0 for at least one 4, 1=<¢=n. Tt
may be noted that each of the constraints of (1) is a special case of the
s-constraint, obtained by assigning a weight of 1 to the indicated constraint
and by assigning all other constraints a weight of 0.

To obtain an s-constraint, or a set of s-constraints, which may be use-
ful for solving (1}, consider the problem§

minimize 1wh,
subject to we = ey, w;=10,1.

(2)

By the definition of the s-constraint, we may immediately state the
following

+ I would like to thank Pror. G. L. Trompaon for comments and suggestions
which I have used to improve the presentation of this section.

1 A logical extension of this definition would be to include any eonstraints in the
linear combination that may be implied by w4 = ¢ in order to assure that the solu-
tion to (1) will be in 0-1 integers.

§ There ig a cloge relation between this problem and the hounded variable knap-
sack problem. See¢ references 5 and 14.
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LumMa. T {(2) If @ is a feasthble O-1 solution to (1), then 1 is alse feasible
for (2).

{i1) If (2) has no feasible solution, then neither does {1}.

(itd) If b 1s feasible for (2), then it must salisfly af least one of the con-
straints assigned a nonzero weight in defining wa=cq.  If 1 13 feasible for (2)
and infeasible for (1), and if at least one of the unsatisfied consirainis of (1)
8 assigned a positive weight in defining the s-consiraint, then there exisis a
constrainl wA,; 2 ¢; of problem (1) such that WA ;>c;, where A; denoles the
jth colummn of the A matriz.

(iv) If 1B 15 optimal for (2) and w™ is optimal for (1), then Wb =uw"b.

(v} If @ is optimal for (2) and feasthle for (1), then b 45 optimal for (1).

Conelusion (iv}) of the lemma may be used to develop a criterion for

a ‘strong’ s-constraint. Given two s-constraints derived from the same
problem, we will say that the first is sironger if the optimal solution to {2)
obtained with that constraint yields a greater value for wh than the optimal
solution to (2) obhtained with the secand. To derive a useful principle that
will assist in determining a strong s-congtraint in the sense in which we use
the word ‘strong’ here, we examine the situation in which (1} consists of
only two constraints.
TaroREM 2. Let A consist of the two column vectors Ay and Ay, let e=(¢1 ¢a),
and let u={u1u)". Suppose that when u=10>0 the vector ¥ is a feasible
solution to (2) (BAGZci), but WAL <co. Then, mamiaining u>0, ¥ is
‘@ feasible solution fo (2) for 0<u/u, £ P, and infeasible for (2) when
ws/1: > P, where P={4d,—e1)/(es— 10 4,).

To interpret Theorem 2, note that by (iii} of the lemma above, the
aggumptions of the theorem imply %4;>¢. Thus the quantity @d;—¢
may be described as the (positive} amount by which @ oversatisfies the
constraint wd,Z¢;..  Similarly, e;— %A, is the (positive) amount by which
1 undersatisfies wAs=¢;. The theorem says then that the solution ¥ will
remain feasible for (2) as long as the weight assigned to the unsatisfied
constraint of (1), divided by the weight assigned to the satisfied constraint
of (1), stays less than or equal to P, but will no longer be feasible for (2)
if this ratio becomes larger than P, where P is the ratio of the amount by
which % oversatisfies wd,=¢ to the amount by which it undersatisfies
‘w.c‘ig,% Ca.

To make use of this result in determining a strong s-constraint for (1),
we proceed as follows. Let b denote a feasible solution to problem (2),
where (2) is defined relative to a given s-constraint S. Then S may be
divided into the two component constraints F and ¢, where F is a linear

1 The proaf of the lemma is included in the appendix along with the proofs of the
theorems.
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comhination of those constraints of (1) that are satisfied by %, and G is a
linear combination of those constraints of (1) that are unsatisfied by ¥—the
weight given to each constraint composing F and & being the same weight
ag the constraint had in the s-constraint 8. (Hence S=F-+G.) Further,
let f denote the amount by which 16 oversatisfies F, and ¢ denote the amount
by which @ undersatisfies . (Since S is satisfied by %, we may note that
f=g¢.) By the preceding theorem the s-constraint F4 kG will be satisfied
by @ for 0<k=f/g, and will fail to be satisfied hy & when k=f/g-+ ¢, where
e iz a small positive number (hy the correspondence f/g=P, u;=1, and
twe=k).1 Using these results, we now outline a method that gives the
basiz for the method of s-constraint determination to be used in this paper.
THEOREM 3. Assume that A and ¢ are given as tn Theorem 2, and that
problem (1} has 4 feasible solution. A ssume, moreover, that the cutoff rule for
Method A specifies termination when the constraint of problem (1) that was
unsatisfied by the first 1 becomes satisfied by the current 1. Then there exisis
a posiiive value for ¢ for which Method A will produce an s-constraint that
is as strong as any s-constraint that can be obtained from (1).

Since a permissible value for ¢ is not known in advance, it is to be noted
that it is possible to locate the desired s-constraint [when problem (1)
consists of two constraints] by starting with e at any positive value and
then decreaging e when Method A would otherwise come to a halt, until ro
such decrease is possible while maintaining > 0.

When problem (1) consists of more than two constraints the results of
Theorem 3 do not apply, and for computational expediency the method of
s-constraint determination that we will use in this paper (Method B)
differs from the version of Method A used in Theorem 3 in two respects:
(1) the cutoff rule will simply be to halt after a given number of s-constraints
have been generated, (ii) an approximation to the optimal 0~1 solution to
{2) will be used in place of the optimal solution to (2).

Ta illustrate Method B, we must first derive the indicated approxima-
fion to the optimal solution of (2). In the process, theorems will be
stated that will provide an important foundation for subsequent portions
of the paper. The first of these theorems, while very nearly evident, allows
an important simplification upon which subsequent results may be based.
Turorem 4. If (2) has a feasible fraciional solution,I then there exists an

t More precisely, if S denotes the constraint wAd = e, then F denotes the
constraint wAG = ¢! and  denotes wA4: 2 ew?, where 4! and 12° are defined so that,

;! = (g:; ui;fhe;"ww‘?;eg c_,-}] and @ = 4 - 4.

Then f = BA@ — edt', g = ¢ — DA, and F 4 kT denotes the constraint wAz =
cit, where u = @t + b,

iBy a fractional solution we mean one in which 02w =1 for i=1, - -+, m, but w
ig not constrained to he integer.
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optimal fractional and an optimal integer solution to (2) in which the following
asstgnment of valies occurs:

w0 — P 4 20 and a,=0,
! 0 #of 520 and a.50.

{ When b,=0,=0, the value of w; {s immaterigl.)

Using Theorem 4, problem (2) thus reduces to a simpler problem in
which, for each 2, either bi,a.>0 or b;,a;<0. But in fact we may assume
that b,a:>0 for all £, or alternately that b;,a; <0 for all 4, by noting that
a problem in 0-1 variables equivalent to (2) is obtained by substituting
#;=1—w; for any subset of the w,, and setting v, =w; for the remainder of
the w,, yielding the problem

minimize b+ 2 b,
subject to 9@ 2= &y, u;=0, 1,
where

a; b

[

{a;, b if vi=wy,

— iy —b.? ?J. ﬂ5=1—w§,
- ¢
Ly = CO_Z Qi

and > is the summation over those ¢ for which »;=1-—1w,; Here the
constant term 2 by is of course irrelevant to determining the solution
vector which optimizes (2a).

Thus, under the assumption that Theorem 4 has been applied before-
hand, and using (2a), we assure that a.,b:>0 for all ¢ by substituting

v = [IiN ?f bé,a£>0,
U l—ws 4 buas<0.

The condition a:,b. <} for all £ is assured similarly. To take advantage of
these two alternative structures we now state the following ‘dual’ theorems. t
THEOREM SA.  Assume b>0 and a>>0, and define on auaeliary (subseripied)
indering so that by /e, <b: /a:, implies p<g. Further, lef v be the least
integer (0Zr=m) for which D ,<. a;,=zc0.] Then an optimal fractional
solution to (2) 1s given by

we = 1 o p<r,
= 0 i p>r

1 Theorem 5B is due to G. B. Dantzre,!" and follows from a more general theorem
by the author in reference 14. The two theorems 5A and 5B may be put in direct
correspondence by means of (2a).

1 We will uge the usual convention throughout this paper that any sum that is
otherwise undefined will be equal to zera. Thus, for example, 3 <, in=D 5> s a:,=0
if 720 or s2m. .
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and we, = (Ca— D per as,) /i, {provided +>0Q).

If  does not exist (i.e., 2. =m @ <Cg), then (2) has no feasible solution.
TagorEM 5B.  Assume b<0 and a <0, and define the auxiliary indexing as
in Theorem 5A. Let s be the least integer (0 Zs=m) for which 2. i, Z Co.
Then an optimal fractional solution to (2) is given by

o (1 s,
P00 ¥ p<s,
and w;, = (Co— Zp}s )/, { provided s>0),

If s does not exist {e>>0Q), then (2) has no feasible solution,
We will now illustrate the use of the preceding theorems in conjunction
with (2a) to give the fractional optimal solution to problem (2).

Example
Minimize 3'w1 — 1w2 — 4:1'1}3+ 61{}4 — 5w5—|— 4'105 — 21{}7,
subject to 410y — 3atp — Lty 200, — Bang — Ao+ Gy = 6,

Applying Theorem 4, we first set we,=0 and w,=1, so that the problem
reduces to

minimize Jun — Ly — 4wy -+ Gy~ Sy — 2,
subject to 4y — Bum— 1w;+ 2w, — Jws = 1.
If Theorem 5A is elected to solve this problem, we use the substitutions

g = 4 if =14,
) 1—w; 4f 1=2,3,5,

yielding

minimize S+ v +4uy+ 6oy -50,— 12,
subject to 4+ 3vat+ Log+-204+ 30, = 8,
auxiliary index p: 2 1 b5 4 &

The auxiliary index p is listed beneath the variable to which it corresponds,
in accordance with. the definition given in Theorem 5A. We see from this
that »=3, and that the solution determined from Theorem 5A is s=w.=1,
v5=14, and sy=0,=0. Translated back in terms of the original variables
this yields whi=wy=1, ws=24, and w,=w,=0, Alternately, applying
Theorem 5B, we use the substitutions

¥, = {wi if ©=2,3,5,

l—w; o i=2,4,
which yields
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minimize — 3ty — Ly, — vy — By, — Hog -7,
subject to — 49— 3va— Ly — 20, — 30 = — 5,
auxiliary index p: 2 1 & 4 3

It may be ohserved that the suxiliary indexing here corresponds exaetly to
that of the preceding case, and also that s=r=3, 1f can readily he shown
that this will always happen if ties in the auxiliary indexing are broken
properly. (At this point, we allow sueh ties to be broken in any fashion.)
The optimal fractional solution for the abave problem preseribed by
Theorem 5B is y3=,=1, 5= 24, and y;=9,=0, which of course yields the
same solution in terms of the original problem as obtained by Theorem 5A.

The foregoing results will now he used to obtain an approximation to
the optimal integer solution to (2), which may he used with Method B to
determine an s-constraint for problem (1). It evidently suffices to deter-
mine such an approximation for the conditions specified in Theorems 5A
and 5B.f

Approvimation 1. (For 5>0 and a>0). Begin with g=7r—1, and
then decrease ¢ by integer steps to 1, removing each a;, from > 2r Qi
which allows the sum of the remaining terms—excluding those already
removed—to equal or exceed ¢5. Then set

_f0 if p>r orif a;, wasremoved from the summation,

Wy, = .
» 1 otherwise.

Approzimation 2. (For b<0 and a<0) If =0, let w.,=1 for all <.
Otherwise, define g so that b, =max(b,|pZs and a, S D .5, t:,—c0).
(g is well-defined since p=s satisfies the restrictions.) Then let

. — O i p=q arif p<s,
7 |1 otherwise.

While Approximations 1 and 2 are not equivalent, it may be verified
fram the definitions of r and s that they each yield a feasible integer solution
or (2) if one exists. Before using the above approximations to illustraie
Method B for s-constraint determination, we characterize a special case of
some interest in which Approximations 1 and 2 both yield an optimal
solution to (2}.%

TurorEM GA. Assume a, b>0 and thal a; > D ks G —co Jor ol p<r.

t Although it i8 always possible by means of (22) and Theorem 4 to deal only
with a, B>0 or with a, b<0, it is computationally useful ta have results for hoth
cases available directly.

} To assure the validity of this statement when there are ties to be resolved in the
suxiliary indexing, and to give Theorems 6A and 68 the broadest application, we

impose the additional restriction on the auxiliary indexing that by /aq,=0bi/a:, in
conjunction with |, > [a;,] implies p>¢.
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Then if a., 0., and b;, 2 b;, for each p Zr and for each ¢>r, the optimal 0-1
solution to (2) i3 given by

_IL g p=En
wii’ﬂ{o i p>r

TurorEM 6B.1 Assume a,b<0 and that a;,<co— me ay, for all g<s.
Then if a:, Sa., and b, 2 by for each ¢ =5 and for each p>> s, the optimal 0-1
solution to (2} i3 given by
w, = 1 ?{f P8,
? 0 i p=s

Several important problems that occur in integer programming fall
within the jurisdiction of the foregoing theorems. When b:=1 for all 4,
or when &, = —1 for all <, the conditions of Theorems 6A and 6B will be met
regardless of the s-conatraint employed (provided Theorem 4 is used to
eliminate all variables in which b; and a; do not have the same sign). By
the use of problem (2a), any problem in which b;= 4k falls in the same
category.

More extensive application of the preceding theorems will be made in
the section to fellow. We now turn to Method B for s-constraint deter-
mination outlined earlier.

The following examnple illustrates the use of Method B in conjunection
with Approximation 1.

Erample
Minimize Latn + 200+ eos - 410+ Saos - Gas+ Ty,
subject to 2401+ B+ B0+ 210+ Jwp 4w+ Tun = 8,

— Luop~+ Qupa+ Butt - 2905 — Larg 4+ 3w+ Gur 2 7,
Ty 4+ 0apg — 2405+ 3104 1w - Lavg+ Huy 2 5.

For convenience in this and subsequent illustrations, problem (1) will be
summarized in the fellowing tableau form. {

—b A

t Using problem (2a), Theorems 6A and 6B assert the same thing.

{ This form is used, with the —& vector in the first column, so that the constraint
wb = by may later be summarized by this column in the same way that the remaining
constraints are represented in the tableau—i. e., w(—bd)= —by.
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Thus, the example problem is given by the tableau on the left below,

Auxiliary index p

5 Sa 5 S50 S &
-1 2 —I I 2 0.9 2.0% 3 6 4
—2 5 o 5* 5. 5. I 2 3
-3 3 3 - 4 7.3* 5. 5 3 8
-4 2 2 7 9.2 12, 65% 4 4 2
-5 3 -I I 3 1.9 3.05 7 7 7
—6 4 3 — 6 9.3 8.15 ] 5 6
-7 7 5 5 ¥ 22, 5% 28, 25% 2 I I

8 7 3 20 27.7 3345

Far this example we have used a value of 0.1 for ¢, and used the cutoff rule
that specifies termination after the fifth s-constraint generated by Method
B. The stars beside the coefficients of the s-constraints Sy, Sz, and S;
denote the variables set equal to unity in the solution obtained with
Approximation 1, hence the solution vectors obtained in these three cases
are respectively w= (0100001}, (0010001}, and (0001001).

The table on the right above lists the subseripts p determined by the
auxiliary indexing rules for each of the three s-constraints. For this
problem it was of course unnecessary to determine p for #>>2 in 8; and
8., or to determine p for p>3 in ;. Tables IA, IB, and IC below sum-
marize the data and computations used to derive the s-constraints with
Method B.

For constraint S, we have arbifrarily set the weight of each original
congtraint equal to unity, as shown in the first column of Table TA. The
solution to the problem based on 8, oversatisfies constraint €, (assoeciated
with the component ¢, of the ¢ vector) by 4, undersatisfies Cy by 2, and
exactly satisfies €3, as shown in column 1 of Table IB. The second s-
constraint is then obtained from this information using Table IC, in which
each eolumn represents the termwise product of the corresponding columns
of Tables TA and IB. To determine f, we sum the positive components
of the first column of Table IC, and for g, we sum the absolute values of
the negative components. This ylelds f/g+e=4/2+0.1=2.1, which we
multiply times each weight of the first column of Table TA for which the
corresponding constraint was unsatisfied by the first solution., These
products are then entered in the second column of Table TA, as shown by
the entry 2.1 for 4. The remaining eolumns of the tables are generated
similarly, and we select 83 to be the distinguished s-constraint to be em-
ployed in solving (1), since the third solution is feasible for the origingal
problem. The cutoff point of 5 s-constraints was superflucus in this case,
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It may be noted that for computational expediency it is unnecessary to
compute each s-constraint in terms of all the original constraints, but
only in terms of the unsatisfied original constrainte and the previous
s-constraint. Thus S,=8,+1.1C,, and 8;= 8,-+1.15C,.

While we have spoken up to now in terms of deriving a single s-constraint
to assigt in solving (1), such a restriction is altogether unnecessary and—in
many cases—undesirable. Other s-constraints to be used in solving (1)
may be obtained by the foregoing method under the explicit assumption

TABLE IA
WEIGHTS rOR ORIGINAL CONSTRAINT: WHICH PRODUCE 5-CONSTRAINTS
Su Se j S
Hy I I I
s T 2.1 2.7
s I I | 2.15
TABLE IB

AMOUNT BY WhicH CONSTRAINTS OVERSATISFIED OR UNDERSATISFIED (—).

Solution. for §;

Solution for S

Saolution for S;

G 4 2 I
Ca -z T
Gy o -2

TABLE IC
ComeyTaTion TABLE

Product Columns

4 2 I
—2 2.1 a
o —2 G.45

that certain of the problem variables have been assigned definite values, or
a handful of the s-consfraints generated by Method B in the absence of
such assumptions may also be used. We will return to thiz issue later,
ginee in many cases the determination of a good set of s-constraints has an
unusually powerful effect an the rate of convergence to the optimum.

TESTS USED WITH THE ALGORITHM

As tND1CATED in the first section, the algorithm of this paper rules branches
of the solution tree from consideration by determining either (a) that no
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feasible or optimal solution exists along the present branch, or (b) that
some of the problem variables not already assigned a specific value may-—or
must—be set equal to a given value if an optimal solution does lie along
the current branch.

It is also sometimes useful to employ a test to determine whether a
problem constraint is locally nonbinding—that is, whether the constraint
may be discarded while investigating the eurrent branch of the solution
tree without eliminating all optimal solutions along that branch. Not all
nonbinding constraints will be considered for removal, since, for example,
the g-constraints are initially in this category.

Ta clarify the manner in which the tests of the algorithm will be em-
ployed, note that at any stage of the solution process we may rewrite
problem (1) as

minimize wb '’
subject to  w*d +uw’A=c, w=0,1 and w’=0,1,

where we have split the w vector into the two subvectors w® and w® corre-
sponding respectively to those variables that are free and those that are
assigned a specific value at the eurrent stage of the algorithm. The vector
b and the matrix 4 have correspondingly been divided into the subvectors
b*and b°, and submatrices 4* and A”.

Suppose that @ denotes the 0-1 assignment to the variables currently
given a specific value. Then the problem reduces to

minimize wh* + b’ {3}
subject to wA%zd,  w’=0,1,

where ¢’ =¢—1#A4*. Since the term &5 is a constant, and will have no
influence on the ™ vector which optimizes (3), problem (3) has essentially
the same form as problem (1). We will refer to an optimal solution fo {3)
as a locally optimal solution to (1), and refer to ¢ as the current ¢ vectar.
It iz to be noted that whenever ¢’ £0, the trial solution obtained by setting
w" =0 is feasible both for (3) and—by extension—for {1}. Thus when
w*=0 yields a feasible solution, #°%’ determines an upper bound for the
optimal objective function value for (1}. Taking note of this fact we
introduce a constraint of the form wh=by [i.e., w(—b)= —b, which is
added to the consiraint set of (1} just as the s-constraints are added.
When the objective is to find all optimal solutions to (1), b, 15 set equal to
the best 1b* previously obtained for which w® =0 was feasible, whereas if
the objective iz o find a single optimal solution te (1}, b is set equal to
BB —5.7 A suitable value for § is the greatest common divisor of the

t By varying the value of b, and introducing the constraint whz by', the algorithm
will of eourse accomplish the objective of finding all feasible solutions with an objec-
tive funciion value lying within the range b= wb=bo.
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nonzero b; when b is integer, and of course §=1 will work. When b is not
integer some other value for § may need to be specified.

Tt iz also to be noted that whenever b*=0—as, for example, when (1)
is in dual-feasible form with b nonnegative—the trial solution w*=0 is
locally optimal whenever it is feasible. Thus, no better solution may
be found along the present branch of the tree and the appropriate next
step is the backtracking step, provided the objective is to find a single
optimal solution to (1}. This is merely a special case of a more general
preseription for terminating investigation along a particular branch of the
solution tree. It serves to illustrate, however, that whenever certain facts
are known ahout the problem structure in advance, the tests to follow may
be simplified to yield the desired information at a reduced computational
cost. {

In developing the tests of this section, we will adhere to the following
conventions and definitions,

1. Al problem constraints, including the objective function constraint
wl —b} =2 —by, will be vepresented in the form of the s-constraint wa =e,.

2. All tests will be defined relative only to theose constraints that are not
eliminated as nonbinding, and relative only to those variahles that are not currently
asgighed a specific value. This means that the constraint wa Ze is a shorthang
representation for w"e® zey’, where the latter is defined as for problem (3) ahove.
These restrictions apply also to the range of definition of the speeial summation
symbols to fallow.

3. 2+ a, will denote the sum of all positive e, in a, and Y - a; will denote
the sum of all negative o, in a.

4. 35 a: will denote the sum of the H largest a; in a, and Y .x a. will denote
the sum of the H smallest @, in a.
5. ZM‘N a; will denote the maximum sum of the a; such that there are at
least M and no mere than N terms in the sum. Thus
_ fy a; if there are more than N positive ay,
Sy ai= Z*‘ a4 if there are af least A but no more than N positive a;,
EM & if there are less than M positive a..

6. Zy,y a; will denote the minimum sum of the a; such that there are at
least, M and no more than N terms in the sum. Thus

Y wa;  if there are more than N negative a,,

Z__M-N =S g if there are at least M hut no more than N negative a,,
Dowa; if there are less than M negative a,.

Ta develop several of the tests to follow, we will use the foregaing definitions to
determine permissible values for two parameters, L and I,
t It 15 of course always possible to make b2 0 by substituting v;=1=1; for b:<0.

However, other struoctures may have a significantly greater influence an computation
than dual-feasibility, as will be seen.
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Determination of L

L denotes a lower bound on the number of free variables that must be
set equal to one in order to obtain a feasible-optimal solution along the
current branch of the solution tree, provided such a solution exists. If
£:=0 for each constraint, then L=90. When ¢,>>0, a permissible value for
L is given by

ff;-—l a; <ty and 'fb @ = Cy,

where we define > ga:=0. If there is no L that satisfies these conditions
for ¢,>>0, then an optimal solution does not exist along the current branch.

Level A, Construct an s-constraint by which to determine L, using the
objective function. Minimize > w;. By Theorem 64, the above deter-
mination of L optimizes this objective function relative to any s-constraint.,

Level B. Determine a value for L from each of the problem constraints,
including the objective function constraint and s-constraints, and seleet
the largest value obtained. _

Level C.  Determine a value for I as in Level B from a restricted subset
of the problem constraints—ag, for example, from a single s-constraint
already created.

Level D, Let L=0,

Determination of U

7 denotes an upper bound on the number of free variables that may he
set equal to one. Thus a permissible value for U is given by

fu a;=¢  and ELEH-I a; <Ly,

provided it is possible to find a value for U that satisfies the above relations.
If the first relation cannot be satisfied, then there is no optimal solution
along the current branch of the tree, If the second relation cannat be
satisfied, I7 is set equal to the number of free variables,

Level A, Construct an s-constraint to determine U, using the objective
function. Minimize J,—wmw:. 'The given value of U is optimal by
Thearem 6B.

Level B. Determine a value for U from each of the problem con-
straints, and select the smallest value obtained. _

Level C. Determine a value for U as in Level B from a restricted
subset of the problem constraints,

Lenel D. Let U equal the number of free variables.

The use of the following tests is based on the description of the al-
gorithm in the second section., Thus, when local termination (back-
tracking) is prescribed, the solution process proceeds to the backtracking
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and global termination step. When a variable w; is prescribed to equal 1
{or 0}, the term ¢ (or %) is underlined and added to the solution sequence,

Except for Test 1, which is based only on L and U, the tests may
generally be applied to all problem constraints, the s-constraints, and the
objective function constraint—oar to some selected subset of these con-
straints. The ohjective funection constraint of course does not exist until a
value is determined for bo, but thereafter no solution i regarded feasible
unless it satisfies this constraint. It is assumed that the value of b is
adjusted appropriately whenever the tests uncover a feasible trial solution.

Interrelations between the tests are discussed in a series of notes to
follow, which also suggest how the tests may he used to advantage. The
prescriptions of the tests, and assertions about the tests found in the notes,
may be seen to be valid by referring to definitions of terms given earlier,
In those instances in which the validity of a remark is not immediate,
explanation is added.

Test 1. If L>U, if =0, or if the determination of L or IJ indicates

the absence of an optimal solution along the eurrent branch of the solution
free, terminate investigation of the current branch. (When U=0 the
trial solution is first checked for feasibility.}) If I equals the number of
free variables, set w;=1 for all free w,, provided the resulting solution is
feasible, and then backtrack.,
Note 1. Test 1 should always be performed immediately after any
determination of L and U in order to avoid the possibility of applying
subsequent tests unnecessarily. If L and U are obtained by a Level D
determination, Test 1 reduces simply to checking whether any free variahles
remain, and terminating loeally if not.

Test 2. If zp.u ;< ¢, there exists no feasible solution along the
current branch of the solution tree, Terminate investigation of this branch
and backtrack. L '

_ Test 8. If ax> > it Gi—&y, where a; is 4 term in the summation
Yoiw ., then set w,=1.

Nove 2. Test 3 is equivalent to setting wy=1 when the assumption w,=0
vields 2,0 ai<e. It may be observed that EHL‘UH t:—cy must be
computed only once for a given constraint, and thereafter acts as a screen
to determine which variables may be forced equal to one, Thus if the
relation of Test 3 holds for one ak, it holds for all a.=a., and conversely,
if it fails to hold for some @y, it will fail to hold for all a;=a,. In view of
this fact, and to facilitate computation of ).y a. generally, it may be
desirable to rank the variables in terms of the magnitudes of their co--
efficients in wa= e, and to record this ranking bhefore starting to solve the
problem. If carried out for each constraint such a ranking procedure
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would 1ncrease memory requirements to the extent of adding a second
‘4 matrix,” though if the constraints ean be arranged according to simi-
larities of ranking—or in terms of systematic differences in ranking—the
storage requirements might be kept substantially lower. When storage
limitations are not acute, computational gains to be derived by this pro-
cedure would unquestionably justify its use.

Test 4. If an<<eo— EL_I_UA @;, where g 15 not a term in EL,U a,
then set w,=0. -

Notw 3. Test 4 sets w,=0if D rpa;<e is implied by w,=1. Note 2
eoncerning the statement of Test 3 applies also to Test 4,

Note 4. The stipulation that a; is a term in Z r. @ in Test 3, and that a,
is not a term in that summation in Test 4, avoids unnecessary testing
under the agsumption that Test 2 has been applied beforehand. If Test 1
precedes Tests 2, 3, and 4, then there i3 no danger that the special summa-
tion symbols appearing in the latter tests will be undefined. However,
the convention that all summations otherwise undefined must equal
zero will produce valid tests in any event. Because of the overlap of
computation involved in determining 2 ;5 Jopeoa @, and
S i-tu-1Gs as well as for the other reasons mentioned, it iz generally
desirable to apply Tests 2, 3, and 4 (in order) to a single congtraint before
applying any of them to another constraint.

Note 5. If L and U are not redetermined after testing a constraint that
sets wy=1 by Test 3 (or Test 6 following), then I and &7 should be reduced
by the number of variables set equal to 1, though L need not be reduced
below zero, and U/ is alternately bounded from abave by the number of free
variables. Adjusted values of I and ¥ may of course serve as bounds on
values of I and U obtained hy redetermination,

Nore 6. While Test 1 should precede Tests 2, 3, and 4 immediately after
any determination of L and U, it should also again be applied whenever
the values of L and U are adjusted as specified in Note 5. Although such
an application will be useless until either I is reduced to O or U hecomes
equal to the number of free variables, it is computationally about as ex-
pedient to apply Test 1 as it, is to check whether it ought to be applied.,

Test 5. Let Z denote the value of the objective function that is pro-
duced by the optimal fractional solution fo (2), or by the aptimal integer
solytion to (2} if Theorem 6A or 6B is applicable. If Z>8, aor if (2) has
no feasible solution {as identified by Theorem 5A or 5B}, terminate investi-
gation of the present branch of the solution tree.

Test 6, Let Z, denote Z obtained under the assumption that w,=0,
where u,#0 in the specified solution to (2} obtalned without this assump-
tion. If Z.>Bbg, orif (2) has no feasible solution when w, =0, set w,=1.
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Note'?. Itisevident that if Test 6 sets w,=1, then it will also set u,=1
for any ¢ for which a;2a, and b;=<h,. Similarly, if Test 6 does not set
=1, then neither will it set w;=1 {or any ¢ for which a.=<q; and b.=b..
Note that the auxiliary indexing defined in the third section may be used
as a guide to determining whether such relations hold in the cases covered
by Theorems 54 and 5B. For example, if a, >0, and w,,=1 by Test 6,
then w.,=1 far any p <k for which a,,Z a,,.

Test 7. Let Z* denote Z obtained under the assumption that uwy=1,
where w,5 1 in the solution abtained without this assumption, If Z°>hy,
or if {2) has no feasible solution when w, =1, set w,=0.

Note 8. If uy, 18 set equal to 0 by Test 7, then w,=0 for any ¢ such that
a: = and b, =b,. If Test 7 does not set w,=0, then neither will it set
w; =0 for any ¢ for which a;Za, and b, =b,. The auxiliary indexing may
be used as a guide to these relations in the manner suggested in Note 7.
Note 9. Test 5 should be applied prior to Tests 6 and 7 relative to any
given constraint for the following reasong: (a) Test § may lead to termina-
tion, making the other tests unnecessary, and (b} information about the
values of the variables that optimize (2)—abtained by Test 5-—is used
directly in Tests 6 and 7. It should alzo be noted that there is an overlap
in computation of Z, Z,, and Z* that may be exploited by applying Tests
8, 6, and 7 to a given constraint without intervening testing.

Notg 10, The variables w;, of Theorem 5A and w;, of Theorem 5B have
the unique property that they may be set equal to 1 by Test 6 and also
set equal to O by Test 7. Tn either case, after recording the assigned value,
Tests 5, 6, and 7 should be reapplied. Thus it is expedient to apply Test 6
and Test 7 immediately to w:, (or w,,) after Test 5, and if results are ob-
tained, to return at onece to Test 5.  If no results are obtained at Test 6 or 7
for w,, (or w.,}, then in view of Notes 7 and 8 the most efficient procedure
would be to apply Test 6 to all remaining variables over which it has juris-
digtion, and then to apply Test 7 to those variables over which it has
jurigdiction.

Test 8. If 2.y @c=cq, then the constraint we e, is nonbinding, and
is removed from the problem until the Jast nonunderlined term in the solu-
tlon sequence becomes underlined at the backtracking step.

Nore 11, A constraint that is found to be nonbinding is handled by the
same rule as a variable that is assigned a specific value by one of the pre-
ceding tests. In fact, when constraint 4 (say) is found to be nonbinding,
the term €, could be added to the solution sequence and underlined, exactly
as 4 would he added and underlined when Test 3 sets wy=1. Since con-
straint 4 is rendered nonbinding by the solution sequence preceding the
term (', it will remain nonbinding until that sequence is changed, hence
the reason for the rule of Test §. Because of the special status of the ob-
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jective function constraint and the s-constraints, it is usually desirable to
skip them when applying this test.

Nore 12. Though we do not hother to employ them here, ather tegts baged
upon the thearems of the third section may also be developed. Given any
two constraints wa' = ¢o and wa®2 ¢, we may create the problems, minimize
wa', subject to wa®=¢d, and minimize w( —a'), subject to we'=¢'.  If the
solution to the former problem yields a value for wa' that is as large as
¢, then wa'Z ¢y may be removed asnonbinding, while if the solution to the
latter problem yields a value for w( —a'} that is greater than —e¢g', then
problem (1) has no feasible solution along the current branch of the tree,
and termination is preseribed. The latter problem may also be used to
foree some of the problem variables to assume specific values in the manner
of Tests 6 and 7. It is to be noted that the two foregoing prablems can also
be used to establish additional constraints to be added to problem (1) if
this is desired. Thus, if wa’=ey is given or implied by problem (1), then
a permissible range of values for ¢,° can be determined directly as above
for any arbitrary vector ¢'. For the special cage in which a' consists of all
1's, the indicated procedure is precisely the one specified earlier far de-
termining I and U {using Theorems 6A and 6B). Generalization of these
tests to salving a linear or integer linear programiming problem in more
than one constraint throws away some of the computational advantages
afforded by the theorems, but may have value in some applications.

A SPECIFIC VERSION OF THE ALGORITHM

Tuere ARE a number of factors that defermine how the preceding tesis
should be used to produce the best results. We will return o such con-
giderations later. First, however, three example prohlems will be solved
with the version of the algorithm that produced the computational results
reported in the first section. This version is summarized in Diagram 2,
and discussed in the guide that follows.

Guide to Diagram 2

1. A single s-constraint is used, determined initially by Method B of the third
section, and selecting ¢ from the range 0 <e=0.2. (We allow ¢ to vary for con-
venience in solving example problems by hand so that the multiple f/g +¢ can be
expreased in tenths, and, if possible, as an integer.] To avold excessive computa-
tion, the third constraint generated hy Method B is automatically selected if the
first two do net qualify.

2. To keep the s-constraint current, the weight of any constraint composing it
is allowed to go to zero when that constraint is found to be nonbinding by Test 8.
When the algorithm backtracks to a point where the nonbinding constraint becomes
binding, the constraint is onee again assigned its original weight in the s-constraint.

3. The tests are based on a Level D determination of I and /. Thus Test 1
becomes simply a check to see whether any free variables remain, and the expression
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First opply Test 1, then Tests Lo .
2,3,4 to the objective function Nenbinding Cfm"f"amts
constraint, and Tests 5, 6,7 to returned to ‘blndmg?'
the s-constraint. Reapply Test | Stf'“fjs receive 1|'1e1r e
1 whenever any wy is assigned 1 original “."e’ght in
o value. s-canstraint.
Yes
¥
Any results from s-constraint
{except local termination}? Local termination by
Tests 1,2, er 3, Chack
No { No Lr‘ir:ll solution ‘for feasi-
|| bility {and adjust by as
Preceded by Test 1, apply Tests appropriate} if termina-
2,3, 4 in a bhlock to all binding tion due ta Test 1, and
constraints {(except objective if some wy was set equal
# function canstraint)beginning *] ta 1 since last check.
with s-constraint, end then the
rest in the order of indexing.
¥
Are all terms in the
! —— solution sequence under-
Apply Test 8 to all binding cona lined?
5 straints except s-constraint and
ohjective function constraint. Na
Any constraint found nonbind- ¥
ing receives O weight in current
s-canstraint. Backtracking Step ]
No {See Diagram 1)
¥
Was any wy [ Yes Was any wy assigned Yes
o] set equal » a'value %:y the tests
to 17 smce.thm step was Global Termination Step
last visited? F
Yes No If no feasible solution
i ¥ was found, the set of
Trial solution Chaice Step: || feasible salutions is
feasibility , empty. Otherwise, the
bt che ck—adjust Select‘ Wk =_1 by"“' last feasible solution
b if appro- struction & in guide. obteined is aptimel.
priate. )

T When this step is first visited, the reference to the “last time visited” is of

course ignored,
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EL.U ¢; in Test 2 reduces to Z+ @t;. The other tests are similarly simplified.
Note also that Test 3 may be bypassed for any constraint in which all a; are non-
positive, and Test 4 may be bypassed for any constraint in which all ¢, are non-
negative,

4. If any w, 1s assigned a specific value by one of the tests, this fact iz imme-
diately recorded (and the ¢ vector adjusted for wy=1) to make this information
availahle in testing the constraints to follow.

5. Once the tests have heen applied to all constraints, a check is made to
determine if any new variables have been aszighed specific values. If so, the tests
are repeated. It is to be noted, however, that the repeat testing need not be applied
tao those conatraints that were tested (other than with Test 8) subsequent, to the last
point at which some 1w, was set equal to 0 or 1.

6. At the choice step of the algorithm, cne of the free variables is selected to
equal 1 according to criteria derived from the auxiliary indexing of the s-constraint.
So that these selections may cover all circumstances, we extend the auxiliary index-
ing as follows.

A, For b>0: Define the auxiliary indexing relative to thase variahles
for which b; and a,>0 exactly as in Theorem 5A, so that Tests 5, 6, and 7
may be applied without alteration. The extended indexing is then defined
g0 that

(1} all nonpoesitive a; are indexed higher than any positive a.; .

(ii) bi,—as,>b —a:, implies p>q¢ for a,, @, <0.

Choice: Set w, =1, where p is the least auxiliary subscript belonging to
a free variable,

B. For b<0: Define the auxiliary indexing relative to those variables
for which b; and a; <0 as in Theorem 5A. Then extend the indexing so that

(i) all nonnegative a; are indexed higher than any negative a.;

(il) @, —bs,>a.,—b;, implies p>g for a;,, a; =0.

Choice: Set w;, =1, where p is the largest auxiliary subseript belonging
to a free variable.

We will only need the ahove two cases for the example problems to
follow. However, we include case € helow for the sake of completeness.

C. For b otherwise: Define a single auxiliary indexing as in Theorem 5A
aver all variables for which b;, 2,20 and b, a: <0, Note that for these
variables this indexing will remain unchanged when (2a) is used in Tests
5,6, and 7. Extend the auxiliary indexing so that

(i} all other variables will be indexed hlgher than those for which
b;, ;>0 and b, a:.<0;

{ii) variables for which ;20, b, £0 are indexed higher than those for
which a; =<0, b,20 (a;=b;=0 may be put in either category);

(iii) the indexing for .20, ;=0 is given by (ii} of Case 4, and the
indexing for a; 20, b, =0 is given by {il) of Case B.
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Choice: (a) Set w,, =1 for the largest p for which «.,20 and b,, <0, if
any such p exists.

(b) If (a) cannot be executed, and if =0, set w., =1 for the smallest
p such that a.,, b:, >0, if such a p exists. .

(c) If (a) cannot be executed, and if ¢<C0, set w,,=1 for the largest p
such that a:,, b, <0, if such a p exists.

(d}) If none of the foregoing instructions can be carried out, set w;, =1
for the smallest p such that ., <0 and 5, =0.

It may readily be seen that the algorithm of Diagram 2 {elaborated
upon in the preceding guide) fits the general pattern outlined in Diagram 1
of the second section, so that the version of the algorithm employed here
must find an optimal solution if one exists. To apply the algorithm, we
will use the format exemplified in Table I1.

TABLE II
FORMAT FOR THE ALGORITHM

—h A S Sy

_ c _
{1) —_ A §1 — iy
(2) — P 52 — i, 52, 4, 2‘4
G| —bet & — § f,20, Iy, s, 05 F
4) | —be ct — st d, o, Tay fey 85, 8 FT
(5) | —bt " — 5 iy dy T da Bl T
(6) bﬂe Al 5t - 2.‘[1 EQ! f'sx §3
(&) | —b& * * - ek I7T

Table IT is explained as follows. The terms 4, 1, etc., to the lower right
of the tableau represent the solution sequence described in the second sec-
tion. The rows directly beneath the tableau represent the current ¢ vector.
Thus ¢ is equal to the ¢ vector less row 4, of the A matrix (corresponding
to w:, =1), ¢*is equal ta ¢* less rows 4, and 44 of the A matrix (corvesponding
to Wi, =wi, =w;, =1 and w,,=0), and so forth. Each row beneath the
tablesu is produced by a ‘eycle’ of the algorithm, which is completed when
{a) a new variable is assigned a value at the choice step and the solution
sequence ig thereupon updated to include all terms that are specified to
be added by the tests, (b) a new feasible solution is obtained, or (¢) a lacal
termination is executed. The symbols F and T respectively denote feasi-
bility and termination. A solution with no symhol beside it is infeasible,
but of course nonterminal.t The aymbol T'T represents global termination.

t When we speak of fessibility of an incomplete 0-1 assignment we refer to the
feasibility of the correaponding trial solution.
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The next to the last column of the tableau is the original s-constraint,
denoted Ss. The last column is a second s-constraint, S, which is pro-
duced from &, by assigning zero weight to constraints determined non-
binding upon obtaining ¢*. To clarify how these constraints are used, and
to explain the remainder of the format, we will trace through the pracess of
solving the hypothetical problem of Tahle I1.

On line 1, w,, is selected for the first variable to equal one, producing
the vector ¢!, but no entry is indicated beneath the —b vector since a value
far B has not yef been determined. Similarly, w., is next selected to equal

Lxample Problem {

i t t 1 1 S 51 Sa

G| -4 6 -2 5 o 04 7| 7 7 6) 16 {4)

=5 8 -1 2 —3 a3 —4| 104 11 (4 3 ()

-1 5 1 -1 2 ¢ —1| 12¢1) — —

~Ty-1L 8 8 0 3 & 6| 145 1448 15 (3

-2 0 5 ~1 0 0 & 1| 1 4 (1) 6 (2}

~4 | 0 -1 6 0 4 =35 G| -2018) —1{8) ~—1 (&

=3 0 -1 0 -1 —1 0 5| 2@ 3 1 (6}

—“1|~1 -1 2 -1 5 —2 1] 34 4 (1) 5 (1)

—5 6 6 0 1 2 12 & ¥ 1w —

3| -2 ¢ -1 1 0 ¢ 0 2 {9 24 4 (3}

— 2 1 4 -1 4 71 5| x; — —
M| — -6~ 2 a0 2 7 8| u 11 — H
(29 — |12 — 2 —f 1 —5 ~3 —  —14 -5 39
Bl L — — 4 0 -1 —3 —4 — — ~10 39,8 FT
{4} [/ — - — 3,98 7
)| =5 | ~6 — - 2 33,L.41 1
@ -1 | -4 1 3 -2 2 -5 —3| —3 49 L854 L0 IT

Lonline 2. Here, however, the tests of the algorithm indicate that w,, =0
and w,, =1 are implied by w,, =w,;, =1; hence the terms 7; and 4, are added
and underlined. At this paint, one or more of the constraints of the prob-
lem. become nonbinding; hence their weights in S, are reduced to Q, pro-
ducing S The scalars s', &, ---,s" indicate by their position which
s-constraint is employed at various stages of the algorithm. By Note 11
following Test 8, we know that the constraints that become nonbinding
for the solution sequence of line 2 will necessarily remain nonbinding until
1y 18 replaced by 1, so that S, will take precedence aver 8 until line 6 is
reached, after which S: may be dropped. Of course, the determination of
other nonbinding constraints may produce s-constraints (not shown) to
supersede S; and 8, at intermediate points in the solution process.

On line 3, the choice of w;, =1 produces a feasible trial solution, as
indicated by the symbol F. Thus a value is determined for —b;, and is
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entered heneath the —b vector. Since line 3 represents the current hottom
row of the tablean, —by'=1 (under the assumption that the b vector is
integer). On line 4, w;, 18 set equal to one by the tests, evidently as a
result of the restriction imposed by —bo", and the tests thereupon register a
local termination for which the trial solution is feasible {denoted by FT).
The value of —b,* is thus readjusted so that —b'=1.

On line 5, 75 is forced to replace 4 at the backtracking step, and there-
upon the tests set w,, =0. On line 6, 7, replaces 4 at the backtracking step,
and the term 4 is added to indicate that w;, is selected to equal one. When
this is accomplished the tests set Wiy =(, so that 7; is added and underlined.
Tt may be noted that ¢° is equal to ¢' minus row 4 of the A matrix. In this
fashion earlier rows may be used to shortcut computation of later rows.
Rows lying between line I and line 6 will of course never be used in this
manner since they all contain the sequence 4, 4 which is now replaced by
11, 7. The remaining steps add nothing new to the format, and the algo-
rithm terminates as on line k.

For Example Problem 1 we have listed the weights of the problem
constraints composing the original s-constraint S, on the top row above the
tableau. Thus all constraints are assigned a unit weight. This is because
the second s-constraint generated by Method B praduces a lower-valued
objective function value with Approximation 1 of the third section than
the first s-constraint; hence the first (8¢} is the one employed. The num-
bers in parentheses beside the cormponents of the s-constraints S,, 81, and
S indicate the auxiliary indexing, which is used both in Tests 5, 6, 7, and
in determining the variable to set equal to one on the choice step.

Line 1. Applying the tests to the problem constraints does not disclose
any varlables to be sef equal to zero or one, nor does Test 8 find any non-
binding constraints. Thus, w; is selected to equal one, since it has the
least auxiliary index of the free variables in S,. The tests are again ap-
plied, after checking for feasibility, and constraint 2 is determined non-
binding. Thus the —4 beneath constraint 2 on line 1 is underlined, and
this constraint will not be considered again until 3 is replaced by 3 in the
solution sequence. The weight of constraint 2 is dropped to 0 in the s-
constraint, producing S, which now takes precedence aver Sq.

Line 2. w, in selected to equal one since it has the lowest rank of the
free variables in S;. Note that we have not bothered to compute the
coefficient of 1; in 81, since wy cannot be free at any time during which S,
has precedence. The tests of the algorithm do not assign any other vari-
ables a specific value, but constraint 1 is registered nonbinding, yielding S..

Line 8. In 8., wg has the lowest rank of the free variables, and wy is
set equal to 1. The frial solution is feasible; hence —bq is assigned a value
of 1. Test 2 is immediately failed for the objective funetion constraint,
so that the process terminates locally.
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Line 4. The term 8 is replaced by 8 at the backtracking step; initially
this line begins the same as line 2, except that —bs=0. However, Test 2
is again failed for the objective function constraint, so that the process
terminates without selecting a new variable to equal one. Since it is un-
necessary to compute anyting new for this line other than —be=0, it has
been left blank. .

Line 5. The term 9 is replaced by 9 at the backiracking step, and S;
now fakes precedence aver S,, which may be dropped. Line 5 can now be
derived from line I—lines 2, 3, and 4 of course will not serve in this fashion

Example Problem 2

.8 L1t L3 L3 S Sa
6 | —3 —t 0 —1 —1 03 —1d7 2y —14.7 (1)
4 6 —3 =2 2 —1 —1| — 5.6 —
9 | —3 —2 —1 2 —2 a| —15. {5} —I& (1)
3 o -2 0 1 ~1 -3 —16.2 (4) —
4| -2 -1 -2 o —1 —il —1%201) —
s -3 0 -2 3 —1 0| —1.743) —0.7 {2)
4 a4 -1 —1 1 —1 ~% —4.9 (7} —
g l—-1 2 1 0 -2 -2 —&. (8) —
— | -5 =3 —4 4 —3 —3| —32.4 —
1y | —|—4¢ -5 -5 4 —3 —1| —36.4 — 8,74
7y | — | -4 —2 -3 2 —2 Q| -20.8 —17.8 87,323
<H 1| -1 4 = a4 6 — — —1% 834253114 FT
4] 10 1 - — — 6.6 3,3,5_,3,5,4,1,9 T
)] 14 —34.4 87,4, 2
] 22 —31.4 irr

a8 the basig for any subsequent lines. Test 4 applied to the ebjective
funetion constraint yields w, and w,=0. The constraint S, passes Test 5,
hut w, is set equal to 1 by Test 6. Since w, is w;, this is the situation
referred to in Note 10 of the preceding section, so that Test 5 is repeated,
taling w,=1 into consideration. This time Test 5 is failed, so that the
process terminates. Since it was unnecessary to adjust any of the bottom
row except for 8; and the objective funetion constraint, the remaining
entries on line 5 are left blank.

Line 6, Term 3 is replaced by 3 at the hacktracking step, and S, is
reinstated over &1 Test 4 applied to the objective function constraing
sets wy=0, and Test 6 applied to S, sets wy=1. Here wy=wuy;, so that
Test 5 is repeated, but it, is passed. Test 7, however, forces all free vari-
ables to 0 except ws. Since results were obtained from the s-constraint,
the objective function constraint is retested, but nothing new is obtained.
Test 2 is failed for constraint 2, and global termination ensues. The
golution of line 3—w=(0010000110)—is the optimal solution.
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Example Problems 2 and 3 are explained in less detail than Example
Problem 1.

Example Problem 2. The s-constraint S, is the third created by
Method B.

Line 1. wy=1 by choice (largest auxiliary index), 7, 4 from constraint
6 (Test 4).

Line 2. wy,=1 by choice, § from constraint 6. Constraints 3 and 6
become nonbinding, yielding S,.

Line 3. ws=1 by choice. Trial solution feasible. I, & from 8, (Test
4}, Terminate by Test 1—no more free variables.

Example Problem 3

4 1 11 4 1 L Sa S Sa

7 l—4 ¢ ot -2 =5 2| -2 — —16 4]

3b—t -7 -1 0 -1 —4 1| -1ty - —13 (3]

5 ¢ -2 640 -2 @4 2 —g8) — —% (5

9 [=—-3 0 —1 1 —1 0 1| =15 — —

272 1 18 —1 —6 O|—164) —18 1] —17 (1)

g ¢ 0 —-21 -2 & 3| —6) — -

1 0 -3 -2 L —1 2 -] —6{) - —4 (2

4 | ~4 1 a0 -3 a0 3|-:da -~ —

— | -6 -3 -3 2 —4 -8 |- - —
(ty] — | —6 -3 =1 1 -1 —% 3| —40 - — 6, §
@ —| -1 -3 ¢0 ~1 -g 2|-32 — — 541817
W — |- -t -1t 0 -8 1|-1 - — 6833 0LL57
Wl —|-t -1 ea ¢ t of o i — 6% LlLsf T
)] — | -3 -t 00 —2 —10 6! 14 — §.+1,81 T
o —[-2 -4+ -3 1 -1 -8 3l-n2 —19 B 481 1T

Line 4. 3 replaces 3 at the backtracking step, 1, § by objective fune-
tion constraint (Test 3). Terminate by Test 1. Solution infeasible by S,.

Line 5. 2 replaces 2 at backtracking step, constraints 3, 6, and S are
reinstated. Terminate by Test 5 on S,

Line 6. 8 replaces 8§ at backtracking step. Terminate by Test 5
on Sg It ig unnecessary to generate the complete bottom row for lines
4,5, and 6. Line 3 gives the optimal solution.

Example Problem 3. The s-constraint S, is the third created by
Method B. :

Line 1, Choose wy=1 (largest auxiliary index). § from constraint 5
{Test 4).

Line 2. Choose wy=1. 1 from S; (Test 4}, 7 from constraint 3, 3
from constraint 5. Terminate by constraint 7 (Test 2).

Line 3. 4 replaces 4 at hacktracking step. ;=1 by choice, I, 2, 5,7
from constraint § {(Test 4). ‘Terminate by Test. 1.
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Line 4. 3 replaces 3 at hacktracking step. 1, 2, 7 from constraint 7
(Tests 3 and 4], Constraints 2, 3, 4, 7 become nonbinding, producing
84 Terminate by Sy (Test 2},

Line 5. 8 replaces 6 at backtracking step. Constraints 2, 3, 4, 7
return to binding status, and S, is reinstated over S,, which is dropped.
wy=1 at choice step. I from Ss, & from constraint 1, and 7 from constraint
4. Terminate by constraint 7 (Test 2).

Line 6. 4 replaces 4 at backtracking step. 8 from constraint 7. Con-
straint 3 becomes nonbinding, producing Sq. 1 by S;. Terminate by
constraint 4. The problem has no feasible solution,

The foregoing problems were constructed for illustrative purposes to be
easy to solve, and were in some respects at a level of simplicity below that
which the vergion of the algorithm in this section was designed to handle
most efficiently. This does not mean that the examples are easy for other
methods, for it is evident that attempting to solve them by hand with the
better known integer programming algorithms would be a dismal, if not
an overwhelming, chore.? The additive algorithm of Balas works better
than most for these problems, the computational relation between the
additive algorithm and the present method being as indicated in the first
section. In fact, the particular version we have used here for illustrative
purposes bears some strong resemblances to Balag’ method in several
respects. For example, the restricted forms of Tests 1 and 2 employed are
likewize used in the additive algorithm, and Test 5 may be regarded as an
extension of the ideas underlying Test 2 when this test is applied, as in
Balas’ method, to the constraint wh2be.i Nonetheless, in spite of the
ease with which it handles the foregoing problems, the version of the algo-
rithm employed here has a number of patent limitations that need not be
tolerated when solving more complex problems with the use of a computer.
We discuss some of these limitations, and ways of removing them, in the
next section.

OTHER VYERSIONS OF THE ALGORITHM

Tuenrs ank several considerations that exert a positive influence on the
efficiency of the algorithm for more complex problems than solved above.
We list these considerations below.$§

t It is to be noted that times eonsumed in hand computation do ngt give an
infallible guide to the relative efficiency of two algorithms, since computations that
are onerous for humans may pose no comparable difficulties for high speed computers,
On the other hand, there are sqgme correspondences hetween the relative effort re-
quired by humans and computers for a number of commeon operations: e.g., multi-
plication and division take langer than addition and subtraction.

{Test 5 is still mare closely linked to the work of GiLmore snp GoMoRY!® who
employ an essentially equivalent test in solving the knapsaseck problem when the
problem variables are not constrained by explicit upper hounds.

§ This list is not intended by any means to be exhaustive. For additional con-
siderations of a related nature, see references 14 and 17.
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1. The uss of more advanced methods than Method B for creating s-constraints,
and the use of mare than one s-constraint in solving (1).

2. The use of higher level determinations of L and U,

3. The use of choice rules that include the possibility of setting a variable equal
to zero at the choice step.

4. The use of progedures for exploiting highly struetured problems.

“Other considerations that have not been found as important for the problems so
far examined, but that may in some cases influence performance as substantially
as those listed above, are:

5. The use of a different enumerative substructure,
6. The application of tests at earlier points in the solution sequence than the
one currently visited (when a new value of by is obtained).

We will now discuss the preceding items in sequence.

Consideration 1 is exfremely important. More powerful s-constraints
than praduced by Method B have been found to yield considerable com-
putational gains for several problems beyond the level of complexity of the
problems solved in the preceding section. Though it is beyond the scope
of this paper to discuss them here, methods that produce such constraints
are presented in reference 15,  For some problems, of course, the individual
constraints are independently restrictive enough that time devated to
constructing s-constraints by any method is of little value. Such was the
case for the problem mentioned in the first section, which required 17
minutes to solve; without computing an s-constraint this problem would
have required less than 7 minutes. However, when there is nothing to be
gained from a problem by considering the effect of constraints in interaction
{using an s-constraint), it may generally be expected that the problem
will be simple enough that it may be solved easily in any case.

Consideration 2 is supported by the availability of s-constraints that
can produce restrictive values of L and U, By using more than one s-con-
straint, it is sometimes possible to determine higher values for L and lower
values for U than can be obtained from any individual constraint in the
manrner outlined in the fourth section. Such considerations are also dis-
cussed in reference 15. Generally speaking, it does not appear to be ad-
vantageous to redetermine L and IJ at exceedingly frequent intervals, but
perlodic determinations, with adjusted values maintained in the mean-
while, can be quite useful. The computational cost of such determinations
is low, and if it is feasible to use a ranking proeedure like that outlined in
Note 2 of the fourth section, the tests based on high level determinations
of L and U can be executed about as rapidly as those based on a level D
determination—and they are unquestionably sharper.

Selecting a variable to equal zero at the choice step (consideration 3)
may sometimes save g number of cycles of the algorithm and a great deal
of testing. Such a situation oceurs when the selected variable (call it w,)
is not a particularly good variable to select to equal one—by the criteria
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of choice used in the fourth section—and when (a} setting other variables
equal to ane tends to force we=0, or (b) setting w. =0 predisposes several
other variables to be forced to equal one. Situation {(a) often oceurs when
ay 18 a large negative number in a constraint that is predominantly non-
positive, and situation {b) often oceurs when @, is positive in a constraing
for which L is determined to be somewhat greater than half the number of
positive coefficients.t If would in many cases be a waste of time to search
at each step of the algorithm to see if any w; satisfied such eriteria unless
the likely variables were pinpointed ahead of time, thus avoiding an ex-
tensive search over a large number of variables and constraints,

To discuss consideration 4, we give two simple examples of ‘highly
structured’ problems: (1) the problem contains a subset of constraints for
which @:=0 for all 4, (ii) the problem containg a subset of constraints for
which a.=0 for all . Both kinds of structures are often found in logic
problems, capital budgeting problems, sequencing and scheduling problems,
and many others. Constraints in the first category are nonbinding as soon
as they are satisfled, and may be ignored thereafter until the solution process
backtracks to a stage at which they were unsatisfied. For constraints in
the second category, when the smallest negative coefficlent is smaller than
the current cq, all variables associated with negative coefficients are farced
to equal zero and the constraint becomes nonbinding. In the special cage
where every constraint is structured so that a;=0 or 1 for all ¢, and ¢;=1 as
well, 4 number of excellent shorteut techniques for ruling variables out of
consideration have been developed by Gorbon, ef al. in reference 22,

The value of highly structured constraints is that they are highly re-
strictive-—that iz, they have an easily accessible information content that
imposes strong limits on the set of optimal solutions. Restrictive con-
straints that cannot be recognized quite so readily by structure may be
identified by trial testing. For example, if a constraint forces several
variahles to equal one or zero each time a handful of variables are agsigned
a specific value, then the constraint clearly belongs to the category about
which we are speaking. Such constraints should be given priority in the
algorithm so that they are tested before others, and then retested ‘out of
sequence’ {as with the s-constraint and objective function constraint in the
algorithm exemplified in the preceding section ).

Employing a different enumeration procedure (consideration 5) leads
generally back to the issue of balancing memory requirements against
hoped-for computational gains. In the direction of greater complexity,
the enumeration procedure employed by the algorithm might be patterned

1 I L is initially found to be as large as half the number of problem variables, it
will be generally worthwhile to replace all w; by s;=1—w; before starting to solve
the problem.
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along the lines of the branch-and-bound’ process of reference 24. In this
cage, if w;, was set equal to 1 at the choice step, a lower bound would im-
mediately be computed for the objective function value implied by w,=0.
After a local termination, instead of returning to the closest preceding
branch of the tree not yet investigated, the algorithm would return to the
branch associated with the smallest of the computed lower bounds. (For
the integer programming problem, it would probably be best to use some
guide other than the lower bounds te determine the branch fo return to,
since the hounds tend to become more precise—and hence larger—the
farther out one moves along the solution tree.) The chief difficulty of
such a method of course lies in the need to keep track of all branches not yet
explored and not otherwise ruled out of consideration, so that memory re-
quirements could soon be pushed to their limits.

At the oppaosite pole, an even simpler enumeration procedure than used
in this paper may be employed as follows. Index the problem variables
in advance according to a priority system to be adhered to throughout the
solution process. Then define the vector é= (4, &, - - -, in), where £=0
means w;=0 and the 1 term in the solution sequence is underlined, #;=1
means ;=1 and the 7 term in the golution sequence is nonunderlined, and
t;=2 means that w; is not currently assigned a value. Then the entire
solution tree may he recorded by the three-valued components of £ using
the following rules: (a) at the choice step always select w;=1 for the least
¢ such that &;=2; (b} apply Tests 3 and 6 only in conjunction with the
backtracling step, so that the method continues to backtrack until it finds
the largest ¢ for which t;=1 and w; is not compelled to equal 1, {(¢) Tests
4 and 7 are applied only to the least indexed w; for which £,=2; (d} Tests
1, 2, 5, and 8 are applied as before,

Despite the simplicity of this process—hence the rapidity with which
the computer could execute a single step of the algorithm—its use would
not be warranted unless the priority indexing were highly meaningful. If
there were strong a priori grounds for believing certain of the problem vari-
ables would be equal to one in the optimal solution, the simpler enumerative
process might be applied to these variables in an initial stage of the algo-
rithm, and for each resulting 0-1 assignment, a more complex process
applied to the remaining variables.

The procedure of applying some of the tests at an earlier point in the
solution sequence than the point currently visited—when a new value is
found for by {consideration 6)f—has both advantages and disadvantages.
On the positive side, if v, is forced equal to 1 by tests applied at an ante-
cedent branch of the tree, the term £ may be inserted in the solution se-

t Balas employs a restricted version of Test 4 in this fashion in his additive
algorithm,
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quence directly at that point, to remain out of consideration at all later
points. Thus the necessity to redetermine that w, is forced to equal one
after each of several backtracking steps would be eliminated. On the
other hand, the question arises as to how far back in the solution sequence
to go in applying the tests. Checking backward one step at a time from
the current solution stage yields no gains since the algorithm will do that
anyway. Jumping back too far—which may be only two steps back—
results in g loss of fime, and there is a cost of digression that may offset
gaing in any case. The procedure would be most likely to pay off immedi-
ately after obtaining the first value for by, or after obtaining a value for b,
that was appreciably smaller than the preceding value {in terms of the
original problem, rather than in terms of the current problem).

EXTENSION OF THE ALGORITHM TO THE GENERAL INTEGER
PROGRAMMING PROBLEM

Trre Multiphase-Dual Algorithm may readily be extended to solve problem
(1) when the w. are integer but are not restricted to he 0 or 1. This is
accomplished in the following way. Woe assume that for each w; there is
some known integer «; such that 0 =w;=«.. Then the solution sequence
may be used for the general integer programming problem in almost exactly
the same way as for the 0-1 problem. For the general problem, however,
the term < no longer signifies w;=1, but instead denotes that w, 18 assigned
some integer value k;, where 0 =w,; S .

For simplieity, when the ¢ term is added to the solution sequence w;
may always initially be assigned either its current upper or lower bound,
and then respectively decremented or incremented at the backtracking
step until 1t reaches its alternate bound. The tests must accordingly be
modified so that instead of determining that ;=0 or w; =1, they determine
bounds p: and g: such that p;<w; =S¢

The modifications of the tests of the fourth section to apply to variables
with lower and upper bounds other than 0 and 1 are very nearly self-evident.
However, there are various ways in which shorteuts may be effected, and
certain additional considerations hecome relevant to the general integer
programming problem that have little influence on the efficiency of an
algorithm designed specifically for the 0-1 problem. Several of these
considerations are presented in reference 14, where theorems are developed
that show how to rule various branches of the solution tree out of con-
sideration for the knapsack problem.

The apecial aspects and problems involved in binding the various con-
siderations sketched here into a unified and specifie algorithm are left to
another paper, although certain preliminary computational trials indicate
that a method that employs only a portion of these considerations may in
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fact have practical value.f A report of these results, and the details of
the extension of the Multiphase-Dual Algorithm to the general integer
programming problem are to be found in reference 16.

APPENINX
Proofs of Theorems

Proof of Theorem 1. We prove the theorem by induction, referring to the
numbered steps of Diagram 1. It is obvious that the thegrem is true when m=1.
Under the assumption that it is true for m <k, we will show that it is true for
m—h+1,

At Step 1, before any variable is assigned a value, the process goes to Step §
and terminates only if there is no optimal solution to the problem. Thus, we
assume that the process goes to Step 2 after Step 1. If the process then passes to
Step 3, so that an undersecored term is added to the sequence, the problem reduces
to one in at most & variables. This follows from the fact that by Step 5, an under-
lined term will never be changed ar dropped until termination unless it is preceded
by a term that is not underlined. Thus, if the method must fail, it can only do so
by initially visiting Steps 1, 2, 4 in that order. At Step 4 a term is selected to
begin the solution sequence, and the proeess returns to Step 1. The problem is
now temporarily reduced to a kb variable prohlem in which the variable associated
with the first term of the solution sequence is in fact no longer variable, hut con-
stant. PBut by Step 5, the first term of the sequence will not be changed until the
succeeding terms satisfy the conditions for terminating the process when it is
applied to the specified & variable problem. After this termination oecurs for the
k variable problem, and the first term is replaced by itz underlined ecomplement,
the foregoing arguments show that termination for the entire problem coincides
with termination for the new % variable problem in which the variable associated
with the first term again becomes a constant by assuming the second of the two
values available to it. This completes the proof, since the variable associated with
the first term can only assume the two values that have been assigned to it in this
process, and, by assumption, in each case the method handles the resulting %
variahle problem as specified by the theorem.

Proof of the Lemma. Parts (i) and (i) follow immediately from the fact that
for u as defined, w4 =¢ implies WAy 2cu.  To prove (jii), we divide A into the two
submatrices A! and A2 and divide the ¢ vector correspondingly into ¢! and ¢* so
that @A <c' and ©42=2c2  Correspondingly, we also divide u into the subvectors
u and #t. We ohserve that if w0, then @04 ¢! <cl v, and similarly, if 4220,
DAt =t u. Also, not both #' and u? can be zero. Far the first part of (il) we
note that the contrary hypothesis is w2 =0and #4du =cu. But thenAdu = 94wk <
¢t yl =¢n, which is impossible. For the second part of (iii), note that if «f 50, then

t These preliminary investigations suggest that a promising variation arises hy
coupling the Multiphagse-Tual Algorithm. with the simplex method, and enforeing
parametric shifts of the objeetive funcetion hyperplane, creating 2 composite method
that combines features of both of the categories (i} and {iv) mentioned in the intro-
duction to this paper,
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@A ¥t =c? u? Implies WA <eu. Hence it follows that 184 2 >ef for some column
jof A% Toprove (iv), we see from (ii} that if w* is optimal for {1), then w*Au Zcu,
and hence if 4 is optimal for (2}, b w*h. Finally, (v} follows directly from (iv).
Proof of Theorem 2. The agsumptions of the theorem in conjunction with part
(iil) of the lemma, yield 94, —¢; >0 and e —942 >0, so that P >0. By substitution
it may be verified that

{(a) DALt PAa) =¢+ Peo.

I uyfuy > P and t, ty >0, then uy — Pu; >0, and

(h) Dt — Pud A, < (s — Puides.

Multiplying (a} through by #; and substituting in (b) we ohtain
Wy A e Aa) <y €rttig €2, oF DAU<Con,

and hence 4 is infeasible for (2) when w, /u; > P.  Similarly, if w /1 S P and ws, @ >0,
it follows that wAu 2 cu, and 4 is feasible for (2).

Proof of Theorem 3. Let w® denote the optimal solution to (2) obtained on the
ith visit to Step 2, and let F; and G; denofe the F and & constraints defined on the
ith visit to Step 5. (Hence w? is the optimal solution ta {2) obtained relative to
the s-constraint F,+@,, provided the process does not stop between Steps 2 and 5.)
If any w? is feasible for (1) it must by the lemma be optimal for (1}, and hence the
current s-constraint produces a maximum value for min(whloa =ee, w;=0, 1}.
Suppase w! iz not feagible for (1}. F) is a positive multiple of the constraint of (1)
that i satisfied by !, and @ is & positive multiple of the congtraint of (1) that is
unsatisfied by «'. By Thearem 2, uging the identities w, =1, /g =P, and uy =P +¢,
it follows that w' does not satisfy the constraint F;+(f/¢+¢)(, since wyfu; =P +
¢>P. If the optimal solution w? to (2} abtained relative to the latter constraint
still satisfles Fy, then again by Theorem. 2, w? satisfies the constraint F)+@, and it
follows that w?bzw b,  Assuming that w? is infeasible for (1), so that the process
continues, F2 =F).  Of course, w? =w' since w' is infeasible for Fi +(f /g +€) G =Fa+
Gy).  As long as Method A continues to produce s-constraints at Step 5 for which
the optimal solution to (2) satisfles Fi, the ith of these constraints may he repre-
sented in the form Fi+k; @, where the scalar k; is sufficiently larger than k.,
{for 1) that w*!is infeasible for the ith s-constraint. It follows as ahove from
Theorem 2 that for all p <i: (a} w® is infeasible for F\ +%; G, (b) w? is {easible for
Fi+k, Gy, (e} whzw?band wi=#w?.  Sinee there are only a limited number of 0-1
solutions, eventually a solution we must be obtained such that either () we does not
satisly Fy, or (ii) we is feasible for (1). [Problem (2) must have a feasible solution
by the assumption that (1} has a feasible solution.] Case (i} produces the maximum
value of min{wd), as already remarked. For (i}, the constraint given a positive
weight in defining (i must finally be satisfied by ws. Thus, associating the con-
straints satisfied and unsatisfied by w! respectively with the satisfied and unsatisfied
constraints in Theorem 2, if 27 denotes the ratio ws/w, defined relative to the
¢ — st s-constraint, and if 22 denotes ua/fw defined relative to the gth s-constraint,
it follows that 18b Zws b for any optimal solution 4 to (2) obtained when w /iy, Z 2.
Similarly, wh w1 b for any optimal solution 1 to (2) obtained when uy/u; Sz0m1,
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By selecting ¢ small enough, we and wr will be the only optimal solutions to (2)
for #g/u; in the range ze >usfu >201 (Such a value of e exists since there are a
limited number of 0-1 solutions.) With the indicated cutoff, Method ‘A selects
either the g¢—lst or the gth s-constraint, depending upon which yields the higher
value for min(xh). But this s-constraint must maximize the minimum chjective
funection value to (2) when e is chosen small enough, and the theorem is proved.
Proof of Theorena 4. If there exists a fractional solution @ that is feasible for
(2), then the integer solution % is also feasible for (2), where

. {[@,-J if @20,

RS if @y >0,

Assume otherwise that the theorem is false. The same proof applies both to
fractional and integer solutions, as follows, DBy assumption, if @ is an optimal
golution for (2), and if there is any ¢ such that b; 50 and a; 20, or such that b, =0
and a; =10, then for at least ons such 4, which we denaote by p, W; agsumes a different
value than specified in the theorem. Let

i Y—in,  if ap 20 and b,=0,
T iy if e;=0 and b,20

{assigning § either value if 4,=b, =0}, and let »* be defined so that

o g lf'ﬁ?fp,
T s ifi=p.

Then 1,* has the value assigned to it by the theorem and

wre=ibatsa,,
wrh = Db+ §h,.

If b, =0 and 2,20 then 4>0 and w*a z@a, w*h =wh. But this means that w*
must also be optimal for (2).  Similarly, if ,20 and e, 20 then § <, yielding the
same conclusion. If w* Is still not compatible with the theorem we now ascribe it
the rols of W above, derlving a new w*, and repeating the process until an optimal
solution iz obtained whose components conform to the specifications of the theorem.
This completes the proof hy contradiction,

Proof of Theorems 5A and 5B. Since these theorems follow directly from results
in references 5 and 14, we will not repeat the proofs here. _

Proof of Theorems 6A and 6B. Theorem 6B also follows from a more general
theorem hy the author in reference 14, whose proof we will not bother to duplicate,
and Theorem 6A follows from 6B using problem (2a).
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