
The decision to pick one day every week is to some extent motivated by computational constraints.

The optimization problems are fairly time-intensive, and limiting the number of options reduces the

computational burden. Using only Wednesday data allows us to study a long time-series, which

is useful considering the highly persistent volatility processes. An additional motivation for only

using Wednesday data is that following the work of Dumas, Fleming and Whaley (1998), several

studies have used this setup.10

Panel A of Table 3 presents descriptive statistics for the options data for the 1996-2004 Wednes-

day in-sample data by moneyness and maturity. We estimate the models on a total of 16,506 con-

tracts with an average call price of $46.05 and average implied volatility of 20.32%. The implied

volatility is largest for the in-the-money options re�ecting the well-known volatility smirk in index

options. The average implied volatility term structure is roughly �at during the period. Panel B

of Table 3 shows that the Thursday sample used for out-of-sample valuation has 15,390 options

with similar characteristics as the in-sample Wednesday data. We use the same calendar period for

the out-of-sample study so as to avoid the impact of structural breaks in unconditional volatility.

Because we are comparing equally parsimonious models estimated on a large sample, the Bates

(2003) critique mentioned in Section 2, that more heavily parameterized models are favored in such

out-of-sample experiments, does not apply.

Table 4 contains the parameter values obtained from minimizing the option implied volatility

mean-squared-error de�ned above as

IV MSE (�; �; �; �; �) =
1

NT

X
t;i

�
IVi;t �BS�1i

�
Ci( �Vt)

	�2
(26)

Prior to NLSIS optimization the return drift, � is again �xed at the sample average daily return in

all models.

Consider �rst the in-sample root mean squared error (IVRMSE) column. We see that the

SQR model performs the worst with an IVRMSE of 3.32% and the VAR model the best with an

IVRMSE of 2.85%. The RMSE thus drops by about 14% (see the Ratio column) going from the

SQR to the VAR model. Note again that this is without adding any parameters to the model.

The 3/2N model is about 11% better than the SQR model and the VARN model with nonlinear

drift and linear di¤usion (a = 1; b = 1) is about 10% better than the SQR model. The remaining

two models are only marginally better than the SQR model. Out of sample the overall IVRMSEs

are slightly higher for all models but the relative di¤erences are similar. The VAR model is about

17% better than the SQR model and the 3/2N model is about 11% better. The VARN model with

(a = 1; b = 1) is about 9% better and the remaining two models improve upon the SQR model by

less than 5%.

The improvement in IVRMSE of the VAR model over the benchmark SQR model is quite

substantial, and consistent with the �nding from the return-based estimation in Table 2. The most

natural reference point is the rich literature that uses Poisson jumps in returns and/or volatility in

10See for instance Heston and Nandi (2000).
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conjunction with an SQR stochastic volatility model. The evidence on the in-sample and especially

the out-of-sample improvement provided by including the jump processes is inconclusive, with

some studies �nding moderate improvements, and others concluding that there is no improvement

in �t. See for instance Bates (2000), Pan (2002) and Eraker (2004). In recent work, using a very

di¤erent empirical setup, Broadie, Chernov and Johannes (2007) �nd large improvements in �t

when including Poisson jumps. The improvement in �t from adopting the VAR model over the

SQR model is roughly similar in-and out-of-sample. It is also consistent with the evidence from

returns and realized variances discussed earlier.

The improvement in �t of the 3/2N model over the SQR model is less impressive but still

substantial. Recall that the most impressive return-based performance of the 3/2N model in Table

2 was when the 1987 crash was included in the sample. Our evidence on the 3/2N model is

interesting in light of the �ndings in Jones (2003) and Aït-Sahalia and Kimmel (2007). These

papers both estimate a CEV model using a bivariate time series of index returns and options.

However, they obtain very di¤erent results. Jones (2003) estimates a CEV parameter of 1.33 using

a 1986-2000 sample, while Aït-Sahalia and Kimmel�s (2007) estimate for the CEV parameter is

0.65. Our results suggest that one potential reason for these con�icting results is the di¤erent

samples used in these studies: Aït-Sahalia and Kimmel�s sample is 1990-2003, and therefore does

not include the 1987 crash. However, it must be noted that Jones (2003) also estimates a CEV

parameter of 1.17 using a 1988-2000 sample.

Comparing the option-based NLSIS estimates in Table 4 with the return-based estimates in

Table 2 we �nd that the � is generally smaller indicating a slower mean-reversion of variance when

options are driving the parameters. The long-run variance � is generally lower in Table 4 with the

SQR model as the notable exception. The volatility of variance parameter � is generally lower in

Table 4, the notable exception again being the SQR model. The volatility risk premium parameter

� is generally small but positive for all models so that the unconditional variance is higher under

the risk-neutral measure as expected. Finally, the correlation coe¢ cient, �, is slightly smaller (in

absolute value) when estimated using options.

In order to assess the economic di¤erence between the NLSIS estimates and the MLIS estimates,

the penultimate column of Table 4 reports the IVRMSEs from the Wednesday options when using

the MLIS-based parameters in each model.11 Not surprisingly, when compared with the NLSIS-

based in-sample IVRMSEs, the MLIS-based errors are clearly considerably larger except for in

the 3/2 model where the di¤erence is negligible. Comparing across models in the MLIS-based

column, it is clear that the SQR model is still worst. The VAR model is about 13% better and

the 3/2N model 14% better than the SQR model. The 3/2 model now performs the best with

an improvement of 20% over the SQR model. Somewhat surprisingly, the SQRN model performs

relatively well in this experiment improving upon the SQR model by 15%.

11The volatility risk premium parameter, �, is not identi�ed when estimating the models on returns only. Further-

more, it is quantitatively small when estimated in Table 4. Thus, we simply set it to zero in this experiment.

19



Finally, the footnote to Table 4 reports the IVRMSE from two benchmark models. First,

the simple Black-Scholes model where volatility is kept constant at the average implied volatility

across all options and across the entire sample period. The resulting IVRMSE is 4.95% for the

Wednesday sample and 5.22% for the Thursday sample. Note that, not surprisingly, all the SV

models outperform the simple Black-Scholes model by a wide margin. The second benchmark is

the so-called ad-hoc Black-Scholes model where the implied volatility for each option is set to the

average implied volatility across options on the same weekday of the previous week. This ad-hoc

model has an IVRMSE of 2.99% for the Wednesday sample and 3.06% for the Thursday sample.

Thus only the VAR model estimated using NLSIS outperforms this benchmark in both samples.

This result may be surprising but note that the ad-hoc model allows for the estimation of 9*52 = 468

parameters versus only �ve parameters in the SV models. These results are not easily comparable

with other recent studies as the weekly estimated ad-hoc benchmark is not often compared with

SV models estimated on a long sample. Heston and Nandi (2000) provide a similar benchmark,

but their SV models are estimated on much shorter samples.

4.4 Decomposing the Option Valuation Errors

Tables 5 and 6 provide more detail on the option pricing �t of the various SV models. In Table 5

we report the in-sample RMSE by moneyness, maturity, and volatility level. The moneyness and

maturity decompositions are as in Table 3 and the volatility level decomposition is according to

the VIX index. We sort the data set into four bins using the quartiles of the CBOE VIX index for

the sample period. The out-of-sample results are very similar and thus omitted from the tables.

Consider �rst the IVRMSE by moneyness in Panel A of Table 5. Note that the strong overall

performance of the VAR model in Table 4 results from better than average performance in all

moneyness categories. The VAR model is best at pricing deep-in-the money calls. The 3/2N model

is also better than average for all categories and is particularly good at pricing out-of-the-money

calls. The SQR model is below average in all moneyness categories and it is particular bad for

in-the-money options.

Panel B of Table 5 reports the IVRMSE by maturity categories. The VAR model performs best

for all but the longest maturities where the VARN model (a = 1; b = 1) is a bit better. The 3/2N

model is better than average for all moneyness categories. The SQR model is below average for all

moneyness categories and is the worst model in the two medium-term categories. Note in general

that the nonlinear drift speci�cations do well for long maturity options.

Panel C of Table 5 reports the IVRMSE by VIX level categories. Rather than sorting by cross-

sectional characteristics, we split the sample days into four categories sorted by the VIX level on

each day of the sample. The VAR model is better than average for all VIX levels. The same is true

for the 3/2N models. The SQR model is worst for the three categories with the highest volatility

levels and better than average only for the lowest volatility category. Not surprisingly the IVRMSE

tends to increase with the level of the VIX in all models.
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To summarize Table 5: In the twelve categories considered, the VAR model performed better

than average in all twelve and best in seven. The 3/2N model also performed better than average

in all twelve and best in four. The SQR model performed below average in eleven and worst in

seven categories.

Note in general across models that the IVRMSE is increasing in moneyness, which may be

partly driven by the average implied volatility simply being increasing in moneyness (Table 3).

Note also that the IVRMSE tends to decrease with maturity for all models. This is only partially

explained by the average implied volatility being larger for short-term options (Table 3) as this e¤ect

is small. A likely explanation for both of these phenomena is that we have ruled out return jumps

in the model speci�cations. Negative return jumps are likely to have most e¤ect on short-term and

deep-in-the-money call options.

Table 6 reports the bias (average market price less average model price) across moneyness,

maturity and volatility level categories de�ned as in Table 5. Consider �rst the �All�column which

shows that the SQR model has a large positive bias and thus underprices options on average. The

overall biases are very small in all other models except for the 3/2 (a = 0; b = 3=2) model which

tends to overprice options on average. Panel A reports the bias by moneyness. Note that the

SQR model underprices all options and that all models underprice the deep in-the-money calls. All

but the SQR tend to overprice the out-of-the money calls. The model errors tend to �smirk�and

appear to leave a role for jumps.

Panel B of Table 6 reports the bias by maturity. The SQR model underprices all categories and

the 3/2 model overprices all categories. The remaining models tend to overprice short-term options

and underprice long-term options but the biases are generally small.

Panel C of Table 6 reports the bias by volatility level. The SQR model underprices all categories

except the lowest volatility category. The VAR and 3/2N models both overprice slightly in the

lowest volatility category and overprice in the highest volatility category. An even more �exible

volatility speci�cation may therefore be warranted.

5 Summary and Conclusions

This paper provides an empirical comparison of the a¢ ne SQR model of Heston (1993) with a range

of non-a¢ ne but equally parsimonious option valuation models. An exploratory analysis using

realized volatility data suggests that the SQR model is misspeci�ed, and subsequent estimation

on index returns and option prices con�rms this conclusion. Based on the likelihood values, non-

a¢ ne models in general are superior when estimated using a long sample of daily index returns.

The VAR model consistently outperforms the SQR model based on an RMSE comparison when

estimating the models using comprehensive panels of option contracts. While the focus of the

option valuation literature on a¢ ne models is well motivated, because the resulting closed-form

solutions are extremely convenient, our results suggest that this analytical convenience comes at a
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price, and non-a¢ ne models need to be studied more extensively.

At the methodological level, this paper uses a method to estimate continuous-time option val-

uation models that has not yet been applied to this particular problem. We use particle �ltering,

which is rather �exible and straightforward to implement. It can easily be used to investigate

option data and underlying equity returns jointly for a wide range of objective functions as well as

for a wide range of models. In our opinion, this method is extremely attractive compared to other

statistical frameworks that have been used in this literature.

Our empirical results suggest a couple of extensions. First, it may prove interesting to investigate

how the popular class of Poisson jump models can help improve the �t of non-a¢ ne stochastic

volatility models. In particular, a comparison with available results for the SQR model may

be worthwhile. An analysis of the Levy processes in Carr and Wu (2004) and Huang and Wu

(2004) may also prove interesting. Second, the �nding from the returns data that the 3/2N model

is particularly useful in a sample that includes the 1987 crash, indicates that another interesting

avenue for future work is to focus more explicitly on the CEV model, and particularly to investigate

its performance when periodically re-estimating the CEV parameter.
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Figure 1: Diagnostics of Realized Volatility and Log Realized Variance. 1996-2004.
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Notes to �gure: Using realized volatilities (left panels) and log realized variances (right panels)

from 1996 through 2004, the top panel plots the quantiles of the daily changes against quantiles

from the normal distribution. The middle panels scatter plot the daily changes against the daily

levels. The bottom panels scatter plot the absolute daily changes against the daily levels and

show an OLS regression line for reference.
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Figure 2: Analytical (Fourier Inversion) and Monte Carlo Prices for the Heston (1993) Model.
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Notes to �gure: We �rst compute option prices from Heston�s (1993) model using the Fourier in-

version technique (solid) and then using Monte Carlo simulation (�+�). We consider two maturities:

one month (left panels) and three months (right panels). We consider three spot variance levels:

Half the unconditional variance (top panels), equal to the unconditional variance (middle panels)

and twice the unconditional variance (bottom panels).
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Figure 3: Drift and Di¤usion Functions for Various SV Models.
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Notes to �gure: The solid lines denote the drift function �V a (� � V ) plotted against the level of
spot variance, V . The dashed lines denote the di¤usion function �V b plotted against the level of

spot variance. The parameter estimates are from Table 2 using daily returns from 1996 through

2004.
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Figure 4: Spot Volatility Paths for Various SV Models. 1996-2004.
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Notes to �gure: For each SV model of the form dV = �V a(� � V )dt+ �V bdw, we plot the annual-
ized daily �ltered spot volatility path,

p
�Vt during 1996-2004. The parameters are from the MLIS

estimation on daily S&P500 returns from 1996 through 2004 as reported in Table 2.
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Figure 5 Conditional Leverage Paths for Various SV Models. 1996-2004.
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Notes to �gure: For each SV model of the form dV = �V a(��V )dt+�V bdw, we plot the annualized
daily conditional leverage path de�ned as the conditional covariance between shocks to returns and

shocks to variance, �� �V b+1=2t . The parameters are from the MLIS estimation on daily S&P500

returns from 1996 through 2004 as reported in Table 2. The vertical axes have been truncated for

the 3/2 di¤usions in order to facilitate comparisons with the other models.
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Figure 6: Conditional Volatility of Variance Paths for Various SV Models. 1996-2004.
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Notes to �gure: For each SV model of the form dV = �V a(��V )dt+�V bdw, we plot the annualized
daily conditional volatility of variance path de�ned as the square root of the conditional variance

of the variance of returns, � �V bt . The parameters are from the MLIS estimation on daily S&P500

returns from 1996 through 2004 as reported in Table 2. The vertical axes have been truncated for

the 3/2 di¤usions in order to facilitate comparisons with the other models.
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